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ABSTRACT

Feedforward and multiple-feedback 3-A A/D converters of-
fer high-resolution, but are susceptible to instability in the
presence of capacitor tolerances in a corresponding switched-
capacitor (SC) hardware implementation. The hitherto -
A A/D converters are usually based on, a) complemen-
tary signal and noise transfer functions, and/or b) unit-
circle noise transfer function zeros. This paper is concerned
with the development of a novel ¥-A A/D converter hav-
ing, instead, magnitude-squared or magnitude complemen-
tary signal and noise transfer functions. The proposed A/D
converter exhibits resolution and dynamic range properties
similar to those of the existing feedforward and multiple-
feedback A /D converters, but offers increased stability per-
formance in the presence of capacitor tolerances in the SC
hardware implementation. In addition, the SC hardware
implementation of the resulting A/D converter leads to a
capacitance spread which is comparable to that of hitherto
- A A/D converters.

1. INTRODUCTION

Recently, feedforward and multiple-feedback oversampled
3-A A/D converters have found widespread use in digi-
tal signal processing applications [1]. Typical examples in-
clude the cascade-of-resonators (COR) [2], the cascade-of-
integrators (COI) [3], and their combination, namely the
cascade-of-resonators/integrators (CRI) [4] 3-A A/D con-
verters. A generic X-A A/D converter is shown in Fig.
1, where U(z) represents the z-transformed input signal,
and where Y (z) represents the z-transformed output sig-
nal. In design situations, the constituent quantizer is usu-
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Fig. 1. Generic £-A A/D Converter Configuration

ally replaced by a uniformly distributed additive white noise
source E(z). Then, the A/D converter may be character-
ized by the signal transfer function STF(z) and the noise

transfer function NTF(z) in accordance with

STF(z) 1{;8 - g(é)) )
NTF(z) = 1];8 = 11\;8 : ()

where D(z) represents the denominator polynomial com-
mon to both STF(z) and NTF(z), and where S(z) and
D(z) represent the numerator polynomials of STF(z) and
NTF(z), respectively.

Recently [5], a novel highly stable high-resolution over-
sampled X-A A/D converter configuration (MCOR) was
developed, realizing magnitude-squared complementary or
magnitude complementary signal and noise transfer func-
tions. An empirical investigation of the corresponding (dis-
crete) switched-capacitor (SC) hardware implementation of
the proposed 2-A A/D converter configuration demonstrated
that it exhibits a superior level of stability in the presence of
capacitor tolerances as compared to that of hitherto feedfor-
ward and multiple-feedback A/D converters. Furthermore,
despite the apparent increase in stability, the achievable
SQNR remained comparable to that of hitherto feedfor-
ward and multiple-feedback A/D converters.

The present paper is concerned with the development
of a new highly stable high-resolution ¥-A A/D converter
featuring magnitude-squared or magnitude complementary
signal and noise transfer functions. The resulting A /D con-
verter possesses three important practical advantages as
compared to the hitherto feedforward and multiple-feedback
A/D converters, including a) its noise transfer function can
be obtained without recourse to numerical optimization,
(simplifying the design process), b) its noise transfer func-
tion is guaranteed to be bounded below 1, resulting in
highly stable A/D converter operation, and c¢) in the signal
band, where the magnitude of the signal transfer function is
1, the magnitude of the noise transfer function is automat-
ically O resulting in high signal-to-quantization-noise ratio
(SQNR) in an actual (nonlinear) converter operation.

Section 2 presents a synthesis method for the realization
of magnitude-squared or magnitude complementary signal
and noise transfer functions ST'F(z) and NTF(z) compat-
ible with the proposed ¥-A A/D converter configuration.
Section 3 presents an empirical investigation and Monte-
Carlo simulation of the resulting ¥-A A/D converter for
a corresponding SC hardware implementation. A compari-
son of the achievable SQN R of the proposed A/D converter



and hitherto feedforward and multiple-feedback X-A A/D
converters will demonstrate the superior stability perfor-
mance in the presence of capacitor tolerances exhibited by
the proposed configuration. Finally, the main conclusions
of the paper are given in Section 4.

2. THE DEVELOPMENT OF THE PROPOSED
CONFIGURATION

A pair of magnitude-squared complementary transfer func-
tions Ha(z) and Hp(z) may be formed in accordance with

[6], [7]

Ha(z) = 5 [Hi(2) — H2(2)] (3)

Hp(2) = 5 [Hi(2) + H2(2)] (4)

N = N =

where H;(z) and Hz(z) are a pair of all-pass transfer func-
tions in accordance with [6], [7]
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where ZITEZ) and Zz(z)R are a pair of (normalized) discrete-
time reactance functions as obtained in the following.

