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ABSTRACT

Whenusingdownlink beamformingat thebasestationof a cellu-
lar system,caremustbe taken to assurethat all userssatisfythe
givenSINR requirements.Generally, this leadsto a computation-
ally prohibitive joint optimizationproblem,thereforedecoupled
techniquesbasedon eigenvalue decompositionof the spatialco-
variancehave beenproposed.However, thesetechniquesrequire
additionalpower adjustmentof thesteeringvectorsin orderto sat-
isfy the given SINR requirements.Conventionalpower control
schemesarenotsuitedfor thispurposebecausetheSINRsprimar-
ily dependon the shapeof the radiationpatterns. In this paper
we proposea new power adjustmentalgorithm,which adjuststhe
beamformingweights,suchthatall usershavethesameSINR.Ad-
ditionally, it is possibleto limit themaximumradiateduserpower.

1. INTRODUCTION

Due to the increasingdemandin wirelessInternetapplications,
future wirelesssystemswill have to copewith highly asymmet-
ric data traffic. A scenariowhere a short uplink messageen-
tails large amountof downlink multimediadata is likely to oc-
cur frequently, so properresourceallocationschemesaswell as
bandwidth-efficient transmissiontechniquesareneeded.

Thespectralefficiency of theuplink canbeimprovedby using
advancedreceiver algorithmstogetherwith antennaarraysat the
basestation(BS).For thedownlink, however, adifferentapproach
is required. This is mainly dueto the the limited energy storage
capabilityandsizeof themobilestation(MS), which makesit ex-
tremelydifficult to useantennaarraystogetherwith intensive sig-
nalprocessinghere.Onewayto getaroundthisproblemis to carry
out downlink signal processingat the BS prior to transmission,
which meansthat thepropertiesof thepropagationmediummust
beestimatedbefore thetransmittedsignalencountersthechannel.
This leadsto a situationwherehigh capacitydemandsmust be
accomplishedwith only limited knowledgeof the radio channel.
Thus,thedownlink canbeseenasthebottleneckin thedesignof
cellularsystems.
A promisingtechniqueto significantlyimprove thedownlink ca-
pacity is to use beamformingbasedon linear half-wavelength
antennaarraysat the BS. Downlink beamforminghasbeenthe
subjectof intenseresearchthroughoutthe past decade[1]–[8].
The principle is illustrated in Fig. 1. By adaptively weight-
ing the

�����
usersignal with an antennaweighting vector ���	�
 �
������������ �
������������ �"! � !$# , where% is thenumberof antenna

elements,a transmitradiationpatterncanbeadaptively steeredto-
wardsthedesireduser, therebyavoiding cross-talkbetweeninter-
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Fig. 1. Schematicillustrationof downlink beamforming

cell usersaswell asinter-cell interferencereceivedby neighboring
cells.This, in turn,canbetradedfor improveddatarate,increased
usercapacityor betterQuality-of-Service(QoS).

In casethat #'& % , cross-talkcannotbe suppressedcom-
pletely dueto the sidelobesof the radiationpattern(seeFig. 1).
Thus, the Signal-to-Interference-plus-Noise-Ratio(SINR) of the� ���

user is a function of all antennavectors � � ���(� �*) . As a
consequence,all antennavectorsmustbecomputedjointly, which
generallyleadsto a highly nonlinearoptimizationproblem,being
computationallyprohibitive for realtimeapplications.

Computationallyattractive suboptimumtechniqueshave been
proposed[3]–[8], which breakup the original joint optimization
probleminto two smallersubproblems:

1. computetheshapeof theradiationpatternfor eachuserin-
dependently,

2. adjust the userpowers suchthat all usershave the same
SINR.

