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ABSTRACT

Code-division multiple-access (CDMA) is a multiplexing
technique which has become a driving force behind the
rapidly advancing communications industry. In order to
recover transmitted signals at the receiver when CDMA
is used, multiuser detection techniques are engaged. In
the past, various techniques have been developed to ap-
proach the performance of the optimum multiuser detec-
tor, and in this paper we have the same objective. We
propose a new multiuser detector which is developed under
the Bayesian framework and implemented by a novel effi-
cient perfect sampling algorithm called the Gibbs coupler.
The simulation results demonstrate excellent performance
of the proposed detector.

1. INTRODUCTION

Code-division multiple-access (CDMA) is a multiplexing
technique which enables multiple users to access a common
channel simultaneously [1]. CDMA systems demonstrate
significant advantages over analog and conventional time-
division multiple access (TDMA) systems such as increased
capacity and reduced effects of multipath fading. As a re-
sult, the CDMA technology has become a driving force be-
hind the rapidly advancing communications industry.

In order to recover the transmitted signals at the re-
ceiver, multiuser detection techniques are employed. Mul-
tiuser detection techniques overcome the disadvantage of
the single-user matched filter, in which no information about
the actual interference among users is exploited. In the
past, different techniques have been developed to approach
the performance of the optimum detector. Among them,
the class of linear detectors including the decorrelating de-
tector is very popular and well studied, primarily due to
its computational simplicity. However, in many cases the
performance of the linear detectors is far from optimal, and
therefore better solutions have been proposed. Among them
are methods based on Markov chain Monte Carlo (MCMC)
sampling [2].

We present here a new multiuser detector which is de-
veloped under the Bayesian framework and realized by the
Gibbs coupler [3]. The Gibbs coupler belongs to a class of
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sampling based methods called perfect sampling algorithms.
Perfect sampling was motivated by the study of convergence
analysis of MCMC and was initiated by Propp and Wil-
son [4]. In contrast to MCMC, perfect sampling obtains
i.i.d samples exactly from desired distributions, which com-
pletely complies with the requirement of the Monte Carlo
method. Hence, statistical methods based on perfect sam-
pling achieve better performance than methods based on
MCMC sampling.

In the sequel, the problem of optimum multiuser detec-
tion is stated first. This is followed by a review of the basic
concept of perfect sampling and introduction of the Gibbs
coupler on high dimensional binary state spaces. Then,
multiuser detection by the Gibbs coupler is proposed. Fi-
nally, simulation results are provided that show the perfor-
mance of the proposed detector.

2. OPTIMUM MULTIUSER DETECTION

A K-user synchronous CDMA white Gaussian channel can
be modeled as

y(t) =Y Awbusi(t) +n(t), t€[0,T], (1)
k=1

where y(t) denotes the received signal, s (t) is the antipodal
signature waveform of the k-th user, Ay is the amplitude of
the k-th user’s signal, by € {—1,1} is the bit transmitted
by the k-th user, n(t) represents additive white Gaussian
noise with zero mean and variance o2, and T denotes the
symbol duration. We assume here that all the parameters
except the by’s are known, and our objective is to estimate
b" = [bib2---bx]. The conventional single-user matched
filter makes the decision on each user separately and the
estimate of the k-th user can be expressed as

b = sgn(yr) (2)

where y, = fOT sk (t)y(t)dt is the k-th matched filter output.
It is noticed that the single-user matched filter does not use
information about the users’ correlations. Therefore it is
not optimal in the presence of multiuser interference which
exists in CDMA systems. To achieve optimum detection,
one must employ a multiuser detection strategy. From a
Bayesian perspective, the optimum decision is made from



the posterior distribution of b. Since a priori nothing is
known about b, noninformative prior is chosen for b. It thus
follows that the posterior distribution of b can be expressed
as

p(bly(?),t € [0,T])

K
1 T
x exp (—ﬁ /0 [y(t) — ZAkbksk(t)Pdt)
k=1
1 K K K
X exp (E(Z kX: Aryrbr — Z Z AkAlpklbkb1)>
=1

k=1 l=1
(3)

where py; = fOT sk (t)si(t)dt represents the crosscorrelation
between the k-th and the I-th signature waveform. Then the
most likely b is the set that maximizes the posterior distri-
bution (3). The solution leads to the mazimum a posteriori
(MAP) detector. In the following sections, we show how
a new perfect sampling algorithm called the Gibbs coupler
can be applied to calculate the output of the MAP detector.

