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ABSTRACT

Channel estimation, particularly delay estimation in asyn-
chronous CDMA channel, is essential for most receivers.
The correlated time domain data sequence will become asymp-
totically uncorrelated in frequency domain. By taking Dis-
crete Fourier Transform (DFT) of the received signals, we
can take advantage of this asymptotical property to simplify
the estimation algorithm. The proposed scheme can jointly
estimate the path delay and the complex channel response
with lower computational complexity. Furthermore, having
such estimates, it is possible to use adaptive subspace MOE
detector, previously implemented in synchronous channels,
for asynchronous multiuser CDMA. Using simulation, it
was shown that this scheme can provide comparable per-
formance to that obtained with Wiener filter.

1. INTRODUCTION

Multiuser detection technologies have been studied and used
heavily to overcome the near-far problem in CDMA sys-
tems. All of these detection schemes require the knowledge
of user’s parameters, such as propagation delay, spreading
code, complex channel impulse response, etc. In particu-
lar, estimating propagation delay and channel impulse re-
sponse has become one of the important area in multiuser
detection technologies. In up-link DS-CDMA channel for
example, signal arrival time is randomly distributed due to
the varying distance between user and base station even if
the transmitting time is synchronized. In [1,2], subspace
based MUSIC algorithm has been used to estimate the path
delay, assuming the number of users and the noise covari-
ance matrix are known. In [3], both delay and channel phase
shift are estimated but require special code design, which in-
creases implementation complexity. In this work, an estima-
tion scheme based on signal’s frequency-domain property
is proposed. It uses maximum likelihood (ML) for chan-
nel parameters estimation. By exploiting the asymptotically
uncorrelation property of the received signal in frequency-
domain shown in [4], the proposed estimator can jointly es-
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timate the propagation delay of desired user and its com-
plex channel response (a combination of channel amplitude
and phase shift generally caused by Doppler shift) with rel-
atively reduced complexity.

One important issue in multiuser detection is to reduce
receiver’s complexity while keeping the performance near
optimal. This initiates the interest to adaptive minimum
output energy (MOE) scheme as in [6], where only desired
user’s information is required. In slow variant fading chan-
nel, where signal subspace remains almost unchanged over
a large time period, rank reduction can result in decreasing
computational complexity of the detector. As was shown in
[7], the subspace based MOE outperforms in synchronous
case blind LMS with faster convergence rate and higher out-
put signal-to-interference-and-noise ratio (SINR). By ap-
plying to asynchronous frequency non-selective fading chan-
nel, it is shown in this work using simulation that the sub-
space based MOE detector can provide performance as com-
parable to that with Wiener filter with reduced complexity.

2. SYSTEM MODEL

The received continuous asynchronous signal in time-variant
Rayleigh fading channel can be expressed as follows,
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where K is the number of the users, ak is symbol’s energy
of user k. bk(i) is kth user’s ith data symbol which can be
BPSK or M-ary quadrature modulated signals. sk(t) is sig-
nature waveform, which has the form of

PN

j=1 ck(j)g(t �
jTc), where fck(j)g is kth user’s spreading codes sequence,
Tc is chip time and g(t) is the chip impulse shape. 
k(t) and
�k(t) are time-variant channel fading and channel phase
shift respectively. The later assumes uniformly distributed
within [0; 2�). �k is the delay of kth user. Without loss
of generality, we assume all delays are limited within one
symbol interval, or 0 � �k < T . n(t) is zero mean AWGN
with variance �2.