While thebeamformingstepcanbeefficiently computedby eigen-
value decomposition,the power control step cannotbe accom-
plishedby conventionaltechniques.This is mainly dueto thefact
that the cross-talkcausedby a certainuserprimarily dependson
the shapeof the radiationpatternratherthan on the transmitted
userpower. This meansthataftercomputingtheantennaweights,
all usersmayhave completelydifferentSINRs(seeFig. 2). These
differencescannotbebalancedby classicalpowercontrolsincethe
situationchangescompletelyeachtime whena new setof beam-
formingweightsis computed.Hence,eachnew beamformingvec-
tor mustbecorrectedby anadditionalpower adjustmentscheme,
whichbalancesthetransmitteduserpowersaccordingto theSINR



requirements.
In this paper, a new algorithm is presentedfor the casethat

all usershave equalSINR requirementsandtheradiatedpower is
limited by +-,/.(0 . Following abrief review of thesignalmodeland
possiblebeamformingsolutions,we first studythenoiselesscase,
which is closelyrelatedto theoptimumSINR optimizationprob-
lem. Thenanalgorithmis presentedwhichcomputestheoptimum
userpowers + � ����� + ) for a given setof radiationpatterns.The
completeproofsarebeyond thescopeof this paper, insteadsome
sketchesaregiven in theappendix.Somenotationalconventions
are:vectorsin boldfacelower caseandmatricesin boldfaceupper
case.Thecomplex conjugateandthecomplex conjugatetranspose
aregivenby 132 4 and 132 465 , respectively. Furthermore,798:2<; denotes
theexpectationoperatorand = theconvolution operator.

2. RADIO CHANNEL MODEL

FromFig. 1 it canbeseenthatthearrayoutputvectoris givenby> 1�?@4A� )B ��C � � � 2ED � 1�?@4 � (1)

where D(�61�?@4 arethemodulatedandspreadedusersignals.Thera-
dio channelassociatedwith the

� ���
usercanbe modeledin good

approximationas a linear systemwith time-variant impulse re-
sponse F � 1�?�GIHJ4A� KMLB N C �PO ��Q N 1�?649R/1�S ��Q N 4UTM1�H�VWH ��Q N 4 �
where X � denotesthenumberof transmissionpaths,H(��Q N thepath
delay, O ��Q N is the complex path attenuationwhich is subjectto
fading andpath loss and RY1�S ��Q N 4 is the array response,which is
parametrizedby SE��Q N (theAngle-of-Departure,AoD, measuredrel-
ative to array broadside). Consideringa calibrated, ZJ[]\ -spaced
uniform lineararray(ULA), we haveRY1�S ��Q N 4A� 
 �]�@^]_a`cbUd�e fhg L�i j �6^k_l`�m3b9dne fhg L�i j ���������6^k_l` �o� _ ��� b9d�e fhg L�i j � � �
This model is valid as long as the signalsarenarrow-bandwith
respectto the arrayobservation time, i.e. , the transmissiontime
of theelectromagneticwave acrossthearrayis muchlessthanthe
inversesignalbandwidth(narrowbandassumption).

Thesignalreceivedat the
�p���

mobileis givenbyq � 1�?@4�� > 1�?@4r= F � 1�?cG6HJ4PsutA1�?@4� )Bv C � � 5v KMLB N C � O ��Q N 1�?64IRY1�S ��Q N 46D v 1�?9VWH ��Q N 4wsutA1�?64 �
where tA1�?@4 denotesadditive white Gaussiannoise. The desired
componentq (d)� 1�?64 of the signal q �61�?@4 is obtainedfor xy� �

. The
remainingtermsaredueto cross-talkandnoiseandaredenotedbyq (c)� 1�?64 . TheaverageSINR of the

� ���
mobileis givenbyzU{l|~} � � 7U8M� q (d)� 1�?64�� m ;798l� q (c)� 1�?@4�� m ; � � 5�"� �����)��c�h����� L � 5v � ��� v su� m � (2)

where� m ��7U8EtA1�?@4 tA1�?@43; denotesthenoisevarianceand� � � K LB N C � 7U8M� O ��Q N 1�?@4�� m ;�RY1�S ��Q N 4IR 5 1�S ��Q N 4

is the channelcovariancematrix. This result hasbeenobtained
by assumingthat theaveragingperiodis chosensufficiently large
suchthat the transmissionpathsare uncorrelated.On the other
handtheobservationtime mustbesufficiently smallsuchthat S���Q N
and H ��Q N canberegardedasstationary. Without lossof generality
we have normalized7U8kD v 1�?64 D v 1�?646;�� � .

