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ABSTRACT

A Toeplitz-block-Toeplitz (TBT) matrix is block Toeplitz
with Toeplitzblocks. TBT systemsof equationsarisein 2-

D interpolation 2-D linearpredictionand2-D least-squares

decowolutionproblems AlthoughthedoublyToeplitzstruc-
ture shouldbe exploitablein a fastalgorithm,existing fast
algorithmsonly exploit the block Toeplitzstructure notthe
Toeplitz structureof the blocks. Iterative algorithmscan
employ the 2-D FFT, but usually take thousandsf itera-
tions to corverge. We develop a new fast algorithm that
assumes smoothnessonstraint(describedn the text) on
the matrix entries. For an M2 x M? TBT matrix with M
M x M Toeplitzblocksalongeachedge thealgorithmre-
quiresonly O(6M/3) operationgo solvean M2 x M? linear
systemof equationsparallelcomputingon 2M processors
canbe performedon thealgorithmasgiven. Two examples
shaw the operationandperformancef the algorithm.

1. INTRODUCTION

1.1. Formulation and Applications

The goalis to develop a fastalgorithmto solve a Toeplitz-
block-Toeplitz (TBT) linear systemof equations. Specifi-
cally, thegoalis to solve Tz = y, where
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whereeachM x M block T; itself hasToeplitz structure.
Thesystem(1) hasM blocks,eachof whichis M x M, for
atotalsizeof M2 x M2. No assumptionsf symmetryare
requiredj.e.,T; # TH.

TBT linearsystem®f equationg TBT systemsharisein
severalimageprocessingroblems.The problemof recon-
structinganimagefrom its 2-D Fouriertransformvalueson

anon-rectangularasterarisesn magneticesonancémag-
ing (MRI) andsyntheticapertureadar(SAR); thelack of a
2-D Lagrangenterpolationformularequiredts formulation
asa 2-D least-squaremterpolationproblem,resultingin a
TBT system.TheYule-Walker equationgor 2-D linearpre-
diction of a 2-D homogeneousandomfield are TBT. And
2-D leastsquareglecowolution of animagefrom a known
spatially-invariantpoint-spreadr blurring functionalsore-
sultsin aTBT system.Thereareotherapplications.

1.2. PreviousWork

Toeplitz structure(constantalongdiagonals)anreadily be
exploitedusingtheLevinsonalgorithm.Block Toeplitzstruc-
ture can be exploited using the multichannelLevinson al-
gorithm; a linear systemof equationswith Toeplitz blocks
canberewritten asablock Toeplitzsystem.However, there
doesnot seemto be any way to exploit the doubly Toeplitz
TBT structure. The only publishedalgorithms[1],[2] for
TBT matricesexploit only thepersymmetrysymmetryabout
the main antidiagonal)of the Toeplitz blocks,to reducethe
computationrequiredby the multichannelLevinson algo-
rithm by one-half. Thesealgorithmsstill require O(M?3)
operations sincethe multichannelLevinson algorithmre-
quiresO (M?) matrix operationstO(M?) operationgach.
Thisis impracticalfor mary imageprocessingpplications.
Thereasorthatthe Toeplitz structureof the blockscan-
not be exploited in a Levinson-like algorithmis apparent
from a scatteringperspeciie on the multichannelLevin-
sonalgorithm. The relation betweenthe multichannelre-
flection responseat a giventime to animpulsein a given
channelwhich constituteghe Toeplitzblocks)andthe ma-
trix reflectioncoeficientsis nonlinear Hencethelow dis-
placementank of the Toeplitz blocksis quickly lost asthe
algorithm progressesAn exceptionoccursif the Toeplitz
blocksarein factcirculant,sincecirculantstructureis pre-
senedunderthebasicmatrix operationof addition,multi-
plication andinversion. Henceary fastalgorithmfor TBT
systemanustbe non-Levinson-likein nature.
Sincemultiplicationof a TBT matrix by avectorcanbe
performedn O(M?log M) operationsiterative algorithms
canbe usedto solve (1). However, iterative algorithmscan
take thousand®f iterationsto corverge,andarenot always
parallelizable A parallelizablealgorithmwith aknown and



smalloperationcountis desirable.