3. THE GIBBS COUPLER

The Gibbs coupler [3] is a novel perfect sampling algorithm.
By perfect sampling we refer to a class of sampling based
algorithms that are able to draw exact i.i.d. samples from a
desired distribution by running Markov chains. The initial
perfect sampling algorithm is called coupling from the past
(CFTP) [4], and it was designed on discrete state spaces.
To illustrate the basic idea of CFTP, let us assume that the
discrete sampling space S is of size M = |S|. Then, CFTP
constructs M Markov chains at every possible state in &
and runs them from the infinite past to time 0. It is noted
that all the Markov Chains should have the desired distri-
bution as their stationary distribution, and at any instant
of time ¢ in the past the same random seed R and updat-
ing function <I>(-,R(t)) are applied to every chain in order
to determine their new states. Now, if there comes a time
when all the chains have reached the same state, from this
time onward all the chains follow the same path due to the
common random seed and updating function. This means
that the effect of the initial states on the coalesced state
has actually worn off. Apparently, since chains have lasted
infinitely long from the past, the coalesced state at time 0
is a steady state. Then at time 0, this coalesced state is a
perfect sample from the desired distribution.

The implementation of CFTP on large state spaces is
rather complex due to the heavy computational burden in
tracing all the Markov chains started from every possible
state. Computationally efficient algorithms have been pro-
posed [4, 5] for problems where monotonic or antimonotonic
Markov chains exists. In these cases, a sandwiched CFTP
can be employed where only chains started at two extreme
states are traced. For more details on perfect sampling, see
[4, 6].

In our recent work [3], we have proposed a perfect sam-
pling algorithm termed the Gibbs coupler. The Gibbs cou-
pler combines the features of CFTP and the Gibbs sampler.
Its importance is stressed when sampling from high dimen-
sional state spaces is needed. A version of the algorithm on

the multi-dimensional binary variable space demonstrates
that the Gibbs coupler is able to handle general cases where
(anti-)monotonicity does not exist.

Now, we briefly summarize the Gibbs coupler on the
multi-dimensional binary variable space. Let 8" = {Sl(t),
Sét), TN S](\f)} € {—1,1}" denote the support of x at time
t where Si(t), i =1,2,---, N represents the support of the
component z; at time ¢. Then the basic Gibbs coupler that
draws exact samples from p(x) is given by the following
pseudo-code:

Gibbs coupler(T):

t+ -T

while ¢t <0

t—t+1
10
while ¢ <= N
update S ~ p(ai| 8", -, 8, 8L, SETY)

if size of all §” for i =1,2,--- N is equal to 1 then

return(8®)

else

Gibbs coupler(2T')

The overall framework of the algorithm still follows that
of CFTP. This framework actually guarantees that unbiased
samples from the desired distribution are obtained if coales-
cence occurs. However, in contrast to the CFTP algorithm,
the main coupling method of the Gibbs coupler is compo-
nent based. In particular, at any time instant ¢, sandwich

distributions are required for ¢ = 1,2,---, N, which are de-
fined as
[P@ =1 = min {p($i - 1|x(jg)} (4)
x(_t)es(jz
and
UP(@;=1) = max {p(xi - 1|x(fg)} (5)

x(_tz Gs(jz

where SY) = {S{", -, 8,877, -+, 8{ ™"} denotes the
collection of supports of x_; at time ¢ with the individual

component supports at time ¢ being {—1}, {1}, or {—1,1}.
The update of the support Si(t) is then formulated as

{1}, if R <LV(z;=1)
s =Y R ={ -1}, i#RY > U (2 =1)
{-1,1}, otherwise
(6)
where Rgt) is a uniform random seed.

In [3] it is proved that the sandwich distributions cho-
sen according to (4) and (5) achieve the largest probability
of coalescense, and hence their use leads to the fastest co-
alescense. In [3], several properties of the Gibbs coupler
have been shown. The properties lead to two important
theorems. First, the Gibbs coupler has the same rate of coa-
lescense as CFTP, but it is computationally much more effi-
cient especially for high dimensional state spaces. Secondly,
for the problems where monotonicity exists, it is equivalent
to the sandwiched CFTP algorithm. For more details, see

[3).



4. MULTIUSER DETECTION BY THE GIBBS
COUPLER

In this section, we show how the Gibbs coupler can be ap-
plied to tackle the multiuser detection problem. From the
discussion in the last section, we know that an important
issue in the implementation of the Gibbs coupler is the de-
termination of the sandwich distributions on the full con-
ditional distributions. For the problem of multiuser detec-
tion, the full conditional distributions are readily derived
from the posterior distribution (3) as

p(bi = 1|b*i’y(t)7t € [07T])

K
1
X exp (@(214”;@ -2 Z AlAkp]ﬂbk)>

k=1, ki
2 = -
= l1+exp(;(—Aiyi+ Z AiAkpmbk))] (M)
k=1, ki

for i = 1,2,--- K. We notice that the maximum and the
minimum on (7) with respect to b_; can be easily deter-
mined only by checking the sign of A; Ay pr;. It thus follows
that, at time ¢, the sandwich distributions defined by (4)
and (b) are

LY =1)

= 1+exp(%(—Aiyi+ Z |Bk| + Z 'Bkbl(ct)))

() ()
kel kel

(8)

