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DEVWUDFW

Pdq| prghov edvhg rq Klgghq Pdunry Prghov zhuh gh0

yhorshg wr prgho huuruv exuvwv lq frppxqlfdwlrq fkdq0

qhov1 Wkhvh prghov doorz wkh frpsxwdwlrq ri huuru glv0

wulexwlrqv dv zhoo dv wkh fdsdflw| h{suhvvlrq ri d fkdq0

qho1 Lq wklv sdshu/ zh hydoxdwh wkh h�hfw ri lqwhuohdylqj

rq wkh fdsdflw| ri wkh zlgho| xvhg Jloehuw prgho1 Dq

h{suhvvlrq ri wklv fdsdflw| lv ghulyhg dqg lv looxvwudwhg

e| vlpxodwlrq1 Wklv doorzv/ zkhq kdylqj dq lghqwl�hg

huuru prgho/ vlpxodwlrq lq dq hdv| pdqqhu ri wkh hi0

ihfwv ri dq| lqwhuohdylqj ghswk rq wkh fdsdflw| ri wkh

fkdqqho1

41 LQWURGXFWLRQ

Gxh wr wkh lqfuhdvlqj frpsoh{lw| ri qhwzrunv surwrfrov/ lw
lv lpsruwdqw wr h{dplqh wkh h{shfwhg shuirupdqfh zlwk
dq dffxudwh prgho ri wkh huuruv glvwulexwlrq1 Zlwk wklv
dlp/ gl�huhqw prghov edvhg rq Klgghq Pdunry Prghov
+KPP, kdyh ehhq ghyhorshg wr prgho frppxqlfdwlrq v|v0
whpv1 Wkhvh prghov zhuh vxffhvvixoo| xvhg wr prgho hu0
uruv vrxufhv lq frppxqlfdwlrq fkdqqhov/ dqg hvshfldoo| lq
wkh frqwh{w ri zluhohvv frppxqlfdwlrq fkdqqhov zkhuh hu0
uruv rffxu lq exuvwv1 Wkh �uvw prgho/ xvhg wr vwxg| huuruv
vrxufhv lq elqdu| frppxqlfdwlrq fkdqqhov xvlqj KPP/ lv
wkh Jloehuw prgho ^4`1 Diwhuzdugv/ prghov edvhg rq pruh
qxpehu ri vwdwhv wr jhw d ehwwhu prghoolqj kdyh ehhq sur0
srvhg ^6` ^7` ^8` ^9` ^:`1

Lq wklv sdshu/ zh jlyh dq h{suhvvlrq iru wkh fdsdflw| ri wkh
Jloehuw fkdqqho lq wkh suhvhqfh ri lqwhuohdylqj1 Wklv uhvxow
fdq eh xvhg lq wkh frqwh{w ri exuvw| fkdqqhov lq rughu wr
suhglfw wkh shuirupdqfh1

Zh xvh d Jloehuw prgho dv lw lv txlwh vlpsoh dqg zlgho|
xvhg1 Ghvslwhv lwv vlpsolflw|/ wklv prgho doorzv/ iru h{dpsoh/
wr prgho eorfn huuruv ^;` dqg exuvw huuruv lq wkh frqwh{w ri
DWP frppxqlfdwlrqv^<`1

Wklv prgho lv frpsrvhg ri wzr vwdwhv= wkh �edg� vwdwh �
zlwk d furvvryhu suredelolw| R} dqg wkh jrrg vwdwh C zlwk
d qxoo furvvryhu suredelolw|1

Rxu sdshu lv rujdql}hg dv iroorzv1 Lq vhfwlrq 5/ zh uh0
ylhz wkh Jloehuw prgho1 Lq vhfwlrq 6/ zh uhihu wr wkh h{suhv0
vlrq ri wkh wudqvlwlrq suredelolw| pdwul{ lq wkh suhvhqfh ri
lqwhuohdylqj1 Wkh h{suhvvlrq ri wkh fdsdflw| lv ghulyhg lq
vhfwlrq 71 Vhfwlrq 8 jlyhv dq h{suhvvlrq iru wkh fdsdflw| ri

wklv prgho lq wkh suhvhqfh ri lqwhuohdylqj1 Vlpxodwlrqv duh
fduulhg rxw lq vhfwlrq 91

51 WKH JLOEHUW PRGHO

Wkh Jloehuw prgho ^4` ^5` vkrzq lq Ilj1 4 lv d ydu|lqj elqdu|
v|pphwulf fkdqqho1 Iru wklv prgho/ wkh furvvryhu suredelo0
lwlhv duh ghwhuplqhg e| wkh fxuuhqw vwdwh ri d glvfuhwh0wlph
vwdwlrqdu| elqdu| Pdunry surfhvv1 Lw lv frpsrvhg ri wzr
vwdwhv/ uhvshfwlyho| C iru jrrg zlwk d qxoo huuru suredelo0
lw|/ dqg � iru edg zlwk d furvvryhu suredelolw| R}1 Gxh wr
wkh xqghuo|lqj Pdunry qdwxuh ri wkh fkdqqho lw kdv php0
ru| wkdw ghshqgv rq wkh wudqvlwlrq suredelolwlhv ehwzhhq
wkh vwdwhv1

