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ABSTRACT

Two algorithmsthat canobtainmoreaccurateestimate
of the fractal dimensionareproposed.Oneis the shifting
DBC (SDBC) algorithmandthe otheroneis the scanning
BC (SBC)algorithm.It is theoreticallyproventhattheSD-
BC algorithmapproachesthe estimatedvaluecloserto the
exact fractal dimensionthanthe DBC method.Simulation
resultsshow that theproposedalgorithmsconsistentlygive
moresatisfactoryresultson texturedimages.

1. INTRODUCTION

Most of the objectsin the real world are so complex and
irregular in naturethat they cannotbe describedby classi-
cal geometry. Fractaltheoryhasbecomevastlypopularin
therecentdecade.Thecomplex shapedescriptionin terms
of self-similarity was introducedby Mandelbrot[1]. The
topologicaldimensionof asetis alwaysanintegerwhile the
Hausdorff dimensionor fractaldimensionmaybeafraction.
However, theHausdorff dimensionor hasanelegantmathe-
maticaltreatment.Besidesthetheoreticaldefinition,oneof
themostpopulardefinitionsis thebox dimension,which is
anupperboundof theHausdorff dimension[1][2]. Thebox
dimension,sometimesreferredto be the similarity dimen-
sion, is the fractional conceptof choice for experimental
sciencessinceit is morecomputationallymanageablethan
theHausdorff dimension.In general,theHausdorff dimen-
sionandthebox dimensionoftenhave thesamenumerical
value. As a very usefulmeasureof a fractal set,the com-
putationof fractal dimensionbecomesan importantissue.
TheexistingmethodssuchastheBC andtheDBC methods,
however, possessproblemsthatthey usuallyover-countthe
numberof boxesso that the exact valueof fractal dimen-
sion cannot be obtained.Therefore,the aim of this paper
is to investigatetheproblemsandthenproposetwo simple
andefficientalgorithmsfor obtainingtheestimatedvalueof
fractaldimensioncloserto theexactvalue.

2. FRACTAL DIMENSION

Let �����
	�� be the spaceof all nonemptycompactsubsets
of theEuclideanspace� 	 . A set 
�������� 	 � is saidto

beself-similarif 
 is theunionof distinctof closedballsof
radius � neededto cover 
 . Let ����
������ bethenumberof
closedballsof radius� neededto cover 
 . If
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exists,then
�1� ��
2� is calledthe fractal dimension of 
 and

wewill say“ 
 hasfractaldimension
� � ��
�� .” In general,it

is hardto directly computetheexactvalueof
� � �3
�� . The

box-countingmethodis themostpopularmethod[3]–[5].
SarkarandChaudhuri[6]–[8] proposedanefficient ap-

proach,calledthedifferential box-counting (DBC)approach,
to estimatethe fractal dimension(alsoreferredasbox di-
mension)

�54
of a 2-D gray-level imageandassertedthat

it canpreciselyestimate
�14

. Although the DBC method
givesa betterestimationof the fractal dimension,its ma-
jor shortcomingis that the estimatedvaluesof � $ ��
�� are
not exactly the leastnumberof boxesof side � neededto
cover the 2-D fractal intensitysurface. The possibility of
error exists due to the effect of the quantizationnatureof
the approach,especiallywhen the imageintensitysurface
is smooth. A modifiedapproachof the DBC methodwith
randomshift of whole columnof boxesin the 6 direction
(or 7 / 8 direction)wasproposedthat the small variationof
thegrayvaluein imagecanbecaptured.However, theran-
domshiftingoperationof columnsneedsadditionalcompu-
tation involving randomnumbergeneratoranddifferential
box countingin eachcolumn.

