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ABSTRACT

This paper presents a new method for computing discrete
polynomial transforms. The method is shown for the Hermite,
binomial, and Laguerre transforms. The new method factors
Pascal’s matrix into binary matrices. Constructing the flow
diagrams for the transform matrices requires only additions and
N-2 multipliers for N-point Hermite and binomial transforms, and
2N multipliers for an N-point Laguerre transform. The method
involves a three-stage process where stages 1 and 3 are identical
for al three transforms.

1. INTRODUCTION
The discrete Hermite, binomial, and Laguerre transforms are used
in control, signal processing, and communications [1,2]. Pasca’s
matrix can be used to compute these discrete transforms [3]. This
paper presents a method for computing the transform matrices
using binary matrices to facilitate the creation of flow diagrams.

These transforms are based on the discrete forms of the Hermite,
binomial, and Laguerre polynomials. The polynomials are:
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the polynomial, N is a parameter of the polynomial, and X" is the
backward factorial function defined by

XD =x(x=D(x=2),....,(x =| +1).

Using these discrete polynomias, the (N+1) x (N+1)
transform matrices are defined as:
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where p(x,i,N) represents the general discrete polynomial

evaluated at x,i,N. It was shown that the T matrices can be

computed using the following definitions[3]:
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(B' is the transpose of B)
[I'],,=(-D",j =01..,.N
[Q]u :9i’i :Oyl...., N
HE ., =1and O dsewhere

D'JE, Pascal’s matrix (shifted), where BB=A
b

Defining the Hermite, binomia, and Laguerre matrices as
Hn, By, and Ly respectively and using the above definitions and



equations, it was shown that the following discrete transform
matrices are formed [3]:

Hermite:

Hy =[1"QBI'[Diag[[ (B'B)]]'B (€
Binomial:

B, =[1"QB]'B @)
Laguerre:

L w=QlI Diag[[| ‘B]'©']Q"B]'B, (©)

where ©=[6 6 & ...8Y and Diag[X] is a diagonal matrix,
whose elements are the diagonal elements of X.

2. FACTORING THE B MATRIX

These transforms can be further simplified by factoring B into a
series of binary matrices [6]. This simplification reduces the
multiplication associated with the B matrices into a series of
additions. To construct the binary matrices representing the
(N+1) x (N + 1) B matrix we use,
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the (k + 1) x (k+ 1) matrix, S, whose elements are given by:
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wherek=1,2,...,N.

In addition, the factorization of B is given by

B. =[G
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For example, the G expansion of a 4x4 (N=3) shifted
Pascal’ s matrix (B) is
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The Hermite transform matrix is given by
Hy =[1"QGG,.G,]'[Diagl[ (B"B)]] 'GG,.G, @

Using the identity [ABC]"'=C"B"A", we can further simplify
the expression in equation 4 to a series of matrix multiplications.
The only problem left to resolve is the diagonal operation in the

middle of the transform, Diag[l (B"B)] .

For the Hermite transform, the diagonal elements of the
Diag[I (B"B)] operation are hinomial coefficients.

EN% where k=0,1,...,N.
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The inverse of a diagona matrix, [Diag[i (B"B)]]™*, is

simply the inverse of the diagonal elements, which gives the Wy,
matrix as.
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For the Laguerre transform matrix, Wy is a little more
complex because the diagonal operation, Diag[[| B]'@"], is
dependent on ©, where ©@=[@6'6°...6"F and |6|<1.

Observing the general forms of the I, B, and Q components leads
to the following genera form for the diagonals of Wy for the
Laguerre transform:

L kD0
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where j=0,1,...,N and is the current row in the Wy matrix. The
genera form of Wy, for the Laguerre transformis
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So the final simplified form of the transforms will be:

H, =G..G,G/Ql W,GG,.G, (5)

L, =QG}..GIG/QW, I GG,.G, (6)

B, =G;..G,G/QI 'GG,.G, @)

2.1 Factoring the B Matrix to Form the Discrete Her mite
Transform Flow Diagram

As noted earlier, the shifted Pascal matrix B can be represented as
a multiplication of the binary matrices, G,. In this section the
factored matrices of B will be used in order to create a flow
diagram that will detail a simplified method of computation for
the discrete Hermite polynomial transform.