For simplicity, we assume user 1 is the desired user. The
chip rate matched-filter samples the received signal over



one entire symbol interval [0; T ). Assuming the channel is
quasi-static then the channel fading 
k(t) and phase shift
�k(t) can be approximated as a constant within channel
training period provided this period is short enough. Rel-
ative to some time reference, let user 1’s delay �1 = (m1 +
Æ1)Tc, where m1 = b �1

Tc
c denotes the largest integer which

is no more than �1
Tc

and 0 � Æ1 < 1. In estimation part,
we use lower case and upper case characters to denote time-
domain, and frequency domain variables respectively. De-
fine right cycshift operation of vector x = [x(0); x(1); :::,
x(N � 1)]T as Cm

r x = [x(N � m); x(N � m + 1); :::,
x(N � 1); x(0); :::; x(N � m � 1)]T . The desired user
transmits identical data symbol during the channel training
period. For simplicity, all one’s data are assumed. Then the
output vector y(n) is given as follow,
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where, h1 =
p
a1
1e

j�1 is complex channel response cor-
responding to desired user, and signature vector s

1
= [s1(0),

:::; s1(N � 1)]T = [s1(0); s1(Tc); :::; s1((N � 1)Tc)]
T . u

is comprised of contribution from noise and multiple access
interference (MAI) from other active users.

Let wi = [1; ej!i; :::; ej!i(N�1)]T , ! = � 2�
N

and i =
0; :::; N � 1. We define the DFT transform matrix as W =
[w

0
; w

1
; :::, wN�1]. With imposing circular time shift prop-

erties, it is easy to show that N points DFT of equation (2)
can be expressed as

Y = h1[Æ1diag(wm1+1
) + (1� Æ1)diag(wm1

)]Ws
1
+ U

= h1S1(�1) + U (3)

where, diag(x) is a diagonal matrix with diagonal elements
equal to vector x. Following [4,5], the additive noise U

in the frequency domain has frequency components which
are asymptotically uncorrelated with distribution approxi-
mately Gaussian � N(0; C) and variance �2U (l), l=0,...,N-
1, equal to �2U (l) = U(l)U�(l) =k uTwl k2.

3. SIMPLIFIED MAXIMUM LIKELIHOOD
CHANNEL ESTIMATE

To apply ML algorithm for estimating the unknown channel
parameters, we note that the pdf of Y is given by

p(Y ) =
1

�N j C j
expf�(Y � h1S1

)HC�1(Y � h1S1
)g (4)

Then the estimate of the unknown channel response h 1 is
found by equating the derivative of the log-likelihood func-
tion to zero with respect to h1, which resulting

ĥ1 =
SH
1
(�1)C

�1

SH
1
(�1)C�1S1(�1)

Y (5)

To estimate the path delay �1 of desired user, we propose a
cost function F ,

F = k Y � ĥ1S1(�1) k
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Minimizing F, we get
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However the noise covariance matrix C is unknown. A sim-
ple approach to estimate the mean of Y , or m̂Y , and vari-
ance matrix Ĉ by using M-symbol length sample vectors
as

m̂Y =
1

M

MX
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By replacing C in equation 7 with equation 9, we can find
�̂1 by solving the minimizing problem.

In general, the covariance matrix of noise u is not a di-
agonal matrix, which means that due to MAI presence the
noise samples are correlated. However, as mentioned above,
the frequency-domain noise samples U is asymptotically
uncorrelated Gaussian distributed, which implies that C is
(asymptotically) diagonal with C = diag(�2U (0); �

2

U (1),
:::; �2U (N � 1)). With this property, the computation com-
plexity of estimating of C with equation 9 is reduced by or-
der of N. Hence the estimation in equation 7 can be rewritten
as
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where, S1(l); l = 0; :::; N�1, are elements of vectorS
1
(�1).

Using a single sample of Y in equation 7 and equation 10
will result in poor estimation performance. Instead, we use
the mean of Y over M samples to replace Y . To solve
(10) with higher accuracy and lower computation complex-
ity, two stages processed is suggested. The first stage is to
roughly allocate the global minimum area with larger search
step size, while at the second, a fine search with small search
step size is conducted within the global minimium area to
find more accurate path delay.

