
ABSTRACT

The 64-point separable lossless two dimensional (2D) WHT
is composed of the 8-point  lossless one dimensional WHT.
The latter is obtained by first decomposing the 8-point WHT
into the 2-point WHTs and second replacing every 2-point
WHT by a ladder network. Since the coefficients in the lad-
der network then become real, the advantage of multiplier-
free vanishes. This paper therefore proposes a 64-point  non-
separable lossless 2D WHT without multiplication as fol-
lows. First the 64-point separable 2D WHT is decomposed
into the 4-point 2D WHTs. Second every 4-point 2D WHT
is replaced by a 2D ladder network which is multiplier-free.
It is also shown that the transform coefficients of the pro-
posed transform are closer to those of the 64-point lossy 2D
WHT than those of the 64-point separable lossless 2D WHT.

1.   INTRODUCTION

A unified lossless/lossy image coding system is useful for
various applications, for example, medical images,  satellite
images and images in the art world, since we can recon-
struct lossy and lossless images from a part and the whole
of an encoded data,  respectively. In JPEG, lossless and lossy
image coding systems are not unified,  that is,  the discrete
cosine transform (DCT) coding system is used for lossy re-
construction and the DPCM coding system is used for
lossless reconstruction.

The unified lossless/lossy image coding system can be
realized by using the lossless block transforms [1]-[2], the
lossless lapped orthogonal transform [3] or the lossless wave-
let transforms [4]-[8]. In these lossless transforms, integer
input signals are transformed into integer transform coeffi-
cients and losslessly reconstructed. The mean first order
entropy of the integer transform coefficients is smaller than
that of input for image compression. The progressive trans-
mission is possible by transmitting the integer transform
coefficients decomposed into bit planes from significant bit
plane to insignificant one or by transmitting the coefficients
from low-frequency component to high-frequency one.
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Fig. 1.  8-point WHT.

In the unified lossless/lossy image coding system, the
number of computations is desired to be small. The 8-point
lossless one dimensional (1D) Walsh-Hadamard transform
(WHT) has multiplications, although the  lossy (non-lossless)
WHT is multiplier-free [1]. The reason is that the coeffi-
cients in ladder network [9] become real, when every 2-
point WHT into which the normalized 8-point WHT is de-
composed is replaced by a ladder network.

On the other hand, the normalized 4-point WHT is able
to be replaced by a ladder network which is multiplier-free
[10].  The reason is that the elements of the normalized 4-
point WHT are +0.5 or -0.5. This paper therefore proposes a
64-point  nonseparable lossless two dimensional (2D) WHT
without multiplication as follows. First the 64-point sepa-
rable 2D WHT is decomposed into the 4-point 2D WHTs.
Second every 4-point 2D WHT is replaced by a 2D ladder
network which is multiplier-free.

The compatibility of the lossless transform with the cor-
responding lossy transform is desired to be high. That is,
the difference between the transform coefficients of a lossy
transform and its lossless version is desired to be small. We
therefore investigate the compatibility of the proposed
lossless 2D WHT with the WHT.
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2.   LOSSLESS 1D WHT

The 8-point lossless 1D WHT which we name 1D LWHT is
obtained by first decomposing the 8-point WHT into the 2-
point WHTs as shown in fig. 1 and second replacing every
2-point WHT by a ladder network, where the absolute value
of the determinant of the 2-point WHT must be 1 [9]. The 2-
point and 4-point ladder networks are shown in fig. 2, where
quantizer, R, represents rounding to  the nearest integer. The
coefficients in the ladder network corresponding to the nor-
malized 2-point WHT, c

1
, c

2
 and c

3
, are -0.41421, 0.70711

and -0.41421, respectively. Each number of multiplications,
adds and quantizers in the 1D LWHT is then 36. Note that
the advantage of multiplier-free vanishes.

