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ABSTRACT

In this paper, we usethe frequency-responsemasking(FRM) ap-
proachto designprototypefiltersfor cosine-modulatedfilter banks
in thenearly-perfectreconstructioncase.With suchapproach,it is
possibleto designa FRM filter with overall orderalmostequalto
thedirect-formFIR design,with only slight changesin thevalues
of the inter-carrierand inter-symbol interferencesand the atten-
uation of the bank filters. The result is an efficient designwith
reducednumberof multipliersfor theoverall structure.

1. INTRODUCTION

The frequency-responsemasking(FRM) approachis an efficient
methodfor designinglinear-phaseFIR digital filters with wide
passbandsandsharptransitionbands. With suchmethod,by al-
lowing a small increaseof the filter group delay, it is possible
to reducethe overall filter complexity (numberof arithmeticop-
erationsrequiredper outputsample)whencomparedto standard
designmethods[1]. SinceFRM filters are easyto design,it is
possibleto usethemin many practicalapplications.In fact,it has
beenverified that the FRM approachcan achieve a reductionto
about30% of the numberof coefficients requiredby a minimax
FIR filter designrealizedin direct form [1]. Althoughtheuseof
theFRM approachincreasesthefilter groupdelay, in many cases
it is possibleto designa prototypefilter for a cosine-modulated
filter bank(CMFB) whoseoverall orderis almostthesamefor the
direct form FIR design.In thosecases,theparametersof interest
of the transmultiplex (TMUX) system(namelyinter-symboland
inter-carrierinterferences,andattenuation)arequitecloseto those
in thestandarddesign,theoverall delayis not increased,whereas
the numberof coefficientsis reduced.Thereforeit is possibleto
achieve a reducedcomplexity in a CMFB structure.The organi-
zationof this paperis as follows: In Section2, we describethe
main ideasof the FRM approach.In Section3, we describethe
TMUX system.In Section4, we proposeanefficient structureof
CMFB, andin Section5, a designexampleis includedillustrating
theadvantagesof theproposeddesignmethod.

2. FREQUENCY-RESPONSE MASKING APPROACH

Thebasicblockdiagramfor theFRM approachcanbeseenin Fig-
ure1. In thisscheme,theso-calledinterpolatedbasefilter presents
a repetitive frequency spectrumwhich is processedby thepositive
maskingfilter in theupperbranchof this realization.Similarly, a
complementaryversionof thisrepetitive frequency responseis op-
eratedby thenegative maskingfilter in thelower branchof there-
alization.In this procedure,bothmaskingfilters keepsomeof the
spectrumrepetitionswithin the desiredpassbandwhich are then

addedtogetherto composethedesiredoverall frequency response.
Themagnituderesponsesof thefilter composingthis sequenceof
operationsaredepictedin Figure2, whereonecanclearlyseethe
resultingfilter with verysharptransitionband.
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Fig. 1. The basic realizationof a reducedFIR filter using the
frequency-responsemaskingapproach.
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Fig. 2. Frequency-responsemaskingapproach,showing thedon’t
carebands(singleline) andthecritical bands(doublelinesbelow
thefrequency axis).

If thebasefilter, whichwill composetheinterpolatedfilter, has
linear-phaseandan even order & �

, its directandcomplementary



transferfunctionsaregivenby� �� ��'(�*),+�-. �0/	1 � � ��23�4' �	5 � (1)� �� ��'(�*)6' � + - 798;: +�-. �0/	1 � � ��2<�4' �
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respectively, where = is the interpolationfactorand
� � ����� is the

impulseresponseof thebasefilter. Fromtheequationsabove, we
canreadilyseethat� � �� ��� ��� � � ) " : � � �� ��� � � � � (3)

andalsothat
� � �� �������!� � canbeobtainedby subtracting

� � �� ���9� �	� �
from thesignalat thecentralnodein

� �� ��'(� . Thecutoff frequen-
cies

�
and

�
of thebasefilter (seeFigure2) dependon = andon

thedesiredband-edgefrequencies��> and �@? of theoverall filter.
ThemaskingfiltersaresimpleFIR filterswith band-edgefrequen-
cies that alsodependon = andon the bandsof the interpolated
filter. Thereforethe optimal valueof = that minimizesthe over-
all numberof multiplicationscan be obtainedby estimatingthe
lengthsof all sub-filtersfor various = and finding the bestcase
scenarioheuristically. If thetransitionbandis not too sharpwhen
comparedto the passband(i.e., for the narrowbanddesigncase),
then it is possibleto discardthe lower branchof the FRM filter,
reducingfurther thenumberof coefficientsin thefilter. Also, the
specificationsfor the subfilterscan be relaxed, sincethereis no
overlapbetweenthe frequency-responseof the two branches[1].
The narrowbandcaseis commonin mostof the caseswhenwe
aredesigningCMFBs,but it dependson theroll-off factorandthe
requiredattenuation.

