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ABSTRACT

In two dimensions, the exponential X-ray transform has been well-
studied due to its applications of correcting attenuation effects in
Single Photon Emission Computed Tomography (SPECT). Explicit
inversion formulas have been known for over 15 years. The three-
dimensional (3D) case has not been as thoroughly examined, and
inversion formulas are available for only a few of the wide range of
possible 3D geometries. The Rotating Slant-Hole (RSH) SPECT
geometry is a special case for which no inversion formula has
yet appeared. This paper presents a general inversion formula
for the 3D exponential X-ray transform using a Neumann series.
The method applies to any geometry but convergence of the series
depends on the exponential scalar and the size of the region-of-
interest. The derivation is presented in the context of the RSH
SPECT geometry. Results from computer simulations are given.

1. INTRODUCTION

The reconstruction problem of a three dimensional (3-D) image
from exponential X-ray (parallel-beam) projections is widely stud-
ied in 3-D Single Photon Emission Computed Tomography (SPECT)
imaging systems. The main objective in SPECT imaging is to vi-
sualize the density distribution (also called emission map) of a ra-
dioactive tracer in some region of interest, like the heart or the
brain. The emitted photons pass through different tissues (such as
lungs, spine,...) and are attenuated before they interact with the
detector. If the attenuation coefficient is constant in the emission
region, the attenuated measured projections can be converted into
exponential X-ray projections [1]. Thus, solving the reconstruc-
tion problem from exponential parallel projections provides a way
to perform accurate attenuation correction and quantitative recon-
struction of the emission map.

In conventional SPECT, parallel-hole collimators are used to
collect attenuated projections. See figure 1 for a description of a
parallel-hole collimator. The system collimator-detector is rotated
around the z-axis of the region of interest (ROI) in order to sam-
ple the projections for directions located on a great circle. The
measured projections are converted to exponential projections us-
ing multiplication factors derived from knowledge of the attenua-
tion in the body. Then, the emission map is reconstructed using
2-D slice-by-slice reconstruction techniques which are now well-
understood, especially thanks to the works of Tretiak and Metz [2],
and Pan and Metz [3],[4].

Recently, the use of rotating slant-hole (RSH) collimators has
been investigated [5]. The main interest of this configuration is to
increase photon sensitivity and thus signal-to-noise ratio over stan-
dard parallel-hole collimator systems. See figure 2 for a descrip-
tion of a bilateral slant-hole collimator. Roughly, twice as many
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Fig. 1. Parallel-hole Collimator. The dotted lines indicate the di-
rections of photons that pass through the collimator to the detector.

photons can be detected during the same acquisition period since
the bilateral slant-hole collimator allows simultaneous collection
of two projections. The system (slant-hole collimator)-detector is
successively located at several fixed positions around the z-axis of
the ROI. For each fixed position of the detector, the collimator is
finely rotated about its axis as shown in figure 2. The combination
of these two rotations defines the RSH SPECT acquisition geom-
etry as described in [5]. The RSH SPECT geometry is a fully 3-D
geometry which needs true 3-D reconstruction techniques.
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Fig. 2. A bilateral Slant-hole collimator. When the collimator is
fixed, two parallel projections can be measured during the same
acquisition period.

To our knowledge, only a few works concerning exact 3-D
reconstruction from exponential X-ray projections have been pub-
lished. Furthermore, these works only concern specific geome-
tries. In [6] and [7], it is assumed that the projections are finely
sampled on the full unit sphere. The algorithm described in [8]
only deals with sets of projections containing great circles of the
unit sphere. For more sophisticated geometry such as RSH SPECT,



no exact reconstruction algorithm has been established so far.
In this paper, we present an exact inversion formula for the

exponential X-ray transform in the particular case of the RSH ge-
ometry. The derivation of our algorithm is based on the knowledge
of a filtered backprojection (FBP) algorithm for the non-attenuated
case. The exponential parallel projections are first treated as non-
attenuated projections by this FBP algorithm to give a first imagebf0. Using some properties of the projection and backprojection
operators, we have derived an exact inversion formula for the at-
tenuated case in the form of a Neumann series with bf0 as the first
term of the series.

