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ABSTRACT

StandardOFDM systemsare associatedwith a rectangu-
lar grid in thetime-frequency plane.Howeversucha setup
is in generalnot optimal for pulseshapingOFDM systems
for doublydispersivechannels.Weintroducelattice-OFDM
systems(LOFDM), which areOFDM systemsconstructed
with respectto generallatticesin thetime-frequency plane.
We show how to designoptimal pulseshapesfor LOFDM
system.Furthermorewedemonstrateby theoreticalconsid-
erationsand numericalsimulationsthat LOFDM systems
usinghexagonal-typelatticesoutperformordinary OFDM
systemswith regardto robustnessagainstISI/ICI.

1. INTRODUCTION

Orthogonalfrequency division multiplexing (OFDM) is an
efficient technologyfor wirelessdatatransmission[1]. It
is currently usedin the Europeandigital audio broadcast-
ing standard[2], in digital terrestrialTV broadcasting,and
broadbandindoorwirelesssystems.

Thebasicideaof OFDM is to divide theavailablespec-
trum into several subchannels(subcarriers). A baseband
OFDM systemis schematicallyrepresentedin Figure1.
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Fig. 1. A generalbasebandOFDM systemconfiguration

Given
�

subcarriers,a bandwidthof � Hz, symbol
lengthof � seconds,andcarrierseparation�������
	 � , the
transmitterof a generalOFDM systemusesthe following
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waveforms�
��������� � ��������� � �������! �#"%$ �'&)( $�* ��+ $�,-,�,.$ � �0/ , (1)

Assumingan infinite sequenceof OFDM symbolsto be
transmitted,theOFDM signalis givenby1 �2��� � 34�.576 3 8

6:94 �#5:;=< �?> ���
��� $ (2)

where< ��; $ < �-9 $-,�,�,�$ < �?> 8 6@9 arethecomplex-valueddatasym-
bols.

TheOFDM systemdefinedin (1) is associatedwith the
rectangulartime-frequency lattice � (BA � ( . Thedatasym-
bols < ��� are transmittedat the lattice points

�C� � $�* � � . As
shown in [3] thespectralefficiency D of theOFDM system
in termsof symbolspersecondperHertzcanberepresented
by thedensityof thetime-frequency lattice,thuswecansetD=�E��� .
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Fig. 2. Rectangularlattice in the time-frequency plane.
The datasymbols < ��� are transmittedat the lattice points�C� � $�* � � . Thespheresrepresenttheeffectivesupportof the
ambiguityfunction F �
�?> � .

The OFDM receiver consistsof a matchedfilter bankGIH ����J
of similarstructureasthetransmitterwaveforms,i.e.,H ��� ����� � H ���7�K� � �������! ML �#"N$ �'&O( $�* ��+ $�,-,�,.$ � �P/ ,

(3)



ThereceivedsignalisQ ����� � �CR 1 �������TSVUW����� � X 3Y6 3[Z ��� $�\ � 1 ���]� \ ��^ \ S_UW�2��� $ (4)

where Z ��� $�\ � is the impulseresponseof the time-varying
channel

R
[4] and

UW�����
is noise,which we assumeto be

zero-meanstationarywhite noise.
Thetransmitteddataarecomputedfrom Q via`< ��� �ba Q $ H ���dc � 4�?egf 8 6@94 �#5@;ih �I> �j> ��k2> �#k < �.k�> �#k S
l �?> � $ (5)

where h �?> �j> �.k2> �mk �ba RO� �.k2> �mk $ H �?> �nc and
l �I> � �ba U $ H �?> �Cc . Here

the right-handside of (5) follows from (1) and (4). The
coefficients h �?> �j> ��kC> �#k describetheISI andICI introducedby
thechannel.

In the standardOFDM setupthe functions
�o���

arede-
signedto bemutuallyorthogonal.In this case

Hqp �
. The

situationwherethesets
G � ���rJ

and
GMH ����J

arebiorthogonalis
referredto asbiorthogonalfrequencydivisionmultiplexing
(BFDM) [5, 6].

In practicewirelesschannelsintroducetime dispersion
as well as frequency dispersion(in addition to the usual
channelnoise). The time dispersionis causedby multi-
pathpropagationandcan leadto intersymbolinterference
(ISI). Frequency dispersionof the mobile radio channelis
dueto theDopplereffect andcancauseinterchannelinter-
ference(ICI). Thedistortionresultingfrom channeldisper-
siondependscruciallyonthetime-frequency localizationof
thetransmitterpulseshapes

GIH ��� J
.

An optimalOFDM systemin caseof doublydispersive
channelswould consistof orthogonalbasisfunctionswithDs�t���u� /

, such that the
� �?> �

are well localized in
time andfrequency. The condition ���v� /

ensuresmax-
imal spectralefficiency of thetransmissionsystem.Unfor-
tunately, sucha systemcannotexist dueto theBalian-Low
theorem[7].