3. THE TMUX CONFIGURATION

Thetransmultiplexer(TMUX) canbeimplementedwith theCMFB
in which the signalsthat comefrom varioussourcesareinterpo-
lated,filtered by synthesisfilters andaddedtogetherto compose
a singlesignal that is transmittedon a singlechannel A [2],[3].
Once the signal is received, the analysisfilters split this signal
into B channels,wherein eachchanneloutput we have an es-
timatedversionof the input sources. If the TMUX hasperfect-
reconstruction(PR),thentheoutputsignalsareequalto thesource
signals,whereasif theestimatedsignalreceivessmallamountsof
interferencefrom theothersources,wehave thenearly-perfectre-
construction(NPR) case.Figure3 depictsthe block diagramfor
suchsystem.��CD���
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Fig. 3. Theblock diagramfor a B -channelTMUX.

Themainadvantageby usinga CMFB is thefactthatonly the
prototypefilter designis needed[2]. Oncethis filter is designed,
thesynthesisandtheanalysisfilterscanbeobtainedby modulating

the prototypefilter with a propercosinefunction. The prototype
filter of order & > is of theform� > ��'(�M) +	N.O /!1 � > ���
�4' � O	P � > � & > : ���@) � > ���
� (4)

Thecutoff frequenciescanbedeterminedby usingtheroll-off fac-
tor andthe3dB point of theamplituderesponse,thatmustbe lo-
catedapproximatelyat � ) ��Q �SR B � . Theroll-off factorgivesus
thestopbandedge �@? ) � " GUT � �R B (5)

Theanalysisandthesynthesisfilters aregivenrespectively by�
V �����@)WR � > ���
�YX[Z]\
^ �SR`_ G " �[��� : & > Q R]� �R B G � : " � V � aMb
(6)

andc V ���
�@)dR � > �����eXfZ]\ ^ �SR`_ G " �[��� : & > Q R`� �R B : � : " � V � a b
(7)

for _%) � P " PDgfgfgfP B : "
. Thetransfermatrix for thefilter bankis

givenbyh i ��' J �<jlk � ) J � C.V /	1 � k ��']� � � 84m V 7 J � F � ��'(� � � 84m V 7 J � (8)

which representsthe variousinput to output relationshipson the
TMUX system.By takingsomeparticulartransferfunctionsbased
on the transferfunction matrix (8), onecandefinethe following
functions n 1 ��'o��) "B J � C.V /!1 F V ��'o� � V ��'o� (9)n � ��'o��) "B J � C.V /!1 F V ��'o� � V ��'(� � � 84m � 7 J � (10)

for 2p) " PDgfg[gfP B : "
, andtheoptimizationproblemis to find the

coefficientsof
� > ��'o� to minimizeq 8 )Wr m�es � � > ��� ��� � � t � (11)

subjectto " :vu Cxw � n 1 ��� � � � � w " G u C (12)

and � n � ��� ��� � � w u 8 �zy
h � P � j P for 2�) " PDgfgfgfP B : "

(13)

in which the parametersu C and u 8 areconstraintsthat definethe
maximumallowableamplitudedistortionandaliasingdistortion,
respectively, of the bank filters. The optimizationproblembe-
comesnonlinearbecauseof thetwo constraintsgivenin Eqs.(12)
and(13), but it canbe simplified by usingoneof the constraints
andverifying if theotherconstraintis achieved.For instance,if u C
becomeszeroand u 8 (measuredin dBs)becomesinfinitely nega-
tive, thenthe PR is achieved. For theNPR case,it is possibleto



useprototypefilter designsthat approximatethe two constraints
above. The inter-symbol interference(ISI) and the inter-carrier
interference(ICI) canbeestimatedby usingthefollowing expres-
sions[3]

ISI )z{}|�~V ^ . O � u ���
� :�� V ���
��� 8 b (14)

ICI )z{}|�~V ^ J � C.� /	1[# V(�/ � �
h i ��� ��� �<j V � � 8 b (15)

whereu ����� is theidealimpulse,� V ���
� is theimpulseresponsefor
the _ th channeloutput,and the term

h i ��� � � �<j V � is the crosstalk
whichcanbeobtainedfrom Eq.(8).

4. FRM DESIGN FOR THE PROTOTYPE FILTER

TheFRM filter canbeviewedasdepictedin Figure4. In this fig-
ure,

� � C ��'o� and
� � 8 ��'o� arethebasefilter andits complementary,

while � CD��'(� and � 8 ��'o� arethemaskingfilters.�����
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Fig. 4. Thepositive (upper)andthenegative (lower) branchesof
theFRM filter.