3.   LOSSLESS 2D WHT

Now consider a 1D transform S that consists of four 2-point
WHTs and an 8-point transform A as shown in fig. 3. The
transform coefficients y

i,j
 of an 8x8 block of image pixels x

i,j

are then given by
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where the S  is applied in the horizontal direction and a

i, j
 are

elements of the A. The transform coefficients z
i,j
 of an 8x8

block of y
i,j
 are given by
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where the S is applied in the vertical direction. Substituting
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On the other hand, the  transform coefficients y’

i,j
 of an

8x8 block of x’
i,j
 , where the A is applied in the horizontal

direction, are given by
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The transform coefficients z’
i,j
 of an 8x8 block of y’

i,j
 , where

the A is applied in the vertical direction, are given by

∑ ′=′
=

8

1
,,,

n
nlnmml yaz                                              (5)

Substituting (4) into (5) gives
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It is derived from comparing (3) and (6) that applying the S
in the vertical direction after the horizontal direction is
equivalent to first applying the 4-point 2D WHT and second
applying the A to its output in the vertical direction after the
horizontal direction.

It is seen from the above result that applying the 8-point
1D WHT in the vertical direction after the horizontal direc-
tion is equivalent to applying the sixteen 4-point 2D WHTs
three times. The 64-point 2D WHT is shown in fig. 4.

The 4-point lossless 2D WHT is obtained by using {c
1
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ladder network. The number of multiplications, adds, shifts
and  quantizers of the 4-point lossless 2D WHT is 0, 11, 2

Fig. 2.  2-point and 4-point ladder networks.
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Fig. 3.  Transform S.
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and 3, respectively. The 64-point lossless 2D WHT which
we name 2D LWHT is obtained by replacing every 4-point
2D WHT by the 4-point lossless 2D WHT. The number of
computations per an 8x8 block of image pixels is shown in
table 1. Note that the number of multiplications of  the 2D
LWHT is 0.

4.   COMPATIBILITY WITH WHT

In this section the compatibility of the 2D LWHT with the
WHT is investigated. Entropies of the transform coefficients
of the 2D LWHT, 1D LWHT, and WHT are shown in table
2, where the transform coefficients of the WHT are quan-
tized to integer values. PSNRs [dB] are also shown there,
where the transform coefficients are transformed by the in-
verse WHT. The six input images are 512x512 and 8bit/pixel
grayscale. It is seen from the table that the compatibility of
the 2D LWHT with the WHT is higher than that of the 1D
LWHT.

The distribution of the difference between the transform
coefficients of the 2D LWHT or the 1D LWHT and those of
the WHT which are quantized to integer values are shown
in table 3. The transform coefficients of the 2D LWHT are
closer to those of the WHT than those of the 1D LWHT.

Relations between PSNR and entropy of the transform
coefficients are shown in figure 5, where the transform co-
efficients are quantized by uniform quantizers and then trans-
formed by the inverse WHT. The input is an image “Lenna”.
The performance of the 2D LWHT is superior to that of the
1D LWHT. The reason for high compatibility of  the 2D

Fig. 4.  2D WHT: (a) two dimensional representation, (b) 2D WHT seen from directions (I) or (II), (c) input and (d) output
seen from direction (III).

Table 1.  Number of computations per an 8x8 block of im-
age pixels.

Table 2.  Entropy of transform coefficients (bit/pel, upper
row) and PSNR (dB, lower row) of the images resconstructed
by the inverse WHT.
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LWHT with the WHT is that the number of quantizers is
small.

5.   CONCLUSION

A 64-point lossless 2D WHT without multiplication was pro-
posed. This is based on the 4-point lossless 2D WHT that is
multiplier-free. It was shown that the transform coefficients
of the proposed transform were closer to those of the WHT
than those of the lossless 1D WHT, and  it therefore had
high lossy compression efficiency. The lossless 2D WHT
seems to be useful for a unified lossless/lossy image coding
system to which low computation cost is necessary.
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