After finding path �̂1, the channel impulse response ĥ1
can be obtained from (5) by replacing S

1
(�1) with S

1
(�̂1).
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4. SUBSPACE BASED BLIND DETECTION

Using eigen-decomposition(EVD) to received signal’s co-
variance matrix,

R = E[yyH ] = Es�sE
H
s +En�nE

H
n = Rs + �2nIn (12)

where the signal subspace is spaned by column vector of
Es 2 RN�p and the noise subspace spaned by column of
En 2 RN�(N�p).

In [7], a subspace based MOE algorithm was derived,
where it has shown the MOE detector lies in the signal sub-
space only. In other words, the detector’s coefficient v can
be represented as

v = Esvs (13)

with vs has a dimension of K � 1. It was also shown this
algorithm provides better performance than blind LMS in
synchronous case.

In asynchronous situation, however, the direct extension
of the subspace MOE algorithm will result in poor perfor-
mance. Consider the asynchronous model in (1), the signal
subspace Es is no long with a rank of K, the number of
users, as it is in synchronous case. We assume the rank of p.
p is variant with the different delay distributions. Therefore,
rank tracking becomes an important issue in asynchronous
signal detection.

Furthermore, since the rank p can be larger than num-
ber of users K, in some extreme case it may be close to the
whole signal space N even with relatively small number of
users. In such situation, subspace based algorithm does not
benefit sufficiently from computational simplexity and per-
formance improvement due to removing of noise subspace.

Another problem is that using received signal vector y
with one symbol length as in synchronous case is not ade-
quate for removing multiple access interference (MAI) be-
cause of the destruction of orthogonality properties among
different users. To overcome MAI, we propose the receiver’s
coefficient v with a length of 2L + 1 symbols, and the de-
sired signal ŝ

1
as ŝ

1
= 1L
s1, where
 is Kronecker prod-

uct, and vector 1L has dimension of (2L+1)� 1 with Lth
element being 1 and others being zeros. Consider the eign-
values in signal subspace �s(i) = �(Rs) + �2n; i = 1; :::; p,
which is always larger than the eignvalues corresponding to
noise subspace which is almost constant. So, the rank p and
signal subspace Es can be found with �(i)

�noise
> c, where

constant c > 1.
Based on [7], the interference subspace is found by

ŷ(n) = y(n)� < y(n); ŝ
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1
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where covariance matrix R̂ is rank of N � 1 matrix. The
interference subspace is spaned by p� 1 column vectors of
Ês corresponding to p � 1 largest eigenvalues. Hence, the
coefficient v = Esvs = ŝ

1
+ Ês�, where � 2 Rp�1 so that

< v; ŝ
1
>= 1 is always satisfied.

With this signal subspace, the original MOE constrained
optimal problem is modified to the following unconstrained
problem,

MOE = min
�

E[(vHy)2] = (s
1
+ Ês�)

HR(s
1
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Taking derivative of equation 16 with respect to �, it is easy
to find the optimal solution of �� is

�� = �(ÊH
s RÊs)

�1ÊH
s Rs1 = ��̂�1s ÊH

s Rs1 (17)

Substituting for�, the coefficient of subspace MOE detector
v is

v = (I � Ês�̂
�1

s ÊH
s R)s1 (18)

Once received signal’s statistics is available, the coefficient
v is obtained according to equation 18 for signal detection.

Using gradient descent algorithm, it can be shown that
the subspace based MOE detector can also be implemented
recursively

v(n+ 1) = v(n)� �z(n)ÊsÊ
H
s y(n) (19)

where the MOE detector output z(n) = vH(n)y(n).

