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ABSTRACT
A Toeplitz-block-Toeplitz (TBT) matrix is block Toeplitz
with Toeplitzblocks. TBT systemsof equationsarisein 2-
D interpolation,2-D linearpredictionand2-D least-squares
deconvolutionproblems.AlthoughthedoublyToeplitzstruc-
ture shouldbeexploitablein a fastalgorithm,existing fast
algorithmsonly exploit theblock Toeplitzstructure,not the
Toeplitz structureof the blocks. Iterative algorithmscan
employ the 2-D FFT, but usually take thousandsof itera-
tions to converge. We develop a new fast algorithm that
assumesa smoothnessconstraint(describedin the text) on
the matrix entries. For an

���������
TBT matrix with M�����

Toeplitzblocksalongeachedge,thealgorithmre-
quiresonly ��	�
 ����
 operationsto solvean

���������
linear

systemof equations;parallelcomputingon 2M processors
canbeperformedon thealgorithmasgiven.Two examples
show theoperationandperformanceof thealgorithm.

1. INTRODUCTION

1.1. Formulation and Applications

Thegoal is to developa fastalgorithmto solve a Toeplitz-
block-Toeplitz (TBT) linear systemof equations.Specifi-
cally, thegoalis to solve ������� , where
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whereeach
�3�4�

block �'5 itself hasToeplitz structure.
Thesystem(1) has

�
blocks,eachof which is

�6�0�
, for

a total sizeof
���7�����

. No assumptionsof symmetryare
required,i.e., � 598���;:� 5 .

TBT linearsystemsof equations(TBT systems)arisein
several imageprocessingproblems.Theproblemof recon-
structinganimagefrom its 2-D Fouriertransformvalueson

a non-rectangularrasterarisesin magneticresonanceimag-
ing (MRI) andsyntheticapertureradar(SAR); thelackof a
2-D Lagrangeinterpolationformularequiresits formulation
asa 2-D least-squaresinterpolationproblem,resultingin a
TBT system.TheYule-Walkerequationsfor 2-D linearpre-
diction of a 2-D homogeneousrandomfield areTBT. And
2-D leastsquaresdeconvolutionof animagefrom a known
spatially-invariantpoint-spreador blurring functionalsore-
sultsin aTBT system.Thereareotherapplications.

1.2. Previous Work

Toeplitzstructure(constantalongdiagonals)canreadilybe
exploitedusingtheLevinsonalgorithm.BlockToeplitzstruc-
ture canbe exploited using the multichannelLevinsonal-
gorithm; a linear systemof equationswith Toeplitz blocks
canberewrittenasa blockToeplitzsystem.However, there
doesnot seemto beany way to exploit thedoubly Toeplitz
TBT structure. The only publishedalgorithms[1],[2] for
TBT matricesexploit only thepersymmetry(symmetryabout
themainantidiagonal)of theToeplitzblocks,to reducethe
computationrequiredby the multichannelLevinson algo-
rithm by one-half. Thesealgorithmsstill require ��	 ��<=

operations,sincethe multichannelLevinsonalgorithm re-
quires��	 ���=
 matrix operationsat ��	 ���>
 operationseach.
This is impracticalfor many imageprocessingapplications.

ThereasonthattheToeplitzstructureof theblockscan-
not be exploited in a Levinson-like algorithm is apparent
from a scatteringperspective on the multichannelLevin-
sonalgorithm. The relationbetweenthe multichannelre-
flection responseat a given time to an impulsein a given
channel(whichconstitutestheToeplitzblocks)andthema-
trix reflectioncoefficientsis nonlinear. Hencethe low dis-
placementrankof theToeplitzblocksis quickly lost asthe
algorithmprogresses.An exceptionoccursif the Toeplitz
blocksarein factcirculant,sincecirculantstructureis pre-
servedunderthebasicmatrix operationsof addition,multi-
plicationandinversion.Henceany fastalgorithmfor TBT
systemsmustbenon-Levinson-likein nature.