Lwv vwdwh wudqvlwlrq suredelolw| pdwul{ lv=

� '

�
} �3 }

�3 K K

�
+4,

Wkxv wkh revhuydwlrq wudqvlwlrqdo suredelolw| pdwulfhv
duh jlyhq e|=

� Ef� ' �8 Ef� '

�
} E�3 }�E�3 R}�

�3 K KE�3 R}�

�

� E�� ' �8 E�� '

�
f E�3 }�R}
f KR}

� +5,

Ohw � ' EZC Z�� wkh vwhdg| vwdwh suredelolwlhv yhfwru1
Zh kdyh=

+
ZC ' �3K

23K3}

Z� ' �3}
23K3}

+6,

Wkhq/ wkh dyhudjh v|pero huuru udwh lv=

R ' R}Z� '
R}E�3 }�

23 K3 }

Wkh wudqvlwlrq pdwul{ fdq eh uhzulwwhq lq wkh iroorzlqj
irup ^43` ^44`=

� '
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zlwk 4f '
R3KRj

R3Rj
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61 HIIHFW RI LQWHUOHDYLQJ

Lqwhuohdylqj lv iuhtxhqwo| xvhg rq exuvw| fkdqqho dv preloh
rqhv1 Lw doorzv udqgrpl}dwlrq ri wkh huuruv rq d frghzrug1
Lqghhg/ wkh fkdqqho frglqj lv prvw h!flhqw zkhq wkh elw
huuruv duh xqlirupo| glvwulexwhg zlwklq wkh wudqvplvvlrq elw
vwuhdp1

Frqvlghu d vhtxhqfh ri elwv glylghg lqwr , eorfnv ri elwv1
Wkh wudqvplwwhu dvvhpeohv wkh vxffhvvlyh eorfn dqg wudqv0
plwv wkh �uvw elw ri hdfk eorfn/ iroorzhg e| wkh vhfrqg elw ri
hdfk eorfn/ dqg vr rq1 Wkh uhfhlyhu shuirupv wkh rssrvlwh
gh0lqwhuohdylqj surfhvv wr uhsurgxfh wkh ruljlqdo elw eorfnv1
Wklv lv nqrzq dv dq lqwhuohdylqj ghswk ri ,1

Vr/ zkhq d frgh lv lqwhuohdyhg wr ghswk , : �/ wzr frqvhf0
xwlyh v|perov ri d frgh zrug duh vsdfhg dsduw e| , v|pero
wlphv1 Wkh fruuhvsrqglqj wudqvlwlrq pdwul{ � , fdq eh h{0
suhvvhg dv ^43` ^44`=
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Wkhuhiruh/ iru wkh lqwhuohdyhg fkdqqho/ zh kdyh=
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Wkh phwkrg xvhg lq wklv vhfwlrq lv yhu| vlplodu wr wkh rqh
jlyhq e| Jloehuw h{fhsw wkdw zh vlpsoli| vrph frpsxwd0
wlrqv1

Ohw wkh fkdqqho rxwsxw t ' t+� G � ' �c 2c uuu� eh wkh prg
5 vxp ri wkh lqsxw f ' t%� G � ' �c 2c u u u� dqg wkh qrlvh
~ ' t5� G � ' �c 2c u u u�/ zkhuh doo wkuhh duh hohphqwv iurp
Jdorlv �hog C8 E2�/ dqg lw lv dvvxphg wkdw ~ lv lqghshqghqw
ri f1

Wkh fdsdflw| ri d elqdu| exuvw qrlvh fkdqqho lv jlyhq e|=

� ' �3M ' �3MEt*f� +8,

Zlwk MEt*f� wkh hqwurs| ri wkh vhtxhqfh ri qrlvh gljlwv=

MEt*f� ' *�4
�<"

[
5l'fc�

� E5�c u u uc 5� ��E5�c u u uc 5� � +9,

Wkh gh�qlwlrq ri �E5�c u u uc 5� � fruuhvsrqgv wr
ME~�n�*~� ' 5�c u u uc ~� ' 5� �=