1.3. New Approach

Thispapereformulateghesolutionof aTBT systenasa2-

D decorvolutionproblemin whichtheblurredimageis only

partially known (this problemis interestingn its own right).

Theblurring functiondefinedby theentriesof the TBT ma-
trix is assumedo belowpassin thatits 2-D discreteFourier
transform(DFT) is zeroin the upperhalfbands.Thisis not
a significantrestrictionin practice,andit is reminiscentof

the Calderon-Zygmunatonditionfor wavelet-basissparsi-
fication of matrices. A fastalgorithmfor extrapolationof

bandlimitedsignalswhich we have developed[3],[4] and
employed [5],[6] previously is usedto extrapolatethe un-
known regions of the blurredimage,and the known blur-

ring functionis decorvolvedonly at frequenciesvhereit is

nonzero. The extrapolationalgorithmis usedagainto ex-

trapolatethe remainingfrequencieof theimage,which is

thesolutionto the TBT system.

Section?2 illustratesthis approachon purely Toeplitz
systemsalthoughthe resultingalgorithmis no fasterthan
otherapproachesSection3 reviews the fastalgorithmfor
bandwidthextrapolationdevelopedin [3],[4]. Sectiord ap-
pliesthis algorithmto thesolutionof TBT systemsSection
5 presentsdwo examples: (1) a smallillustrative example;
and(2) amorerealisticexample.

2. PURELY TOEPLITZ SYSTEMS

2.1. Deconvolution Formulation

We wish to solve the Toeplitz system

t0) . t(1— M) z(0) y(0)
tH(M _ 1) t(O) m(M.— 1) y(M.— 1)
(2)

Notethatthe Toeplitzmatrixis specifiedoy the2 M — 1 val-
ues{t(n), |n| < M —1}. Thisis oneperiodof the periodic
extensionof order2M — 1 of ¢(n).

We canrewrite (2) asthe cyclic corvolution of order
2M -1

t(n) * £(n) = g(n); (3a)
Z(n) ={z(0)...2(M —-1),0...0...0}; (3b)
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where{z(n),M < n < 2M — 2} denotesan unknown
extensionof y(n). If we could somehav determinez(n),
thecomputatiorof z:(n) from ¢(n) and{y(n), z(n)} would

becomea simple 1-D decowolution. However, thereis no
way to dothis without solvinganothelinearsystemwhich
would be moredifficult thanthe original problem.

2.2. Bandlimited Assumption

Now supposehat {t(n), |n| < M — 1} is bandlimited to
highestDTFT (discrete-timeFourier transform)frequeny
/2. Thatis, definethe discreteFourier transform(DFT)
T(k) of order2M — 1 of t(n) as
2M—2
T(k)= Y t(n)e 2™k/CGM=1) k=0 . 2M-2 (4)
n=0
andsupposé’(k) = 0for $(2M — 1) < k < 3(2M — 1)
(note that theseboundsneednot be integers). Recallthat
theDFT sampleghe DTFT ontheunit circle,andimplicitly
creategeriodicextensions.

Onewaythatthis canhapperis to startwith anarbitrary
sequencef lengthM, upsampldinsertazerobetweersuc-
cessve numbers}o form asequencef length2 M — 1 (this
compresseandrepeatshe spectrum)andtheninterpolate
theresultwith adiscretesincfunction.

In practice the Toeplitzmatrix entriest(n) definearea-
sonablysmoothsequencevhich canbe well approximated
by M DFT componentgincludingthe conjugatesymmetric
components)If ¢(n) is (say)a measuredmpulseresponse,
it mayevenbedesirabldo filter the datain this way.

t(n) is bandlimited soextendedsequencdy(n), z(n)}
is also bandlimited. Sincewe know M valuesy(n) of a
sequencédandlimitedto M nonzerofrequeny values,we
shouldbe ableto reconstructz(n) from y(n) usingthe al-
gorithmdescribedn Section3.