Sincemultiplicationof aTBT matrixby avectorcanbe
performedin ��	 ���'?A@CBD�E
 operations,iterativealgorithms
canbeusedto solve (1). However, iterative algorithmscan
take thousandsof iterationsto converge,andarenot always
parallelizable.A parallelizablealgorithmwith aknown and



smalloperationcountis desirable.

1.3. New Approach

Thispaperreformulatesthesolutionof aTBT systemasa2-
D deconvolutionproblemin whichtheblurredimageis only
partiallyknown(thisproblemis interestingin its own right).
Theblurring functiondefinedby theentriesof theTBT ma-
trix is assumedto belowpass,in thatits 2-D discreteFourier
transform(DFT) is zeroin theupperhalfbands.This is not
a significantrestrictionin practice,andit is reminiscentof
the Calderon-Zygmundconditionfor wavelet-basissparsi-
fication of matrices. A fastalgorithmfor extrapolationof
bandlimitedsignalswhich we have developed[3],[4] and
employed [5],[6] previously is usedto extrapolatethe un-
known regionsof the blurred image,and the known blur-
ring functionis deconvolvedonly at frequencieswhereit is
nonzero.The extrapolationalgorithmis usedagainto ex-
trapolatethe remainingfrequenciesof the image,which is
thesolutionto theTBT system.

Section2 illustratesthis approachon purely Toeplitz
systems,althoughthe resultingalgorithmis no fasterthan
otherapproaches.Section3 reviews the fastalgorithmfor
bandwidthextrapolationdevelopedin [3],[4]. Section4 ap-
pliesthisalgorithmto thesolutionof TBT systems.Section
5 presentstwo examples:(1) a small illustrative example;
and(2) a morerealisticexample.

2. PURELY TOEPLITZ SYSTEMS

2.1. Deconvolution Formulation

We wish to solve theToeplitzsystem���� F 	�G 
 . . . F 	H1�I �E

. . .

. . .
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NotethattheToeplitzmatrix is specifiedby the N � I�1 val-
ues O F 	�P 
RQ>S P SUT�� IV1XW . This is oneperiodof theperiodic
extensionof order N � IJ1 of

F 	�P 
 .
We can rewrite (2) as the cyclic convolution of orderN � IM1 F 	�P 
�Y[Z��	�P 
 � Z�'	�P 
 - 	K\C] 
Z�L	�P 
 ��O=��	�G 
 "#"�"H�L	 � IM1 
^ _a` b&dcaeRf+gih2j Q G�"#"#"kGl"#"�"HG^ _a` b&��' mcae%f+gih2j W - 	�\Un 
Z�'	oP 
 �EO��'	�G 
 "#"�"p�'	 � IM1 
^ _a` b&dcae%fqg>hHj Qkr 	 �E
 "#"#" r 	sN � IdN 
^ _a` b&(�! Ucae%f+gih2j W Q 	�\mt 


where O r 	oP 
aQu� T P T N � IvNwW denotesan unknown
extensionof �'	�P 
 . If we could somehow determine

r 	�P 
 ,
thecomputationof ��	�P 
 from

F 	�P 
 and O��'	�P 
RQkr 	oP 
 W would

becomea simple1-D deconvolution. However, thereis no
way to dothiswithoutsolvinganotherlinearsystem,which
would bemoredifficult thantheoriginalproblem.

2.2. Bandlimited Assumption

Now supposethat O F 	�P 
RQ>S P SxTy� Iz1XW is bandlimited to
highestDTFT (discrete-timeFourier transform)frequency{�| N . That is, definethe discreteFourier transform(DFT)�}	s~ 
 of order N � IJ1 of

F 	�P 
 as�[	K~ 
 � � &�� ���X� � F 	oP 
H� ��� �u� �C�a�#� � &��' H� Q ~0��Gl"#"�"kN � I7N�	�� 

andsuppose�}	K~ 
 ��G for  � 	sN � I�1 
;� ~ � �� 	sN � I�1 

(note that theseboundsneednot be integers). Recall that
theDFT samplestheDTFT ontheunit circle,andimplicitly
createsperiodicextensions.