Theweightingvectorscanbesplit up into���-��� +U�r�/� ����! � !$#�� (3)

where +U� is proportionalto thesignalpower radiatedtowardsthe� ���
user. Thevector � � is theorientationof theantennaweighting

vector, which determinestheshapeof theradiationpattern.With-
out lossof generality, we assume� 5��� �p�/�-� �"��� � � (4)

For simplicity wewill referto +U� and �Y� asthe‘signalpower’ and
the ‘orientation’ of the radiationpattern,respectively. Defining� � 
 + � ��������� + ) � , theSINR of the

�����
mobileasa functionof �

and � m is givenby�l�I��� � N �� 1 � � � m 4A� +U�)�������k�� L + v 2]1�� �
N �v 4 5 � ��� � N �v sy� m ��� � � (5)

wherethespecificchoiceof beamformingalgorithmis denotedby
thesuperscript1���4 � �U�	� . Possiblesolutionsare:

1. GeneralizedSidelobeCanceler(GSC)[6], [7]� ������ �����@���� o¡¢ L � 5� £ )Bv C � � v�¤ � � D � ? � � 5� � � � � � �]�¥� �
(6)

2. MaximumDirectivity Beamformer(MDB) [8]� � m �� �����@�¦�� �¡¢ L � 5� � � D � ? � � 5� � � � � � ���§� � � (7)

3. In [6] an alternative approachis proposed,which can be
shown [5] to beequivalentto (7):� �o¨@�� �©�E�@�/�*�Eª¢ L � 5�«� ���/�¬D � ? �®­ �/� ­ m � �k��� � � (8)

3. OPTIMUM SIR SOLUTION

Westartby consideringthenoiselesscaseanddefine
�M�I� � N �� 1 � 4¦��M���¯� � N �� 1 � � � m �±°]4 . In the following we assumethat the beam

patternorientations� � N �� �(������� � � N �) are alreadyavailable as solu-
tionsof (6), (7) or otherbeamformingalgorithms.

Fig. 2 shows theradiationpatternsof theGSCwithout power
control ( + � ����� + ) � � [:� # ). A single-pathchannelwith equal
pathattenuationshasbeenapplied. The positionsof the distinct
userAoDs aremarked by vertical lines andthe total power radi-
atedby thearrayis denotedby +U² . It canbeseen,thatevenunder
thesesimplifying assumptionsthe resultingSIRsarequitediffer-
ent. This means,that the userswith oversizedSIR could reduce
their power in orderto maximizetheminimumSIR,which would
maximizetheoverall systemcapacity. Mathematically, thiscanbe
expressedas: �M��� � N �³3´ ²�µ �¶�*��ª· �� o¡�6¸ � ¸ ) �l�I� � N �� 1 � 4 � (9)



Our goalis to find a vector � � N � suchthatall SIRareequal,i.e.�M��� � N �� 1 � � N � 4¦� ����� � �M��� � N �) 1 � � N � 4A� �M��� � N �³3´ ² � (10)

Definingthecross-power matrix

¹ � N � �»º¼¼¼½
� � ¢�¾ j<¿À ��ÁYÂ � ¢J¾ j<¿À Ã Ã Ã � ¢J¾ j<¿Ä �nÁ/Â � ¢�¾ j<¿Ä� ¢ ¾ j<¿� � Á Â À ¢ ¾ j<¿� �
...

...� ¢ ¾ j<¿� ��Á/Â Ä ¢ ¾ j<¿� Ã Ã Ã �
Å ÆÆÆÇ

Eq.(10) canberewritten asasetof linearequations¹ � N � 2 � � N � � £ � s ��l�I� � N �³3´ ² ¤ � �
N � � (11)

where� � N � is aneigenvectorassociatedwith theeigenvalue Z � N � �1 � s � [ �M�I� � N �³3´ ² 4 of thematrix
¹ � N �

.