�E5�c u u uc 5�� ' 3

�[
5Q.4'f

� E5�n�*5�c u u uc 5�� *L}2 � E5�n�*5�c u u uc 5� �

Wkh hqwurs| +9, fdq eh fdofxodwhg gluhfwo| iurp wkh gh�0
qlwlrq ri �E5� u u u 5?�1 Wklv wdvn fdq eh vlpsol�hg dv wkhuh lv
rqo| rqh huuru0vwdwh dqg wkhuhiruh/ lq fdvh ri huuru/ zh fdq
nqrz wkh ruljlqdo vwdwh1
5� ' � lpsolhv wkdw wkh vwdwh dw lqvwdqw � lv �/ vr/ zh

kdyh=

�E5�c u u uc 5�3�c �c 5�n�c u u uc 5� � ' �E�c 5�n�c u u uc 5� � +:,

Wkhuhiruh/ �E5�c u u uc 5� � lv wrwdoo| gh�qhg e| hdfk ri wkh
2� �*v whupv lq wkh vxp +9, zklfk duh rqh ri wkh � n �
whupv=

�E��c �E�f�c �E�ff�c u u uc �E�f&�c u u uc �E�f�3��c �Ef��

Ohw qrz gh�qh wkh huuru iuhh uxq glvwulexwlrq �& '
�hEf&*��/ zlwk �f ' �1

Zh kdyh=

�hEf*�f&� '
�hE�f&n��

�hE�f&�
'

�hEf&n�*��

�hEf&*��
'

�&n�
�&

zklfk jlyhv xvlqj +:,=

�E�f&� ' 3�hEf*�f&� *L}2 �hEf*�f
&�

3�hE�*�f&� *L}2 �hE�*�f
&�

' 3
�&n�
�&

*L}2
�&n�
�&

3 E�3
�&n�
�&

� *L}2E�3
�&n�
�&

�

Zh fdq wkhq ghgxfh wkh fdsdflw| �=

� ' �3MEt*f� ' �3
"[
&'f

�hE�f&��E�f&� +;,

' � n

"[
&'f

RE�& 3 �&n�� *L}2 E�& 3 �&n��

Wkh gh�qlwlrq ri wkh huuru iuhh uxq lv jlyhq e| wkh iroorz0
lqj irupxod ^45`=

�& ' �hEf6��� '
�� E���6Ef��

�� E���

�6Ef� fdq eh fdofxodwhg e| xvlqj wkh iroorzlqj vshfwudo
uhsuhvhqwdwlrq=

� Ef� ' A3�
�

b� f
f b2

�
A

wkh hljhqydoxhv ri � Ef� duh wkhq=

b�c2 '

�
KE�3 R}� n }
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�
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v�
KE�3 R}� n }

2

�2
n E�3 K3 }�E�3 R}�



Wkh wudqvirup pdwul{ A lv frpsrvhg iurp wkh pdwul{
� Ef� ohiw hljhqyhfwruv=

A '

�
�3 K b� 3 }
�3 K b2 3 }

�
zklfk jlyhv=

A3� '
�

E�3 K�Eb2 3 b��

�
b2 3 } 3Eb� 3 }�
3E�3 K� �3 K

�

Vr/ �6Ef� lv=

�6Ef� ' A3�
�

b6� f
f b62

�
A

Dqg wkh huuru iuhh uxq lv �qdoo| jlyhq e|=

�& '
�� E��� &Ef��

�� E���

'
�

b� 3 b2
EE�3 } 3 Kn b��b

&
� 3 E�3 } 3 Kn b2�b

&
2�

Zh wkhq kdyh wkh iroorzlqj h{suhvvlrq iru wkh fdsdflw|=

� ' � n
�

b� 3 b2
R
"[
&'f

EE�3 } 3 Kn b��E�3 b��b
&
� +<,

3E�3 } 3 Kn b2�E�3 b2�b
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JLOEHUW FKDQQHO

Xvlqj +<, dqg wkh uhvxowv iurp wkh suhylrxv vhfwlrq/ zh fdq
ghgxfh wkh fdsdflw| zlwk lqwhuohdylqj=

� ' � n
�

b� 3 b2
R

"[
&'f

EE�3 }, 3 K, n b��E�3 b��b
&
�

3E�3 }, 3 K, n b2�E�3 b2�b
&
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*L}2

�
E�3 }, 3 K, n b��E�3 b��b

&
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3E�3 }, 3 K, n b2�E�3 b2�b
&
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�
zlwk=

}, '
3ER3Rj�
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Rj
4,f

K, '
R
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3

ER3Rj�

Rj
4,f

R '
RjE�3}�

23K3}

4f '
R3KRj

R3Rj

b� '
�
KoE�3Rj�n}o

2

�
n

u�
KoE�3Rj�n}o

2

�2
n E�3 K, 3 },�E�3 R}�

b2 '
�
KoE�3Rj�n}o

2

�
3

u�
KoE�3Rj�n}o

2

�2
n E�3 K, 3 },�E�3 R}�

R uhpdlqv wkh vdph/ dv lqwhuohdylqj grhv qrw d�hfw wkh
dyhudjh EHU1

91 VLPXODWLRQV

Wkh dlp ri wklv vhfwlrq lv wr looxvwudwh wkh suhylrxv uhvxowv1
Wklv lv grqh e| vlpxodwlqj gl�huhqw lqwhuohdylqj ghswkv1