Onewaythatthiscanhappenis to startwith anarbitrary
sequenceof length

�
, upsample(insertazerobetweensuc-

cessivenumbers)to form asequenceof length N � I�1 (this
compressesandrepeatsthe spectrum)andtheninterpolate
theresultwith a discretesincfunction.

In practice,theToeplitzmatrixentries
F 	�P 
 definearea-

sonablysmoothsequencewhich canbewell approximated
by
�

DFT components(includingtheconjugatesymmetric
components).If

F 	�P 
 is (say)a measuredimpulseresponse,
it mayevenbedesirableto filter thedatain this way.F 	oP 
 is bandlimited,soextendedsequenceO��'	oP 
aQkr 	oP 
 W
is also bandlimited. Sincewe know

�
values �'	oP 
 of a

sequencebandlimitedto
�

nonzerofrequency values,we
shouldbe ableto reconstruct

r 	oP 
 from �'	oP 
 usingthe al-
gorithmdescribedin Section3.

2.3. Purely Toeplitz Procedure

To solve thepurelyToeplitzsystem(2), where
F 	oP 
 is ban-

dlimited asdescribedabove,proceedasfollows:

1. Extrapolate�'	oP 
 to O��'	oP 
aQkr 	oP 
 W usingthealgorithm
describedin Section3;

2. Computethe DFT of O=��	�P 
RQur 	�P 
 W andof
F 	oP 
 , and

divideat thosefrequencieswherebotharenonzero;

3. Extrapolatethe DFT of �L	oP 
 since�L	oP 
 is time-limited.
ComputetheinverseDFT of theresultto obtain ��	�P 
 .

ThisprocedurerequiresN � ��� \ ��?q@mB � � � \ � real
multiplications-and-adds(MADS), which comparesfavor-
ably to the Levinsonalgorithmfor anasymmetricToeplitz
systemwith anarbitraryright side. Furthermore,thealgo-
rithm canalmostbe written out in closedform. However,
thelargenumbersarisingin thebandwidthextrapolational-
gorithm for large

�
(seeSection3) make this impractical

for large
�

. But this is much lessof a problemfor TBT
systems(seeSection4).



3. BANDWIDTH EXTRAPOLATION

3.1. Problem Formulation

We quickly summarizethe resultsof [3],[4] which present
a fast algorithm for exact extrapolationof a discrete-time
periodicband-limitedsignalfrom its known valuesin anin-
tervalhaving thesamelengthasthebandwidthof thesignal.

We considerthe discrete-discreteband-limitedextrap-
olation problem: Given N � � 1 consecutive valuesof a
discrete-timeperiodicsequence��	�P 
 with period � whose
discreteFouriertransform(DFT) ��	K~ 
 is known to bezero
for
� ��S ~ S�T � | N , determinethe othervaluesof ��	�P 
 .

Note thatsimultaneoustime-limitationandband-limitation
is impossiblefor thecontinuous-timeproblem;it is entirely
possiblein thediscrete-discreteproblem,sinceperiodicex-
tensionsarebeingmadein bothtimeandfrequency.

3.2. Basic Concept��	�P 
 is band-limitedif N-pointDFT ��	s~ 
 satisfies��	s~ 
H� 	K~ 
 ����	K~ 
 - � 	K~ 
 ��� 1 Q if
S ~ SwT�� ;8�E1 Q if
S ~ Sw��� .

	K� 

We make thefollowing choicefor

� 	K~ 
 : r � � � � �u� �a���� 	s~ 
 ��1 � &�5 � ��& 	 r � I r 5 
 � � &��X� ��  	�P 
2r �� 	�
 

TheinverseDFT of (5) becomes��	�P 
 � � &� 5 � �   	o¡ 
 �L	oP�I4¡ 
 " 	s¢ 

This shows that theunknown ��	�P 
 canbecomputedrecur-
sively from N � � 1 consecutiveknownvaluesof �L	oP 
 , with-
out solvinga systemof equations,without evena division!
The   	oP 
 canbecomputedaheadof time.