3. THE PROPOSED ALGORITHMS

A. TheShiftingDBC (SDBC)Algorithm
It is easyto find out thattheDBC methodusuallyover-

countsthenumberof boxes 9 $ ��:&�<;=� coveringtheimagein-
tensitysurfacein the ��:>�?;=� -th grid column. The example,
shown in Figure1,demonstratesthatthequantityof 3 boxes
ratherthan4 boxesis enoughto cover the gray level vari-
ation of the intensitysurfacein the columnof boxesif the
boxesareappropriatelyshiftedalongthe 6 direction. This
resultsfrom the quantization effect that in the BC method
the gray level variation in the 6 coordinateis subdivided
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Fig. 1. Thefirst problemof theBC andDBC methods.

into someintervals with size CED . Insteadof the processof
“quantization-computation” adoptedby the DBC method,
theprocessof “computation-quantization” is adoptedin our
approachto overcomethequantizationeffect. Theprocess
of “quantization-computation” meansthat beforecomput-
ing thenumberof boxescoveringthe intensitysurface,the
quantizationof the 6 coordinateis donefirst. More precise-
ly, wegive thefollowing theorem.

Theorem 1 Let 
F�
�����
	G� . For HI�J,K�&LM�&N , we have
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whenever 9b�dc . Furthermore, if
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exists, then 
 has fractal dimension
� D� ��
2� . Conversely, if


 has fractal dimension
� � �3
�� , then

� � ��
2��� � D� ��
�� .
B. TheScanningBox-Counting(SBC)Algorithm

Unfortunately, the SDBC algorithm only can conquer
thefirst problembut thesecondandthethird one.In thefol-
lowing, for estimatingmoreaccuratelythantheDBCmethod
and the SDBC algorithma moregeneralandefficient ap-
proachis proposed.If interpretedasa 3-D terrainwhose
heightof the 3rd dimensionis given by the pixel value,a
2-D imageintensitysurfacemayvirtually beconsideredas
a continuoussurfaceon the3-D space.By partitioningthe
continuoussurfaceinto fixedboxes,both theDBC method
andthe SDBCalgorithmarehighly possibleto over-count
thenumberof boxes.To overcometheshortcomingssuchas
over-countingandunder-counting,we proposea novel ap-
proach,calledthescanningbox-counting(SBC)algorithm.
Thefundamentalprincipleof theSBCalgorithmis counting
thenumberof boxesby trackingtheimageintensitysurface
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Fig. 2. Theprincipleof theSBCalgorithm.

changeratherthanpartitioningthe3-D spaceinto fixedbox-
es.

Suppose6l��H��*9+� representsthegray level of a 2-D im-
age, where H and 9 are the coordinateindexes, respec-
tively. For eachpixel 6j��Hb��9+� , two gray level differencesm 6�n)��H��*9+� and

m 60o2��H��*9+� arecomputed,where
m 6�n)��Hb��9+���

6j��Hb��9+�Kp26j��Hb��9qpr,s� representsthedifferencebetweenthe
pixel 6j��Hb��9+� andthepreviousneighboringpixel 6j��Hb��9
p
,s� in the vertical direction,and

m 6 o ��Hb��9+�5�t6l��H��*9+�up
6j��Hbp�,U��9+� representsthedifferencebetweenthepixel 6l��H��*9+�
andthepreviousneighboringpixel 6j��Hvpw,U��9+� in thehori-
zontaldirection.Onethensplits

m 6 n ��Hb��9+� and
m 6 o ��Hb��9+�

into xzy|{&} V 	q~ \ X� � and xzy|{*� V 	�~ \ X� � sub-segmentsin two di-
rections.

Similarly, for eachsub-segmentin both two directions
onechecksif it hasalreadybeencoveredby oneof the Cu��C
previousneighboringboxescreatedin thescanninghistory.
If “no,” thenanew boxcoveringthissub-segmentis created
andcountedinto ���3CK�&
�� (i.e., � $ ��
2� ) by 1, andits corre-
spondinglocationis recorded.Otherwise,no new box for
this sub-segmentneedsto becreated.After checkingall of
thesub-segmentsfor thecurrentpixel 6l��H��*9+� , thescanning
algorithmskipsto the next pixel. The procedureproceeds
until all of thepixelsin thecomputedimageareprocessed.
However, overlappingwill occurif thepixel scanningorder
by horizontalscanning(i.e., row by row), verticalscanning
(i.e., columnby column),or zig-zagscanningis used. In
orderto avoid theoverlappingproblem,a specialscanning
orderis proposedin the2-D SBCalgorithm.