Frqvlghu ��7� dqg ��7U wkh fdsdflw| ri uhvshfwlyho|
wkh htxlydohqw phpru|ohvv fkdqqho dqg zlwk fkdqqho vwdwh
lqirupdwlrq1 Zh kdyh=

��7� ' �3 R *L}2 R3 E�3 R� *L}2E�3 R�

dqg

��7U ' Z�E�3 �E�hE5� ' �*7� ' ����
nZCE�3 �E�hE5� ' �*7� ' C���

' Z�E�3 �ER}�� n ZCE�3 �Ef��

zlwk=

�ER� ' 3R *L}2 R3 E�3 R� *L}2E�3 R�

Lw fdq eh vkrzq wkdw wkh iroorzlqj lqhtxdolw| krogv=

��7� $ � $ ��7U

Pxvknlq ^46` sursrvhg d phdvxuh ri phpru|1 Zh zloo xvh
wklv wr looxvwudwh wkhvh lqhtxdolwlhv1 Wklv phpru| lv jlyhq
e|=

> ' } n K3 �

Ohw xv dovr gh�qh wkh jrrg wr edg udwlr 4 ri wkh fkdqqho
e|=

4 /
�3 K

�3 }

Lw fdq eh hdvlo| vkrzq wkdw ��7� dqg ��7U duh lqgh0
shqghqw ri > dv zhoo dv ri ,1

Wkh uhdo fdsdflw| ri wkh fkdqqho grhv qrw ghshqg rq wkh
lqwhuohdyhu vlqfh wklv lv d uhyhuvleoh rshudwlrq ^46`1 Krz0
hyhu/ wkh frpsxwhg fdsdflw| lv uhgxfhg zlwk wkh ghswk ri
wkh lqwhuohdylqj ehfdxvh wkh fkdqqho phpru| lv frqyhuwhg
lqwr d odwhqw iudjphqwhg irup zklfk lv qrw surshuo| xvhg lq
d frqyhqwlrqdo ghfrghu/ dowkrxjk fdq eh surshuo| xvhg dv
h{sodlqhg lq ^46`1

Iru vlpxodwlrqv/ zh �{ 4/ dqg e| ydu|lqj > lq wkh lqwhuydo
df( �o zh looxvwudwh wkh uhvxowv iurp wkh suhylrxv vhfwlrq1

4 dqg R} duh uhvshfwlyho| �{hg wr 6 dqg 3181
Wkh iroorzlqj �jxuh jlyhv d sorw ri wkh fdsdflw| yv1 > iru

gl�huhqw lqwhuohdylqj ghswkv=
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Ilj1 51 Fdsdflw| yduldwlrq yv1 4 iru gl�huhqw lqwhuohdylqj
ghswkv

Dv h{shfwhg/ wkh fdsdflw| lv erxqghg e| ��7U dqg
��7� 1

Zh fdq dovr qrwlfh wkdw zkhq wkh ghswk ri lqwhuohdylqj
lv orqj hqrxjk/ wkh fdsdflw| dssurdfkhv wkh fdsdflw| ri wkh
htxlydohqw phpru|ohvv fkdqqho1

:1 FRQFOXVLRQ

Lq wklv sdshu/ zh vwxglhg wkh h�hfwv ri lqwhuohdylqj rq wkh
fdsdflw| ri wkh Jloehuw fkdqqho1 Zh jdyh dq h{suhvvlrq ri
wkh fdsdflw| dv d ixqfwlrq ri wkh Jloehuw prgho sdudphwhuv
dqg wkh ghswk ri lqwhuohdylqj1

Wkh lqwhuohdylqj ghswk kdv qrw h�hfw rq wkh uhdo fdsdf0
lw| ri wkh fkdqqho1 Krzhyhu/ zkhq wkh lqwhuohdylqj ghswk
lqfuhdvhv/ wkh frpsxwhg fdsdflw| ghfuhdvhv dqg wkhuhiruh/
wkh h�hfwlyhqhvv ri d frqyhqwlrqdo ghfrghu lqfuhdvhv1

Zkhq vwxg|lqj wkh h�hfwv ri lqwhuohdylqj/ zh fdq wkhq
ghulyh wkh h{suhvvlrq ri wkh fdsdflw| lq d wkhruhwlfdo zd|
iru dq| lqwhuohdylqj ghswk dv vrrq dv wkh lqlwldo prgho lv
gh�qhg1
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