2.3. Purely Toeplitz Procedure

To solve the purely Toeplitz system(2), wheret(n) is ban-
dlimited asdescribedabove, proceedasfollows:

1. Extrapolatey(n) to {y(n), z(n)} usingthealgorithm
describedn Section3;

2. Computethe DFT of {y(n),z(n)} andof ¢(n), and
divide atthosefrequenciesvherebotharenonzero;

3. Extrapolatehe DFT of z(n) sincez(n) istime-limited.
ComputetheinverseDFT of theresultto obtainz(n).

This procedureequires2M? + 3M log, M + 3M real
multiplications-and-addéMADS), which comparedavor-
ably to the Levinsonalgorithmfor anasymmetricToeplitz
systemwith anarbitraryright side. Furthermorethe algo-
rithm canalmostbe written out in closedform. However,
thelargenumbersarisingin thebandwidthextrapolational-
gorithmfor large M (seeSection3) make this impractical
for large M. But this is muchlessof a problemfor TBT
systemgseeSectiond).



3. BANDWIDTH EXTRAPOLATION

3.1. Problem Formulation

We quickly summarizethe resultsof [3],[4] which present
a fastalgorithmfor exact extrapolationof a discrete-time
periodicband-limitedsignalfrom its known valuesin anin-
tenal having thesamdengthasthe bandwidthof thesignal.
We considerthe discrete-discretéand-limitedextrap-
olation problem: Given 2M + 1 consecutie valuesof a
discrete-timeperiodicsequence (n) with period N whose
discreteFouriertransform(DFT) X (k) is known to bezero
for M < |k| < N/2, determinethe othervaluesof z(n).
Note thatsimultaneousime-limitation andband-limitation
is impossiblefor the continuous-timeproblem:;it is entirely
possiblein the discrete-discretproblem,sinceperiodicex-
tensionsarebeingmadein bothtime andfrequeng.

3.2. Basic Concept

z(n) is band-limitedif N-pointDFT X (k) satisfies

1, if |k] < M;
21, itk >m O

We male thefollowing choicefor S(k): zj, = e/2m*/NV

X(K)S(k) = X(k); S(k) = {

M 2M
Sk =1+ I] (r—2)=Y smzp  (6)
i=—M n=0
TheinverseDFT of (5) becomes
2M
z(n) =Y s(i)ax(n —i). (7)
i=0

This shawvs thatthe unknavn z(n) canbe computedrecur
sivelyfrom2M +1 consecutreknown valuesof z(n), with-
out solving a systemof equationswithout evena division!
The s(n) canbecomputecaheadof time.

For a 2-D signalz(n1,n2) band-limitedin frequencies
k1 andk, separately (aswell asjointly), we may applythe
1-D algorithmto extrapolatefirst in the n, direction, and
thenin thens direction. Furthermorethe extrapolationsn
ky for eachks canall be performedin parallel. The de-
couplingbetweendifferentk, alsoreduceshe cumulatve
effect of roundof error. Notethatwhile thetotal numberof
valuesto be extrapolateds N2 — (2M + 1)2, theextrapo-
lationsall usethe 1-D extrapolationcoeficientsfor extrap-
olatingan2M + 1-pointsignalto an N-pointsignal.

The well-known ill-posednessof the bandlimited ex-
trapolationproblemmanifestsitself in the large valuesof
the coeficients s(n) arisingin (6) and (7). Caremustbe
taken to ensuresufficient wordlengthsto storethesecoef-
ficients. Otherthanthis, thereare no problemswith nu-
merical roundof error, unlike in the usualsolutionto this
problemby solvingalinearsystem.

4. TOEPLITZ-BLOCK-TOEPLITZ SYSTEMS

4.1. 2-D Deconvolution For mulation

The goalis now to solve the TBT system(1). Notethatthe
TBT matrixis specifiedby the2-D function{t(s, 5), |i|, 7] <
M — 1}, wheretheindex j specifieghe diagonalwithin the
it" block. We follow the 2-D analogueof the procedure
usedin Section2.

Reawrite (1) asthe 2-D cyclic cornvolution having order
2M -1) x (2M -1)

t(i, j) * *2(i, j) = 9(i, §); (8a)
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where{z12(i, §), 221 (¢, §), 222(i, j) } denotesthe unknown
extensionof y. We needto extrapolatethesefrom y to con-
vertthe TBT systeminto a 2-D decorvolutionproblem.
As before supposehatthe2-D function{t(s, j), |¢|, |j]| <

M — 1} is 2-D bandlimitedto DTFT frequeng 7 /2 in both
1 andj. Again, this seemgo beareasonablassumptionn
practice. If the TBT matrix comesfrom samplinga point-
spreador blurring function at doublethe Nyquist rate in
eachdirection,thenthis assumptions satisfied.