First, the G, matrices should be defined and calculated. The

matrix is formed by placing two matrices within an (N+1) x
(N+1) matrix:
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[s], = Epifj < where [S<] isa(k+l) x (k+1)
matrix.

For this example N=2. Therefore, we will need to find G,
fork=1and 2.
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For G, wehaveG, = %2’“ E wherel, =[] and § =
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Placing 1, and S into the G, matrix yields G,

I
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Therefore, placing S, into the matrix yieldsG, =[S,] ,
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The shifted Pascal’s matrix, B, can then be represented as the
product of the binary summation matrices, G, :

B, =GG,
Therefore substituting into equation 1 yields,

H, =G,’G'Q"I "'WGG,,
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Starting the multiplication with the sampled point vector will
yield the necessary information to create the N=2 discrete
Hermite transform flow diagram as shown in Figure 1.
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Figure 1. 3x3 Example Hermite Transform Flow Diagram.

3. FLOW DIAGRAM REPRESENTATION NOTES

The flow diagrams represent the matrix operations in an easy to
read algorithmic form. This allows for an easy trandation into
low-level chip programming. The flow diagram also makes it
easier to identify similar operations between the transforms so
that they may be implemented only once on-chip. In Figure 2, a
flow diagram for the 8x8 Hermite transform is shown.
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Figure 2. 8x8 Hermite Transform Flow Diagram.

It can be noticed by drawing flow diagrams for the Hermite,
binomial, and Laguerre transforms that, except for the scaling



factors, the transforms have identica summation series. The
formis shown below in Figure 3.
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Figure 3. Standard Form for Transform Flow Diagrams.

In Figure 3, the input vector consists of the sampled data
points. The points enter stage 1, which is identical for al three

transforms and is a summation series from G,..G,G,. The
scaling matrices specific to each transform are:

$=1Q
S, =W, Q
s =IWQ,

Within the scaling diagonal matrices above, Wy and Q are
transform specific and have been previoudy defined. Finaly,
there is stage 3, which is also identical for al three transforms

and is a G' summation fromGJG]...G,. The result yields the

transform coefficients X° to XN. It should be noted that for the
Laguerre transform a multiplication with Q is added after stage 3.

4. INVERSE TRANSFORMS

To construct the inverse transform matrices, the transpose of the
forward transform is utilized. The Laguerre, Hermite, and binary
matrices are orthogona with respect to weighting sequences [4].
By using appropriate normalizing factors for the transform
matrices, we can obtain the inverse transforms [4,5]. In this paper,
we did not include the normalizing factors to demonstrate the
factorization method.

Taking the transpose of the three transforms matrices yields:

HI =GI..GIG/W,| QGG,.G,
L, =G]..GIGI W,Q GG,.G,Q
Bl =G/..GIG/1 QGG,.G,

The general form of the inverse transform is the same as the
forward transform and can be seen in Figure 4.

The difference in the forward and inverse transforms is in
Stage 2. While the forward transform has SB S, ad SL,the

inverse transform has S; S’ and SI Also, the Q multiplier

that was at the end of the forward Laguerre transform is now at
the beginning, before Stage 1.
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Figure 4. Standard Form for Inverse Transform Flow Diagrams.

5. CONCLUSION

This paper has defined the discrete Hermite, binomial, and
Laguerre transforms using binary matrices. This alows flow
diagrams to be constructed that provide visua models that
demonstrate the ease of hardware implementation for the
transforms. Fortunately, al three transforms have the same form
and can thus share the same hardware when implemented. It was
aso shown that the inverse transform for each can be easily
computed using the same flow diagrams with only the scalar
multiplier being changed.
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