Thereforeotherapproaches(cyclic prefix,pulse-shaping,
etc.)havebeenproposedto combatISI andICI, seee.g.[1,
3, 5, 6]. Theseapproachescanbe interpretedin the time-
frequency planeasusinganundersampledgrid, i.e., ���xw/
, which resultsin a set of basisfunctionsthat is incom-

plete in y � �Czo� (or { � �C(�� , respectively) [5]. Although the
choice ���vw /

leadsto a lossin thespectralefficiency of
thetransmissionsystem,it is usuallyanacceptablepriceto
payto mitigateISI/ICI.

2. OFDM, LATTICES, AND SPHERE COVERINGS

In whatfollowswithout lossof generalitywenormalizethe
timeaxisandthefrequency axis,suchthat �|��� . If wede-
signthepulseshape

�
suchthat

�
andits Fouriertransform

}�
arewell-localizedaroundthe origin, thenthe ambiguity

functionof
� ���

, givenby� F � ��� ����� $!~ � � X 3Y6 3 � ��� � \ �r�%���� � \ �q����� 6 ���! T�?� ^ \
(6)

is essentiallylocalizedaroundthepoint
�C� � $!* � � in thetime-

frequency plane,cf. Figure2.
As mentionedabove, thestability of anOFDM system

is essentiallydeterminedby two factors:
(i) Thenumericalsupportof F �2�
���d� : thesmallerthenumer-
ical supportof F �2�
���d� , the lessinterferencebetweenadja-
centOFDM symbols.
(ii) Thedistancebetweenadjacentlatticepoints:Largerdis-
tancebetweenneighborlatticepointsyieldsto betterstabil-
ity of theOFDM systemagainstISI andICI.

The key problemis: how canwe improve the ICI/ISI-
stability of OFDM systemswithout giving up the orthog-
onality condition on the functions

� ���
– which would in-

creasethesensibilityto AWGN channels– andwithout de-
creasingthespectralefficiency of thesystem?Alternatively,
we canask: how canwe increasethespectralefficiency of
anOFDM systemwithout decreasingits robustnessagainst
ISI/ICI?

In thefollowing weshow thatfor bothproblemstheso-
lution consistsof so-calledlattice-OFDMsystems.

OFDM systemsneednot beassociatedwith a rectangu-
lar time-frequency lattice.

Definition 2.1 We definea general Lattice OFDM system
(LOFDM for short)via�
��������� � �����-�����T���.���! ML2�!� $ ��&O( $!* ��+ $-,�,-,.$ � ��/ $ (7)

with
�C��� $�� �C�N&)�

, where
����z �

is a generallattice in
z �

,
andnot necessarilyof theform � (�A � ( .

Every lattice
�|&�z �

canbedescribedby meansof its gen-
eratormatrix � [8] of theform�
����� +� <-� ,
For the rectangularlattice we have � �[� $ � �[+ $ < ��� .
Of course,this correspondsto theOFDM systemdescribed
in (1). It is not difficult to seethat thespectralefficiency D
of a generalLOFDM systemis givenby D=�|������� .

But what is a goodlattice for which pulseshape?Let
us considerthis questionfor the function that is optimally
concentratedin time andfrequency: the Gaussian� �2��� ���� 9���� � 6  gL��

. Notethat   F¡�:  is rotationinvariant[9], thusthe
effective supportof F¡� correspondsto a sphere.It is clear
that the functions � ��� obtainedvia (1) or (7) cannotform
anorthogonalsystem.But they canbetransformedinto an



orthogonalsystemby thefollowing method[10, 6, 11]. For
givenlattice

�
we compute� ��������� �|� �2�¢�K���g��� ���! ML2��� $ �C��� $�� �2�N&O� $

(8)

anddefinetheGrammatrix£ �C�¤� ��� G aj� �.k#�#k $ � ���2c�JI�?> ��> ��kC> �#kjegf ,
We set1 ���C�¤� ��� 4�I> �jegf�¥ £ �2�N� 6¡¦�M§ �?> �j> ;-> ; � ��� , (9)

Onecanreadily show that the LOFDM functions
� ���

ob-
tainedfrom

�
via (7) aremutuallyorthogonal.For thestan-

dardrectangularlattice this approachcoincideswith exist-
ing pulseshapetechniques[10, 6, 11].

Thefollowing theoremshows that thepulseshape
�

is
in a certainsensetheoptimalpulseshapefor (L)OFDM.

Theorem2.2 For fixedlattice
�

thepulseshape
�

obtained
via (9) is optimalin thesensethat it minimizes̈�� �©� ¨ and¨ }� � }� ¨ amongall pulseshapes

�
for which thefunctions� ���

aremutuallyorthogonalfor given
�

Theproof is basedon thelink betweenOFDM systemsand
Gaborfunctionsandby extendingthemaintheoremin [12]
to generallattices.

We still have to answerthe questionof how to choose
thebest

�
sothatthedistancebetweenadjacentlatticepoints

is maximized,in orderto minimize the interferenceof the
correspondingambiguity functions F �2R �N� . Note that the
lattice

�
hasto bechosenin advance,beforecomputing

�
.