5. NUMERICAL RESULTS AND CONCLUSION

Defining root mean square (RMS) estimation error �� as

�� =
p
E[f�̂1(i)� �1(i)g2j�̂1(i)� �1(i) < �max] (20)

where, �max is the maximum allowed delay estimation er-
ror. Here we set �max = 0:2Tc, otherwise the synchro-
nization is assumed failed. A total of 500 MonteCarlo runs
were performed for each simulation. Length N = 15 gold
codes were used as the users’ signature codes. All users suf-
fer from time-variant channel which result in uniform dis-
tributed channel phase shift but assumed to be quasi-static
within channel training period. The desired user’s signal-to-
noise ratio has been set to 8dB. With a normalized spread-
ing codes, the actual SNR per bit is about 11.8dB lower for
code length of 15. All other multiple access interference
users transmit at the same energy.

50 bits and 200 bits (length of M) acquisition time are
used for interference-to-desired signal ratio (ISR) of 0dB
and 10dB respectively. Original and simplified scheme re-
fer to the estimation algorithm based on (7) and (10) respec-
tively. Figure 1 shows that the delay RMS error stayed al-
most unchanged with the increasing of the number of users.



However stronger ISR requires longer acquisition time. The
comparison of performance with Cramer-Rao bound (where
only delay is assumed unknown) is given in figure 2, where
ISR = 0dB and acquisition time of 50bits. If channel
response h1 and noise statistics are unknown, Cramer-Rao
bound will become higher.

Figure 3 shows detection performance of the subspace
MOE detector in asynchronous situation with 5 users. Re-
sults were averaged over different delay patterns. As shown
in figure, the subspace based detector presents the compa-
rable performance as that of Wiener filter with only knowl-
edge of desired user’s signature, and less computational com-
plexity. With L = 1, the detector can provide almost flat
near-far resistance property.

6. REFERENCES

[1] E. Strom, S. Parkvall, S. Miller and B. Otter-
sten, “Propagation Delay Estimation in Asynchronous
Direct-Sequence Code-Division Multiple Access Sys-
tems”, IEEE Trans. on Comm., vol.44, no.1, pp.84-93,
Jan. 1996

[2] T. Ostman and S. Parkvall, “An Improved MU-
SIC Algorithm for Estimation of Time Delays in
Asynchronous DS-CDMA Systems”, IEEE Trans. on
Comm., vol.47, no.11, pp.1628-1631, Nov. 1999

[3] M. Missiroli, Y. Guo and S. Barton, “Near-Far Re-
sistant Channel Estimation for CDMA Systems Us-
ing the Linear Decorrelating Detector”, IEEE Trans.
on Comm., vol.48, no.3, pp.514-524, Mar. 2000

[4] A. Jakobsson and A. L. Swindlehurst, “A Blind Fre-
quency Domain Method for DS-CDMA Synchro-
nization Using Antenna Arrays”, The Thirty-Second
Asilomar Conference on Signals, Systems & Comput-
ers, vol.2, pp.1848-1852, 1998

[5] Dunmin Zheng, Jian Li, S. L. Miller and E. G. Strom,
“An Efficient Code-Timing Estimator for DS-CDMA
Signals”, IEEE Trans. on Signal Processing, vol.45,
no.1, Jan. 1997

[6] M. Honig, U. Madhow and S. Verdu, “Blind Adap-
tive Multiuser Detection”, IEEE Trans. on Info. The-
ory, vol.41, no.4, July 1995

[7] Sumit Roy, “Subspace Blind Adaptive Detection for
Multiuser CDMA”, IEEE Trans. on Comm., vol.48,
no.1, Jan. 2000

6 7 8 9 10 11 12 13 14
0

0.01

0.02

0.03

0.04

0.05

0.06

0.07

0.08

0.09

Number of Users

R
M

S
 E

st
im

at
io

n 
E

rr
or

 (
ch

ip
s)

Original Scheme(ISR=10dB)    
Simplified Scheme(ISR=10dB)  
Original Scheme(ISR=0dB)     
Simplified Scheme(ISR=0dB)   

Fig. 1. RMS estimation error vs number of users.
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Fig. 2. Comparison with Cramer-Rao Bound for ISR=0dB.
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