Theorem 1 Let Z � N �,/.(0 denotethemaximumeigenvalueof thema-
trix

¹ � N �
, then �l�I� � N �³3´ ² � �Z � N �,�.(0�V � (12)

is themaximumSIRwhich canbesupportedfor equalSIRrequire-
mentand given � � N �� ��������� � � N �) . Thepowervector � � N � satisfying

(10) is givenby theeigenvectorassociatedwith Z � N �,/.(0 .
To illustratethis,Fig. 3 shows theGSCafterSIRequalization.Al-
thoughall SIR areequal,this solutionis not appropriatefor prac-
tical implementation,sincethe transmittedpower canbecomear-
bitrarily small. This canbe avoidedby consideringnoise,which
will bedonein thefollowing section.

4. SINR EQUALIZATION

Having determinedthe optimum solution
�l�I� � N �³3´ ² for the noise-

lesscase,we will now investigatethecase,whereall mobilesre-
quirethesameSINR È , ��É . For notationalsimplicity, theoptimum
power vectorfor given � � N �� ���(� � � N �) will againbedenotedby � � N � .
Assuming � m$Ê�Ë° , it canbe shown that thereis a setof power
vectors� �	Ì )Í , whichsatisfyÈ , ��É ! �� o¡�6¸ � ¸ ) �l�I�¯� � N �� 1 � � � m 4YÎ �l�I� � N �³3´ ² � (13)

Theorem 2 Assumethat ÈM, ��É Î �l�I� � N �³3´ ² , thenamongall possi-

ble solutionsof (13), there exists onesolution � � N � , which mini-
mizestheradiatedarray power. Thissolutionis characterizedby�l�I�¯� � N �� 1 � � N � � � m 4"�ÏÈM, ��É ���Ð! � !Ñ# . It can be obtainedby
solvinga setof linear equations:� � N � ��� mÓÒkÔ � s �ÈM, ��É�Õ 2(Ö*V ¹ �

N ��× _ � 2 º¼½ �...�
Å ÆÇ � (14)

A similarschemehasbeenproposedin [6], however it couldnotbe
assuredthatthesolutionof (14) is positive, i.e. � � N � �~Ì )Í . From
Theorem1 andTheorem2, it canbe seen,that the existenceof
a valid solutiononly dependson the maximumeigenvalue Z � N �,/.(0
of the matrix Ø � N � , which mustsatisfy Z � N �,/.(0$Î�1�ÈM, ��É 4 _ � s � .

Clearly, thegoalshouldbeto minimize Z � N �,/.(0 in orderto support
large È , ��É .

Next, there is an additional requirementthat the radiated
power of an individual usermust not exceed + ,/.(0 . If

�M��� � N �³6´ ²
approachesÈM, ��É , thentheuserpower tendsto infinity. This case
mustbeavoidedby introducinganadditionalconstraint�*��ª�6¸ v ¸ ) + v 1�È , ��É�4/Î$+ ,/.�0 � (15)

Theorem 3 A necessary(but not sufficient)conditionthat (15) is
fulfilled, is givenbyÈM, ��É ! £ � m+ ,/.(0 s ��M�I� � N �³3´ ² ¤ _ � � µJÙÈ � (16)

In otherwords:if (16)is notfulfilled, then(15)is alsonot fulfilled.
In this case,È , ��É cannotbeprovidedby thegiven beamforming
scenariocharacterizedby Ø � N � . Otherwise,thepower vector � � N �
canbecomputedby (14). Numericalsimulations(seeFig.4) show
thatevenin theworstcase( È , ��ÉÚ� ÙÈ ), themaximumuserpower
only slightly exceeds+ ,/.(0 . Thus,for practicalapplications,the
resultingerroris controllable.

5. SUMMARY AND CONCLUSIONS

This paperhasaddressedtheproblemof open-looppower adjust-
mentfor decoupleddownlink beamforming.Beamformingtrans-
missiondiffersfrom omnidirectionaltransmissionin thattheSINR
cannotbe controlledby conventionalpower control. This is be-
causethe SINR is primarily determinedby the shapeof eachra-
diation pattern,ratherthanby the individual userpowers. Thus,
aftercomputingthesteeringvectors,theuserpowersmustbead-
justedsuchthatthegivenSINRrequirementsaresatisfied.In case
of equalSINR requirements,this canbe accomplishedin a com-
putationallyefficient way:

1. estimatethechannelcovariancematrices� � ����� � ) ,

2. computethebeampatternorientations� � N �� �(��� � � N �) assolu-
tionsof (6), (7) or otherbeamformingschemes,

3. compute
�l�I� � N �³3´ ² by (12),

4. checkif condition(16) is fulfilled, otherwiseÈM, ��É cannot
besupportedfor thegivenuserscenario,

5. computetheuserpowers + � N �� ���(��� + � N �) by (14),

6. computethefinal antennaweights� � N �� �ÑÛ + � N �� 2�� � N �� .