Although the ambiguity function of
�

is no longerex-
actly rotationinvariant,its effectivesupportis still approxi-
matelysphere-shaped.Thustheproblemof finding thelat-
tice

�
suchthat we get minimal interferencebetweenad-

jacentdatasymbolsis reminiscentof the spherecovering
problem[8]. Recall that the spherecovering problemcan
bestatedas“how canwearrangeafixednumberof spheres
of fixeddiameterin

z �
suchthatadjacentsphereshavemin-

imal overlap?” Thewell-known answerto this questionis:
Choosethe midpointsof the spheresuchthat they form a
hexagonallatticeasin Figure3.

Thegeneratormatrixof thehexagonallattice
�¤ª

is� ª �E« � / +9� ¬ ­� � (10)

wherethescalar« dependsonthedesiredspectralefficiency
(latticedensity)D . Thetwo vectors

�g9 $ � � in Figure3 corre-
spondto therowsof � ª .

The largerdistancebetweenadjacentlatticepointsand
thesmallerinterferencebetweenthecorrespondingadjacent

1 ® ¦� existssince ® is hermitianpositive definite.
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Fig. 3. Hexagonallattice in the time-frequency plane.The
datasymbols< ��� aretransmittedathexagonallatticepoints.

ambiguityfunctionsbecomesobviouswhencomparingFig-
ures2 and 3, which show different lattices,but with the
samedensity.

Theconsiderationsabove suggestthatanLOFDM sys-
temwith hexagonallatticeandassociatedpulseshape

���2�¤ª��
seemsto beoptimalwith respectto maximizingtheISI/ICI
robustness,andnumericalexperimentsconfirmthis. How-
ever anLOFDM systemassociatedwith thehexagonallat-
tice is unfortunatelynot very attractive from theviewpoint
of fastimplementation.Thereasonis theincomensurability
betweenthematrixentries1 and ¯ ° of thegeneratormatrix
in (10).

Let
�C±i² � �.�2��� denotethe dilation operator. It is a ba-

sic fact that the tripe
� � $ � $ ��� establishesa Gaborframeif

andonly if
�C± ² � $ � 	M³ $ � ³ � is a Gaborframeandtheframe

boundsfor both systemsare the same. Moreover the cor-
respondingcanonicaltight windowsarerelatedby dilation.
A similar result holds for generallattices.2 Thus we can
equivalentlyusetheanLOFDM systemwith thelattice

�µ´
with generatormatrix

� ´ �E« � / +9� / � (11)

and correspondingpulse shape
���C� ´ �

computedvia (9)
from a properlydilatedGaussianwith dilation factor «¶�¯ � 	�·¯ ° . The lattice

� ´
avoids the incomensurabilityof�¤ª

, thusallows a simpleFFT-basedimplementationof the
transmitterandthereceiver.

2This canbeshown by exploiting thefact that ¸ is a unitaryoperator.
A ratherabstractwayto prove this - andin factamuchmoregeneralresult
- would make useof theStone-von Neumanntheoremon theequivalence
of theirreducibleunitaryrepresentationsof theSchr̈odingerrepresentation
of theHeisenberg group.



3. NUMERICAL SIMULA TIONS

We comparetheproposedLOFDM systemusingthelattice
generatedby � ´ of (11) to a standardOFDM systemof (1)
associatedwith therectangularlattice.For bothsystemswe
usethepulseobtainedfrom theGaussianby theorthogonal-
izationprocedureoutlinedin (9). For therectangularlattice
theOFDM systemobtainedin thatway coincideswith the
setupsuggestedin [10].

For thenumericalsimulationsweassumethechannelto
beWSSUS[4]. WeconsideraJakes-typeDopplerbehavior
andexponentialdecayin temporaldirectionfor thescatter-
ing function[13]. In addition,defining

\ ;
asthemaximum

excessdelayand
� ;

asthemaximumDopplershift, we as-
sumethat

\ ; � ;0¹º/
, i.e.,thechannelis underspread[4]. For

underspreadchannelsandpulseshapesthatarewell concen-
tratedin time andfrequency, onecanshow that the coeffi-
cientsh �?> �j> � k > � k in (5) areapproximately0 for

�¼»� ��½ $!* »� * ½ ,
cf. [5].

Sinceboth, OFDM andLOFDM arebasedon orthog-
onal systems,they areall equallywell adaptedto AWGN.
Hencefor our simulationswe can assumethe absenceof
thermicnoise,sothatany errorin thereceiveddatais caused
only by ISI andICI. Thusin absenceof thermicnoisethe
receiveddatacanbeequalizedby computing^ ��� � `< ���h �?> ��> �?> � $ for h �?> �j> �?> � »��+ $ (12)

where h �I> �j> �?> ��¾À¿:Á=�C��� $�� �C� $ �C��� $!� �C�'&º�
, with the time-

varyingtransferfunction[4, 14]¿:ª=��� $�~ � � Y Z ��� $�\ ��� 6 ���! T�?� ^ \W,
We comparethe meansquareerror betweenthe trans-

mitteddata< �?> � andthereceiveddatâ
�?> �

(whichhavebeen
equalizedaccordingto (12)). Figure4 shows thatLOFDM
yields indeeda betterSNRin caseof ISI/ICI. On theaver-
agetheimprovementof LOFDM comparedto OFDM is in
therangeof 1dB– 2dB.
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