4.2. TBT Procedure

1. Extrapolatey to {y, z12, 221, 222} usingthe extrapo-
lation algorithmfirst in onedirection,andthenin the
otherdirection;

2. Computethe2-D DFTsof {y, 212, 221, 222 } andt(i, 5),
and divide at those2-D frequenciesvhereboth are
nonzero;

3. Extrapolatethe 2-D DFT of z(i, j) sincez(i, j) has
finite spatial support(see(8)). Computethe inverse
2-D DFT of theresultto obtainz (i, j).

Thisprocedureequiress M3 +12M? log, (2M ) +3M?
real (MADS), sinceeach2-D extrapolationmustcompute
(2M)? — M? = 3M? valuesat M MADs each. The 2-
D FFTs can be pruned sinceonly 1/4 of the valuesare
nonzerosa/ingsfrom pruningarenotincludedhere.Thisis
aconsiderablesavings overthe O(M35) MADs requiredby
thealgorithmsof [1],[2], andit is comparabléo justafew
iterationsof aniterative algorithmthatusesthe 2-D FFT to
computematrix-vectorproducts.



Note that the actualimplementationsf the extrapola-
tions are 1-D, and they are only from M to 2M for an
M? x M? TBT system.For mary problemsof practicalin-
terestthe coeficientsin the extrapolationwill notbelarge.
Thealgorithmcanalmostbewritten outin closedform.

5. EXAMPLES

5.1. Simplelllustrative Example

We wishto solvethe TBT system

9 4 3 1772 32
59 2 3| |y|_ |40
6 3 9 4| |z|" |60 ©)
36 5 9] Llw 62

It is easily obsened that (9) can be rewritten as the 2-D

antigyclic corvolution

1 3 2 0 * k% %

4 9 5| % 0] =% 32 40 (10)
3 6 3 0 * 60 62
wherethe x denoteghe unknown values{zia, 221, 222} t0
be extrapolated. Note that the elementsof eachToeplitz
block form arow of ¢(4, ).

Examinationof ¢(, j) shavsthatthemiddleelementin
eachrow or columnis the sumof thetwo valuesattheends
of thatrow or column. This is equivalentto the 2-D DTFT
of t(i, j) having zerosatk, = 7 andk, = =, ascaneasily
beconfirmed.Hencewe canuseour algorithmto solve this.

Dueto thesmallsizeof the problem we mustsampleon
theunit circleatz = —e/27%/3 in orderto includethe zero
atz = —1 (frequeng 7). Thisis why we useananticyclic
(mod(z® + 1)) convolution in (10). With this change the
extrapolationcoeficientsarecomputedrom (6) to be

o w8
o8fsw

S(k) =1+ (ej27r/3 _ ej27rk/3)(e—j27r/3 _ ej27rk/3) N
{5(0),5(1),5(2)} = {4,1,1} =
{s(0),5(1),5(2)} = {2, -1,1} (11)
(remembethe samplingonthe unit circle). Usingthe coef-

ficientsin (11) to extrapolatethe unknown x valuesin (10)
usingtheformula(7) resultsin

6 —28 —22 z ;
-8 32 40 | - Z =14 (12)
—2 60 62 : 3

whichis indeedthe 2-D antigyclic corvolutionin (10).
Note that (11) implementsz(n) * s(n) = z(n) (7),
whichin this examplereducego

z(n) —z(n—1)+2(n—-2)=0 (13)

taking periodicextensionsf period3. Thisis clearlyequi-
alentto azeroatfrequeng 7. Theextrapolationis easietto
seeusing(13): —28 = 32 — 60; —22 = 40 — 62, etc.

5.2. MoreRealistic Example

The algorithmwas appliedto a 1024 x 1024 TBT matrix
with 32 x 32 Toeplitzblocks. The64 x 64 imageassociated
with the TBT matrix is shovn in Figurel. It wasgener
atedby lowpassfiltering the resultof Matlab’s rand func-
tion. The 1-D extrapolationsrequiredwere all from 32 to
64 points,sothe extrapolationcoeficientsarenottoo large.
The solutionwascomputedcorrectly
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