For a 2-D signal �L	oP� Q P � 
 band-limitedin frequencies~U and ~ � separately (aswell asjointly), we mayapplythe
1-D algorithm to extrapolatefirst in the P� direction,and
thenin the P � direction.Furthermore,theextrapolationsin~U for each ~ � can all be performedin parallel. The de-
couplingbetweendifferent ~ � alsoreducesthe cumulative
effectof roundoff error. Notethatwhile thetotalnumberof
valuesto beextrapolatedis � � I�	KN � � 1 
2� , theextrapo-
lationsall usethe1-D extrapolationcoefficientsfor extrap-
olatingan N � � 1 -point signalto an � -point signal.

The well-known ill-posednessof the bandlimitedex-
trapolationproblemmanifestsitself in the large valuesof
the coefficients   	oP 
 arising in (6) and(7). Caremustbe
taken to ensuresufficient wordlengthsto storethesecoef-
ficients. Other than this, thereare no problemswith nu-
merical roundoff error, unlike in the usualsolution to this
problemby solvinga linearsystem.

4. TOEPLITZ-BLOCK-TOEPLITZ SYSTEMS

4.1. 2-D Deconvolution Formulation

Thegoal is now to solve theTBT system(1). Notethatthe
TBT matrixisspecifiedby the2-D function O F 	o¡ Qs£¤
RQ>S ¡ S+Q=S £�SUT� I¥1CW , wheretheindex

£
specifiesthediagonalwithin the¡�¦�§ block. We follow the 2-D analogueof the procedure

usedin Section2.
Rewrite (1) asthe 2-D cyclic convolution having order	KN � IJ1 
l� 	sN � IJ1 
F 	�¡ Q�£¤
!YlY�Z��	�¡ Qs£¤
 � Z��	o¡ Q�£U
 - 	�¨C] 
Z�L	o¡ Qs£¤
 �ª© � GG GL« - �/� ��� � �� "�"#"�� �&��! 

... "�"#" ...� &(�! � "�"#"�� &��! &��! 
)+*, 	K¨mn 


Z��	o¡ Qs£¤
 �¬© � r  �r �  r �u� « - ��� ��� � �� "�"#"­� �&��' 
... "�"#" ...� &��' � "�"#"$� &��' &(�! 

)+*,	K¨Ct 

where O r  � 	o¡ Q�£U
aQkr �  i	o¡ Q�£U
aQkr �u� 	o¡ Qs£¤
 W denotesthe unknown
extensionof � . We needto extrapolatethesefrom � to con-
vert theTBT systeminto a 2-D deconvolutionproblem.

Asbefore,supposethatthe2-D function O F 	o¡ Qs£¤
RQ>S ¡ S+Q=S £�SUT� I�1XW is 2-D bandlimitedto DTFT frequency {�| N in both¡ and
£
. Again, this seemsto bea reasonableassumptionin

practice. If the TBT matrix comesfrom samplinga point-
spreador blurring function at double the Nyquist rate in
eachdirection,thenthisassumptionis satisfied.

4.2. TBT Procedure

1. Extrapolate� to O�� Qur  � Qur �  Qur �k� W usingtheextrapo-
lation algorithmfirst in onedirection,andthenin the
otherdirection;

2. Computethe2-DDFTsof O�� Qur  � Qur �  Qur �k� W and
F 	�¡ Q�£¤
 ,

anddivide at those2-D frequencieswhereboth are
nonzero;

3. Extrapolatethe 2-D DFT of ��	o¡ Q�£U
 since ��	�¡ Q�£¤
 has
finite spatial support(see(8)). Computethe inverse
2-D DFT of theresultto obtain �L	o¡ Qs£¤
 .