-1

= ]_—}—exp(%(—Aiyi— Z |Bi| — Z ,Gk-.bl(ct)))

ker™ kerl)
(9)

where By = AiAppri, IV € {1,2,---,i—1,i+1,---, K}
contains the indices of the elements of {b,(ct)}kK:Lk# that

have not coalesced at time ¢, and IE;) c{1,2,---,i—1,i+
1,---, K} are the indices of the remaining elements of the
set {b,(f)}le,k# that have coalesced at time ¢. Then ac-
cording to the algorithm, at any time ¢, the support of the
i-th component is updated according to the function (6),
and the coalesced state at time ¢ = 0 is recorded as a per-
fect sample from the posterior (3). Suppose that the desired
size of the samples is N. Once N samples are acquired, the
MAP estimate is computed. There are several approaches
to find the MAP estimate. For instance, the posterior prob-
ability of each perfect sample is computed, and the MAP
estimate is the one which has the largest posterior probabil-
ity. As an alternative, one can consider the samples of each
b, for i =1,2,---, N independently. In this case, the MAP
estimate of b; is set to be the sample that appears most
frequently. This procedure yields the marginalized MAP
estimate of the transmitted bits.

0.161

0.1605
0.16
0.1595
0.159
Boasss
o
0.158
01575

0.157

0.1565

0.156
50 100 150 200 250 300
sample size

Figure 1: BER of the MAP detector implemented by the
Gibbs coupler as a function of the sample size N. There
were 5 users with equal power, and SNR = 0 dB.

5. SIMULATION RESULTS

In this section we present the results of numerical simula-
tions that were carried out to demonstrate the performance
of the MAP detectors by the Gibbs coupler. We conducted
several experiments. In the first three experiments, a 7-bit
Gold sequence was used as the spreading code of a 5-user
system. In the first experiment, the users were assumed
with equal power. Bit error rates (BERs) of the MAP de-
tector implemented by the Gibbs coupler were computed
on 3000 transmitted bits for different sample sizes N. The
signal-to-noise ratio (SNR) was fixed at 0 dB. The results
for the first user are plotted in Figure 1. It shows that the
BER does not change when the sample size IV is greater
than 100. It indicates that N = 100 is sufficient to obtain
reliable performance, and therefore N was set to 100 in the
following two experiments.

In the second experiment, BERs of both the MAP and
the marginalized MAP detectors of the first user were ex-
amined under different SNRs. The results are illustrated
in Figure 2. The results of the conventional matched filter
and the decorrelating detector on the same user are also pre-
sented. The theoretically attainable performance in the ab-
sence of multiuser interference is plotted as a lower bound.
In particular, in order to compute the BER at a specific
SNR for any detector, Monte Carlo trials were performed.
The number of Monte Carlo trials was pre-computed by
assuring that, under the BER of the lower bound at this
SNR, there would be at least 300 errors among the trials.
We see that the curves corresponding to the MAP and the
marginalized MAP detectors overlap with each other, which
indicates similar performance of these detectors. In addi-
tion, the BERs of the two MAP detectors are very close
to the bound whereas neither the single-user matched filter
nor the decorrelating detector is able to achieve the same
performance.

In the third experiment, we simulated the situation of
near-far effect. Different energy levels were assigned to the
five users. The two largest energy levels were 5dB higher
and the two middle energy levels were 3 dB higher than the
smallest energy level, respectively. BERs of the MAP and
the marginalized MAP detectors of the user with the small-
est energy are plotted versus SNR in Figure 3. Their perfor-
mance was also compared with that of the matched filter
and the decorrelating detector. It demonstrates that the
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Figure 2: BER of the different methods on a 5-user-equal-
power system as a function of SNR.
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Figure 3: BER of the user with smallest amplitude level
as a function of SNR. There were 5 users with different
amplitude levels.

two MAP detectors have smaller BERs than the matched
filter and the decorrelating detector. Moreover, they also
approach the lower bound which is plotted as the theoretical
optimal BER in the absence of multiuser interference.

Next, in the forth experiment, a higher capacity system
of 15 users was introduced. We assumed that all users were
with equal power. First in order to determine the sample
size, a similar test as in the first experiment was conducted.
The BERs at 0 dB is plotted in Figure 4 as a function of
the sample size. Obviously, 200 samples are sufficient for
obtaining reliable results.

Once the sample size was determined, the BERs of the
MAP detectors, the matched filter, and the decorrelating
detector were measured on the system and the results are
depicted in Figure 5. We can see that the MAP detectors
have a similar performance, which is very close to the lower
bound. In addition, they clearly outperform the single-user
matched filter and the decorrelating detector.

6. CONCLUSION

We successfully employed the Gibbs coupler to compute op-
timal MAP detection of synchronous CDMA signals. The
numerical simulation results on users with equal powers
showed that the proposed MAP detectors have better per-
formance than either the single-user matched filter or the
decorrelating detector. The simulation results of near-far
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Figure 4: BER of the MAP detector on a 15-user-equal-
power system as a function of N and for SNR = 0 dB.
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Figure 5: BER of the different methods on a 15-user-equal-

power system as a function of SNR.

effect scenarios, too, showed better performance of the pro-
posed MAP detectors.
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