4. EXPERIMENTAL RESULTS

Experimentshave beenperformedon two setsof sixteen
naturaltexturedimagestakenfromBrodatz’simagedatabase
[9] and two setsof sixteensynthetictexture-like images.
Theimagesizesare ,sLU����,sLU� . Thegraylevelsrangefrom �
to LU�K� . For thefirst experiment,wegenerateasetof sixteen



naturaltexturedimageswith thesameresolution,asshown
in Figure3(a),in whicheachoneis simplyacopy of aseed
imagevia 16 distinctgraylevel shifts.

The valuesof fractal dimensionestimatedby the DBC
methodandthe SDBC algorithmperformedon the image
generatedabove are shown in Figure 3(b). As described
previously, thecorrespondingfractaldimensionsshouldbe
thesameif two intensitysurfacesareentirely identicalex-
cept they are with differentaveragegray levels. We note
thattheestimatedvaluesof thefractaldimensionsobtained
by the DBC methoddrift along with the gray level shift-
ing, althoughthis contradictstheconceptof fractaldimen-
sion. Conversely, the SDBCalgorithmcomputesthe same
estimatedvaluesof fractaldimensionsfor differentimages.
The reasonis that in the SDBC algorithmthe boxesused
in covering the imageare allowed to drift up or down a-
long with the gray level shifting up or down. This, how-
ever, cannotbe donein the DBC method. Consequently,
the SDBC algorithmmodified from the DBC methodwill
estimatefractal dimensionmore preciselythan the DBC
method. Similarly, as shown in Figure 3(b), the SBC al-
gorithmalsocomputesthesameestimatedvaluesof fractal
dimensionsfor thesamesetof imagesshown in Figure3(a)
so that the SBC algorithmwill estimatefractal dimension
morepreciselythantheDBC method.Thatis, boththeSD-
BC algorithmandtheSBCalgorithmreflectthe roughness
of animagesurfacemorefaithfully thantheDBC method.
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Fig. 3. (a) Natural textured imageswith 16 distinct gray
level shifts. (b) Thecomparisonof theestimatedvaluesof
fractaldimensions.

For thesecondexperiment,wegeneratedasetof sixteen
,sLU����,sLU� synthetictexture-like images,asshown in Fig-
ure 4(a). The pixel gray levels of the 1st imageareall set
to be“0.” Thepixel graylevelsof eachof four sub-images
(theresolutionsare �U�g����� ) in the2ndimageare“0,” “85,”
“170,” and“255,” respectively. Theremainingimages(3rd,
4th, ..., 8th) aregeneratedfrom thepreviouslevel imageby
down-samplingthe resolutionby 2 and thencopying it to
four quadrants.Similarly, the pixel gray levels of the 9th
imageareall setto be“255.” Thepixel graylevelsof each
of four sub-imagesin the10thimageare“0,” “255,” “255,”

and“0,” respectively. Following the samegenerationpro-
cessasabove, the remainingimages(11st,12nd,..., 16th)
arealsogenerated.
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Fig. 4. (a) 16 Synthetictexture-like images. (b) The esti-
matedvaluesof thefractaldimensions.

The SBC methodis performedto estimatethe fractal
dimensionfor eachof this setof syntheticimages.As Fig-
ure 4(b) shows, for thoseimageshaving sharpgray level
abruptionjust at the borderof two neighboringboxes,the
estimatedvaluesof fractaldimensionsby theDBC method
may lie outsidethe rangebetween2 and3. This result,of
course,is notreasonable.It clearlydemonstratesthattheD-
BC methodcannotexactly estimatefractaldimension,thus
cannotexactly manifestthe roughnessof an image. Con-
versely, theSBC algorithmconsidersthediscreteintensity
imageasa continuoussurfaceandleadstheboxestracking
thesurface.Thisbox trackingprocesswill notmissoutany
box at the location having thr sharpgray level abruption.
As a result, the SBC methodcan estimatefractal dimen-
sion more exactly. Therefore,the SBC algorithm reflects
the roughnessof an imagesurfacemorefaithfully thanthe
DBC methodfor this kind of texturedimages.However, it
hasa slightly highercomputationalcomplexity thanthatof
theDBC method.Unfortunately, theSDBCalgorithmstill
cannotresolve theproblem.