The optimizationhasbeenperformedfor a single-cellscenario.
Yet, inter-cell interferenceis minimized to a certainextend be-
causethe algorithm minimizes + � ����� +U) for given ÈM, ��É and� � N �� ����� � � N �) .

Futurework will have to analyzemultiple cell systemsmore
thoroughly. It might not be feasibleto estimatethe userdistri-
bution of neighboringcells due to the limited bandwidthof the
network signalingchannel.However, theassumptionof spatially
coloreda priori distributionsseemsto beaninterestingalternative
andcouldbeconsideredwithin theproposeddownlink beamform-
ing framework.

Finally, thecaseof unequalSINR requirementsshouldbead-
dressed.Extensive simulationsarestill necessaryin orderto fully
exploit thepotentialcapacitygainofferedby downlink beamform-
ing.
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Fig. 2. GSCwithoutpower adjustment
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6. APPENDIX

Proof of Theorem 1

Theproof is beyondthescopeof this paperandwill bepublished
in [9].

Proof of Theorem 2

Let � ³3´ ² denote the optimum SIR solution which satisfies�l�I� � N �� 1 � ³3´ ² 4»� �M��� � N �³3´ ² �ô� � . Consideringan arbitrary scalarZ & ° , we have�M���¯� � N �� 1pZ�2 � ³3´ ² � � m 4õ� + ³6´ ²�)���������� L + ³3´ ²v 1�� � N �v 4 5 � � � � N �v su� m []Z� �M���¯� � N �� 1 � ³3´ ² � � m [kZJ4
The function �� o¡�6¸ � ¸ ) �M�I��� � N �� 1pZ§2 � ³3´ ² � � m 4 is monotonicallyin-

creasingin Z andboundedby the supremum
�l�I� � N �³3´ ² . From this

follows �� o¡�6¸ � ¸ ) �l�I�¯� � N �� 1 � � � m 4 Î �M��� � N �³6´ ²
for arbitrary � and � m . Thus, a valid solution can only exist ifÈM, ��É Î �M�I� � N �³3´ ² . Next, it is shown that in this casethereexists
exactlyonesolution,which is givenby (14).

The matrix ö � N � �÷161 � s©È _ �, ��É 43ÖWV ¹ � N � 4 is regular, thus1�ö � N � 4 _ � exists.UsingTaylorseriesexpansion,we have� � N � �y1�ö � N � 4 _ � � m 2 
 �]�(���(������� �� � m� s �øcù L�úüûBý Cwþ �1 � s �øcù L�ú 4 ýÐÿ Ø �
N ��� ý 2 
 �k�(����������� � � (17)

It canbe shown that (17) is convergentonly if ÈM, ��É Î �M��� � N �³6´ ² .
Thecomponentsof Ø � N � arepositive, thusthecomponentsof � � N �
mustalsobepositive. Sincethereis onlyonesolution,thissolution
minimizesthetotal radiatedpower.

Proof of Theorem 3

Let ÈM, ��É bethedesiredSINR.With (5) we canwrite+ �È , ��É V + ��M��� ³6´ ² s { 1 � 4¦�¶� m �

where { 1 � 4¦� +U��l�I� ³3´ ² V )B ��������� L � 5v � ��� v �
It canbeshown that theremustexist at leastoneuserwith index� þ , whichsatisfies

{ 1 � þ 4 ! ° . Thuswe have�*�Eª�6¸ v ¸ ) + v�� � m 2 Ô �ÈM, ��É V �zU{l} ³3´ ² Õ _ � �
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