This paper contains four sections. Section 2 gives a detailed
description of the RSH SPECT geometry and defines the projec-
tion and backprojection operators. Section 3 describes our algo-
rithm and provides mathematical details of its derivation. Simula-
tions and reconstruction results are shown with a short discussion
in section 4.

2. THE RSH SPECT GEOMETRY

Figure 3 gives a description of the RSH SPECT geometry. In this
figure, O is the origin of the image space and z is assumed to be
the main rotation axis of the geometry. 


d
is a unit vector in the

xy plane, attached to the detector and normal to its surface. The
angle �i specifies its position around the z-axis. We will assume
N different positions (i = 1; 2; :::; N ) of the detector. Two unit
orthogonal vectors eu and ev are parallel to the detector plane and
attached to the slant-hole collimator. The angle ' specifies the an-
gular position of the collimator around the axis 
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of the detector.
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Fig. 3. Description of the RSH geometry.

The unit vector � defines the direction of the photons through
the collimator to the detector. It is attached to the collimator and
can be expressed in the form

� = cos �0 

d
+ sin �0 eu (1)

where the constant �0 is the slant angle of the collimator. The
RSH geometry is mathematically defined by the trajectory 
 that �
describes on the unit sphere when ' is continuously varying from
0 to 2� and for all values of i. This trajectory is composed of
N distinct circles of angular aperture �0. In the following, the
trajectory 
 is assumed to be complete, i.e. it intersects all great
circles of the unit sphere [9].

2.1. The projection operator

We will let f(x) denote the 3-D emission map to be imaged. The
exponential projection operator R� is defined by

[R�f ](�i; '; u; v) =

Z +1

�1

dt f (u eu + v ev + t �) e�t (2)

where � is the constant attenuation factor. The point (u; v) =
(0; 0) corresponds to the projection of the origin of the image
space onto the detector plane in the direction �. When �i and
' are fixed, g�(�i; '; u; v) = [R�f ](�i; '; u; v) is a 2-D func-
tion of u and v known as an exponential X-ray projection of f .
For i = 1; :::; N and ' 2 [0; 2�[, g�(�i; '; u; v) is a set of ex-
ponential projections and constitutes the data of the reconstruction
problem.

2.2. The backprojection operator

The operator R#� is defined by

[R#
� g�](x) =

1

cos �0

NX
i=1

Z 2�

0

d' g� (�i; '; û; v̂) e
�t̂ (3)

where

û = x � eu � tan �0 x � 

d
; (4)

v̂ = x � ev ; (5)

t̂ = sec �0 x � 

d

(6)

Geometrically, for each parallel projection, the point (u; v) =
(û; v̂) corresponds to the projection of x onto the plane of the de-
tector in the direction �. It is easily established that the operator
R#
� is the adjoint of the projection operator R�. The backprojec-

tion operator is R#
�� and [R#

��g�](x) is the sum of the contribu-

tions of each projection for the point x. Neither R#
�� nor R#

� is
the inverse of the projection operator R�.

3. INVERSION FORMULA

Our algorithm only holds if the set 
 of parallel exponential pro-
jections satisfies Orlov’s condition, i.e. it intersects all great circles
of the unit sphere [9]. In that case, an exact FBP algorithm exists
for the non-attenuated case [11], [10]. It can be written in a func-
tional form as follows

f = R
#
0 (h0 ?2 g0) (7)

where ?2 is a 2-D convolution and h0(�i; '; u; v) is the 2-D filter
to apply to the non-attenuated (� = 0) projections g0(�i; '; u; v).
The analytical expression of h0 can be found in [10]. For the ex-
ponential case (� 6= 0), no reconstruction algorithm has been pub-
lished so far.

3.1. Algorithm description

The exact inversion formula we propose for the attenuated case is
in the form of a Neumann series

f = (1 +K +KK +KKK + :::)bf0 (8)



where the first term of the series bf0 is obtained from g� by

bf0(x) = �(x)
�
R
#
��(h0 ?2 g�)

�
(x) (9)

i.e. the exponential parallel projections are first filtered by h0 and
then backprojected using the R#

�� operator. bf0 is obtained by mul-
tiplying the result of the backprojection by the support function �.
�(x) is a 3-D function equal to one on the region of interest and
zero outside.