Thisprocedurerequires
 � �U� 1>N � � ?A@CB � 	KN �E
 � \ � �
real (MADS), sinceeach2-D extrapolationmustcompute	KN �E
2� I ��� �­\ ��� valuesat

�
MADs each. The 2-

D FFTs can be pruned sinceonly 1 | � of the valuesare
nonzero;savingsfrom pruningarenotincludedhere.Thisis
a considerablesavingsover the ��	 ��<>
 MADs requiredby
thealgorithmsof [1],[2], andit is comparableto just a few
iterationsof aniterativealgorithmthatusesthe2-D FFT to
computematrix-vectorproducts.



Note that the actualimplementationsof the extrapola-
tions are 1-D, and they are only from

�
to N � for an���l�����

TBT system.For many problemsof practicalin-
terest,thecoefficientsin theextrapolationwill not belarge.
Thealgorithmcanalmostbewrittenout in closedform.

5. EXAMPLES

5.1. Simple Illustrative Example

We wish to solve theTBT system���¯® � \ 1� ® N°\
±\ ® �\±
 � ®
) *, ��� � � r²

) *, � ��� \mN�mG
CG
mN
) *, 	 ® 


It is easily observed that (9) can be rewritten as the 2-D
anticyclic convolution�� 1³\±N� ® �\´
°\

), Y �� � � Gr ² GG G G
), � �� Y Y YY \UN3�UGY 
mG°
UN

), 	21=G 

wherethe

Y
denotesthe unknown values O r  � Qkr �  Qkr �u� W to

be extrapolated. Note that the elementsof eachToeplitz
block form a row of

F 	�¡ Qs£¤
 .
Examinationof

F 	o¡ Qs£¤
 shows thatthemiddleelementin
eachrow or columnis thesumof thetwo valuesat theends
of that row or column. This is equivalentto the2-D DTFT
of
F 	�¡ Q�£¤
 having zerosat ~Cµ0� { and ~m¶[� { , ascaneasily

beconfirmed.Hencewecanuseouralgorithmto solvethis.
Dueto thesmallsizeof theproblem,wemustsampleon

theunit circle at
r �·I � � �k� �#� � , in orderto includethezero

at
r ��I¸1 (frequency { ). This is why we useananticyclic

(mod	 rm� � 1 
 ) convolution in (10). With this change,the
extrapolationcoefficientsarecomputedfrom (6) to be� 	K~ 
 �E1 � 	 � � �u� � � I � � �u� �a� � 
 	 � �¯� �k� � � I � � �u� �a� � 
�¹O � 	�G 
aQu� 	H1 
aQu� 	sN 
 Wº�EO�� Q 1 Q 1XW ¹O   	KG 
aQ   	21 
RQ   	sN 
 W;�EO>N Q I¸1 Q 1XW 	21m1 

(rememberthesamplingon theunit circle). Usingthecoef-
ficientsin (11) to extrapolatetheunknown

Y
valuesin (10)

usingtheformula(7) resultsin�� I�
 IºNC¨ IºNmNI�¨ \mN �mGIºN 
CG 
mN
), ¹ ��� � � r²

)+*, � ��� 1N� \
)+*, 	21>N 


which is indeedthe2-D anticyclic convolution in (10).
Note that (11) implements�L	oP 
»Y   	oP 
 �¼�L	oP 
 (7),

which in this examplereducesto�L	oP 
 I4��	�P�IM1 
 � �L	oP�IdN 
 ��G 	21=\ 


takingperiodicextensionsof period3. Thisis clearlyequiv-
alentto azeroat frequency { . Theextrapolationis easierto
seeusing(13): IºNX¨7��\mN»I�
CG - IºNCN»���UG;I�
mN , etc.

5.2. More Realistic Example

The algorithmwasappliedto a 1=GmNX� � 1=GmNi� TBT matrix
with \UN � \mN Toeplitzblocks.The 
X� � 
X� imageassociated
with the TBT matrix is shown in Figure1. It wasgener-
atedby lowpassfiltering the resultof Matlab’s randfunc-
tion. The 1-D extrapolationsrequiredwereall from 32 to
64points,sotheextrapolationcoefficientsarenot too large.
Thesolutionwascomputedcorrectly.
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