Figure5 demonstratesthe comparisonof the valuesof
the fractal dimensionsestimatedby the DBC method,the
SDBCalgorithm,andtheSBCalgorithmfor thefirst setof
sixteenBrodatz’s natural textured images. All of the ap-
proachesestimatethe fractal dimensionvaluesvery close.
Two closecurvesreflect the very similar degreeof rough-
nessdiscrimination.Strictly speaking,thefractaldimension
valuesestimatedby theSDBCalgorithmis alittle bit small-
erthanthatby theDBC method.Theresulttotally coincides
with thestatementsupportedby Theorem1. Similarly, Fig-
ure5 alsodemonstratesthecomparisonof thevaluesof the
fractal dimensionsestimatedby the DBC methodand the
SBC algorithmfor the samesetof images. From the fig-
ure, the SBC algorithm obtainsthe leastestimatedfractal
dimensionvaluesfor thefirst eightnaturaltexturedimages
while for theremainingeightimagesif not so.
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Fig. 5. The comparisonof the estimatedvaluesof fractal
dimensionsfor thefirst setof images.
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Fig. 6. (a) Sixteennaturaltextured imagesfrom Brodatz
database.(b) Comparisonof thefractaldimensions.

Finally, the threeapproachesareagainappliedto esti-
matefractal dimensionsfor the setof sixteendistinct tex-
turedimages,asshown in Figure6(a),fromBrodatz’sdatabase.
Thefitted error � expressedasthe root mean-squareddis-
tanceof the datapoints from the line is definedas ���� � T�!� Q����+� ���¡  SU¢ ��£¥¤� Q � � ¤>£\ ¦ The error � providesa goodmeasure
of fit so that the lower the value � , the betterthe fit. The
fractal dimensionsand the errors � computedfor the im-
agesshown in Figure6(a)usingdifferentalgorithmsarep-
resentedin Table1. Theexperimentalresultis alsodepict-
ed in Figure6(b). It is readily found that both the SDBC
andSBCalgorithmaresuperiorto theDBC algorithmand
concludedthattheSBCalgorithmis thebestfrom theview
pointof fitted error.

5. CONCLUSION

In this papertwo simpleandefficient algorithmsarepro-
posedto obtainmoreaccurateestimateof fractaldimension
for 2-D texturedimages.As comparedto theDBC method
andtheotherkind of methods,Our algorithmsarebothgive
moresatisfactoryresults.

Table 1. The valuesof fractal dimensionandfitted errors
for the2ndsetof images.

DBC SDBC SBC
images FD § FD § FD §

1 2.133415 0.011122 2.092197 0.010120 2.198054 0.003119
2 2.250913 0.019251 2.229082 0.014112 2.316987 0.008835
3 2.599949 0.031037 2.601203 0.029028 2.583010 0.025773
4 2.655817 0.034717 2.650059 0.032335 2.643636 0.026560
5 2.470243 0.029972 2.491461 0.028589 2.507317 0.021436
6 2.516046 0.026402 2.542373 0.022635 2.571014 0.016201
7 2.631907 0.037651 2.627138 0.034498 2.627080 0.026294
8 2.677373 0.031890 2.672149 0.030420 2.665015 0.024411
9 2.305452 0.020534 2.336494 0.021650 2.371888 0.013025
10 2.390279 0.026098 2.398498 0.021640 2.422303 0.015371
11 2.399804 0.025913 2.386965 0.021676 2.430104 0.013988
12 2.516629 0.033771 2.517884 0.031688 2.527595 0.024141
13 2.492698 0.031454 2.517179 0.028788 2.526153 0.020914
14 2.504440 0.021431 2.509932 0.018509 2.527374 0.014425
15 2.551598 0.034458 2.540916 0.034036 2.548192 0.025639
16 2.581626 0.026041 2.583370 0.023330 2.585091 0.019299

average error 0.027608 0.025190 0.018714
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