K is a linear operator defined by

[Kf ](x) = �(x) (f ?3 w)(x) (10)

where w(x) is defined by

w(x) =
1

cos �0

NX
i=1

Z 2�

0

d'h0 (�i; '; û; v̂)
�
1� e

��t̂
�

(11)

with û, v̂ and t̂ given by equations (4), (5) and (6) respectively. The
inversion formula holds if the series is convergent. A sufficient
condition for convergence is

kKk = sup
f

kKfk

kfk
< 1 (12)

where kKfk is the norm of the function Kf . It can be shown
that this condition is met for small values of �D where D is the
diameter of the region-of-interest. Given a � value, exact recon-
struction is thus possible when the radioactive tracer is confined to
a sufficiently small region-of-interest.

3.2. Algorithm derivation

To derive our inversion formula, note that the projection and back-
projection operators satisfy the property�

R
#
��h

�
?3 f = R

#
�� (h ?2 g�) (13)

for any filter h(�i; '; u; v) and any value of � [6]. From equation
(7), we obtain [R#

0 h0](x) = �3(x) where �3 is the 3-D delta Dirac
function.

In equation (13), we replace h by the filter used in the non-
attenuated case, i.e. h0. We define the left hand side as f0, and
obtain

f0 = R
#
�� (h0 ?2 g�) (14)

= (R#
��h0 � �3) ?3 f + f (15)

= �w ?3 f + f (16)

where we have replaced �3 by R
#
0 h0 and w is a 3-D function de-

fined by (11). We introduce the support function � to be sure that
�f0 and �(w?3f) are equal to zero outside the reconstruction grid
when the inversion formula will be discretised. We write

f = bf0 +Kf (17)

where we have used �f � f and the definitions (9), (10) of bf0 and
K. Using this last relation, we can also write

f = bf0 +K

�bf0 +Kf

�
= bf0 +K

�bf0 +K

�bf0 +Kf

��
= bf0 +K bf0 +KK bf0 +KKK bf0 + ::: (18)

which is exactly equal to (8).

4. RESULTS AND DISCUSSION

Figure 4 shows one slice of the simulated attenuation and emis-
sion maps we used to make simulations. On the attenuation map
(upper-left figure), one sees the two lungs and the spine which have
different attenuation coefficients. The upper-right figure shows the
phantom modeling the heart. This phantom is the simulated emis-
sion map and consists of three ellipsoids, two of which model the
ventricules with 20% of activity. Attenuation and emission maps
are both represented on the lower-left figure. On the lower-right
figure, the heart phantom is discretised on a grid of 603 cubic vox-
els of side 2.5 mm. It has been used as a reference for our simula-
tions.

Fig. 4. Description of the simulated phantoms.

Attenuated parallel projections were simulated for the RSH
SPECT geometry. We used 6 positions of the detector (�i = i 60o,
i = 1; :::; 6). For each detector position, 32 positions of the col-
limator were simulated over 360 degrees with a uniform step of
11.25 degrees. The 192 projections were sampled on grids of
1282 pixels of side 1.5 mm. The knowledge of the attenuation
distribution allowed us to convert the attenuated projections into
exponential projections with a constant attenuation factor � equal
to 0:0075 mm�1. In practice, most SPECT scanners can provide
an accurate attenuation map.

The calculation of w(x) with equation (11) was implemented
by sampling the filter h0 in the same way as the parallel projections
were, i.e. we discretised h0 in 192 2-D spatial filters. The back-
projection routines used to calculate bf0 was also used to calculate
w thanks to w(x) = [R#

0 h0](x)� [R#
��h0](x).

Figure 5 shows reconstructions achieved on grids of 603 vox-
els of side 2.5 mm. The upper-left figure shows the original heart
phantom. The upper-right figure shows bf0. One can see that bf0
is not an exact reconstruction. The two lower figures shows re-
constructions using the Neumann series with 2 and 3 terms, re-
spectively. One can see improvements: the image support tends



to be better defined and the gray levels tends to be more uniform
in regions of constant activity. These preliminary results are en-
couraging. Further work concerning convergence conditions, dis-
cretization effects and stability in the presence of data noise is now
required.

Fig. 5. Reconstruction of the heart phantom. Upper-left : ideal
phantom. Upper-right : bf0. Lower-left : bf0 +K bf0. Lower-right :bf0 +K bf0 +KK bf0.
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