By usingonly thepositive branchof theFRM structureasthe
prototypefilter for theCMFB, thetransferfunctionfor theanalysis
filters becomes� � ��'o�@) +.O /	14� � # O � ���� Cp�M� C��[���
�4' � O (16)

where� � # O is thecosinefunctionasit appearsin Eq.(6), theterm� � �� C ��� C��[���
� denotesthe convolution betweenthe interpolated
basefilter andthepositive maskingfilter responses,and & is the
overall orderof the FRM filter. Thus,the key point is to find an
efficient structurethat evaluatesthe convolution in Eq. (16), by
takinginto considerationthepropercosinefunctionsfor eachsam-
ple. For = ) J � P � ) " P R PDg[gfg , andafter somemanipulations,
Eq.(16) canbewritten as� � ��'o�()�� � C.� /!1	� ' �
5 � � � C � � : ' 8 J � 8 J � C.� /!1 � � # � �
5 � ' � � q � � : ' 8 J ���

(17)

where
� � C � ��'o� and

q � ��'o� are the polyphasedecompositionsof
thebasefilter andof thepositive maskingfilter, respectively, and� ) 8 J5 is the numberof polyphasedecompositionsrequired
for the basefilter. This result leadsus to a structureasdepicted
in Figure 5. The samecan be donefor the negative branchof
theFRM, andthenaddingtheresponsesof the two branchesjust
beforethemodulatingstage.As will bedemonstratedon a future
work, this structurecanbe convenientlyreducedandgeneralized
for severalcasesof = and B .

As we canseefrom Figure5, thebasefilter will have B � )� k � coefficientsandthemaskingfilter will have B � )�R � � B
coefficientsin ordertoperformthepolyphasedecompositions.The
valuesof

� k and
� �

can be chosento lead to an overall filter
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Fig. 5. Therealizationof theFRM in a CMFB structurethatpre-
cedestheDCT-IV operation.

with Bv±�² )³R � B coefficients which is the samenumberre-
quiredby thestandardCMFB design.In suchcases,it is easierto
comparethe performancesof the FRM-CMFB andthe standard-
CMFB. In the designof the FRM-CMFB presentedin the next
section,we aimeda reductionscenarioleadingto thesevalues.It
is worth mentioningthat in orderto solve the optimizationprob-
lem for the NPR case,it is possibleto employ, for example,the
WLS-Chebyshev algorithm[4], constrainingtheoverall response
of theFRM filter asdesired.

5. NUMERICAL EXAMPLE

In this section,we presenta TMUX systemdesignwith B )µ´(R
channels,using

T ) "
and u C lessthan0.06. For this example,� )·¶ shouldbe sufficient to perform the design. Calculating

thefrequenciesfor thedesignof theprototypefilter, weobtainthe
following values: ��> ) � g �`� ¶ a(¸]¹ � and �@? ) � g � ´ " R`¶ � , leading
to �@º4»[¼6½ m8 J ) � g �Y" ¶ ¸ � . The order for the prototypefilter
is: & > )¾R � B : " )¿´ " ¹ (320coefficients). Usinga standard
minimaxFIR designfor theprototypefilter, we obtaintheresults
presentedat thefirst line of Table1. By usinga FRM design,we
seethatthebestreductionscenariowhich leadsto anorderof 320
is asgivenin Table2. Thecomparisonis presentedin Table1.

Table 1. Comparisonbetweenthe CMFBs performancesusing
a direct-form prototypefilter designand a FRM design,for the
numericalexample.

Method À N N.C. Á � Á � ÂpÃ ISI ICI
Direct 319 320 0.006 -66dB 116dB -100dB -63dB
FRM 320 70 0.002 -66dB 105dB -114dB -61dB

As we canseefrom Table1, usinga FRM designwill leadto
areducednumberof coefficients(N.C.,third columnof thetable),
whereasthevaluesof ISI andICI areapproximatelythesamewhen
comparedto thedirect-formFIR implementation.Also, thevalue
of u 8 hasremainedthe same,whereasthe value of u C hasbeen



decreased.Theuseof FRM hasincreasedthevalueof themaxi-
mumattenuationÄÆÅ of thechannelat thestopband,consequently
increasingslightly thevalueof theICI. If we wish to reducethese
values,it is possibleto implementan FRM designby increasing
its order, andeven in this case,thenumberof coefficientsneeded
maystill belower thanthedirectform implementation.

Table 2. Thebestreductionchoicesfor theFRM filter with overall
order approximatelyequalto the direct form, for the numerical
example.= & � & � & � & ±�² Num. Coef Red.fact

8 36 32 - 320 70 21.9%

In Figures6 and7, we seethefrequency-responsebehavior of
the prototypefilter andthe bankfilters, while in Figure8 we see
someof the

n � functionsthatareresponsiblefor thevaluesof u C
and u 8 .
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Fig. 6. Themagnituderesponsefor theprototypefilter in theFRM
approach.
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Fig. 7. Themagnituderesponsefor thevarioussynthesis/analysis
filters.

6. CONCLUDING REMARKS

In thispaper, weusedthefrequency-response(FRM) approachfor
designingtheprototypefilter in acosine-modulatedfilter bank.By
viewing theFRM filter asamultiratesystem,it waspossibleto de-
rive anefficient realizationfor thefilter bankwhenthenumberof
channelsB is amultiple of theinterpolationfactor = of theFRM
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Fig. 8. Someof the

n � functionsthat contribute to the deviation
errorsu C and u 8 .
filter. The time delay of the resultingTMUX was not affected,
andonly slight changeswereobserved in theparametersof inter-
estof thefilter bank. Thus,it waspossibleto reducethenumber
of coefficient in theTMUX, while maintainingthepolyphasede-
compositionstructure.
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