Let us consider a rational transfer function H(z) of or-
der N, where N is odd for lowpass (or highpass) H(z), and
where N is even for bandpass (or bandstop) H(z). More-
over, let H(z) satisfy a relationship of the form [6], [7]

4H(2)H(z 1) = N (6)
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where P(z) is an antisymmetric polynomial, and Q(z) is a

symmetric polynomial in z. In addition, let z1;, (for i1 =
1,2,--+,n1) denote those roots of

P(2) +Q(z) =0, (7)

which are inside the unit circle, and let 2p;, (for iz =
1,2,--+ ,n2 = N —ny) denote those roots which are outside
the unit circle. Then, form the polynomials Pi(z), Q1(z),
and P»(z), Q2(z) in accordance with

Pi(z) + Qi(2 H(z 211y (8)
and
Py(z) + Qa(z H(z 23:) (9)
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where P;(z), P2(z) are antisymmetric polynomials, and Q1(z),

Q2(z) are symmetric polynomials in z. Then
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In this way, having determined the magnitude-squared com-
plementary transfer functions H4(z) and Hg(z) in terms of
Hq(z) and Hz(z) (c.f. Eqns. 3 and 4), it is a simple matter
to obtain a corresponding pair of magnitude complementary
transfer functions H4(z) and Hg(z) in accordance with

Ha(z) = Ha(2)?, Hg(z) = Hp(2)". (12)

Then, the signal transfer and noise transfer functions
may be obtained as

STF(2) = Ha(z) (orHa(2)), (13)
NTF(z) = Hp(z) (orHs(2)). (14)

The resulting signal and noise transfer functions may be
decomposed into N(z), D(z), and S(z) in accordance with
Eqns. 1 and 2.

It is expedient to recast the polynomial D(z) in the form

D(z) = 2 D, (15)

and the polynomials N(z) and S(z) in the forms

N(z) = Z N, (16)
S(z) =28, (17)
where Z' = [2°,27, 272, -+ ,27"], where D, NV, and S are

column vectors of length N+ 1 whose entries depend on the
system parameters of the X-A A/D converter, and where
N is the order of the A/D converter.

In the hitherto feedforward and multiple-feedback X-
A A/D converters, the configuration proper imposes two
restricting conditions on the signal and noise transfer func-
tions, namely 1) the 2° coefficient of S(z) must be zero
and 2) the 2° coefficient of N(z) must be unity. How-
ever, magnitude-squared or magnitude complementary sig-
nal and noise transfer functions require that the z° coeffi-
cient of S(z) be non-zero and that the 2° coefficient of N(z)
be unconstrained. To circumvent these two problems, con-
sider the proposed X-A A/D converter as shown in Fig. 2
. An analysis of this A/D converter reveals that

N

N(z) = ZEN -V =S A-1N . (19)

i=1

Evidently, the parameter G corresponds directly to the z°
coefficient of N(z). It is convenient to let

A=[1A; Ay Ax],
B=[1B; By---By],

R =[R1 Ry--- Rn+1].
Then it may be shown that
N = CumconAG, (19)
D =CmcorBB, (20)
S =CmcorsRG, (21)

1This A/D converter is an adaptation of the COI Z-A A/D
converter.



Y (2)

Fig. 2. Proposed ¥-A A/D Converter Configuration

where, for an Nth order A/D converter, Crprcor is a lower
triangular matrix of order NV + 1 whose elements are inde-
pendent of the A multiplier coefficients, Caprcorz is a lower
triangular matrix of order N + 1 whose elements depend
solely on the A and G multiplier coefficients, and Cyprcors
is a matrix of order IV 4 1 whose elements are solely depen-
dent on the A and B multiplier coefficients. In the case of
N = 3, for example,

r 1 0 0 0
-3 -1 0 0
Cvcon = 3 2 -1 0 (22)
L -1 -1 1 -1
ri 0 0 0
c | 3o G 0 0
MCOIZ= | 3494, — A 2G -G 0
—1—A; +A4A; — A3 -G G -G
(23)
Cmcors =
"0 0 0 |
|
Bl B2 BS |
|
2B:1 + By B3*B2(2+A1) *B3(2*A1) | C
+B:1 A, +B1A3 | i
|
Bi1 — B> *B3(1+A1) B3(1*A2+A1) |
+Bs3 +B3(1+ Ap) +ByAs + B1As |
L +B1(As — Az) |
(24)

where C.1 represents the first column of the matrix Caprcorz.

In this way, once N/, D, and S have been obtained, the
coefficient G may be obtained from N, and the multiplier
coefficients, A, B, and R may be obtained through the in-
version of Eqns. 19, 20, and 21, respectively.

3. EMPIRICAL INVESTIGATION OF THE
PROPOSED X-A A/D CONVERTER
CONFIGURATION

This section is concerned with a demonstration of the main
salient features of the proposed X-A A/D converter config-

uration in a corresponding (discrete) SC hardware imple-
mentation 2. It is shown that the resulting SC hardware
implementation exhibits a high degree of stability in the
presence of capacitor tolerances, and, in addition, leads to
an achievable SQNR comparable to those of the hitherto
feedforward and multiple-feedback A/D converters.

By employing the procedure given in [5], a 5’th order,
16x oversampled, magnitude-squared complementary X-A
A /D converter with a SQNR of 55 dB was designed. As
described in the previous section, the multiplier coefficients
were determined and are as shown in Table 1. The de-

Table 1. Nominal Multiplier Values

R, 0.85439 R, 3.33027 | Rz | -39.89807
Ry | 135.39195 | Rs | -23.34846 | Rsg .04863
B; | -0.88093 | Bz | -0.30574 | Bz | -0.09522
By | -0.01451 | Bs | -0.00150

A: | -0.05428 | A | -0.05491 | As | -0.00127
As | -0.00064 | As 0 G 0.72452

pendence of the achievable SQNR as a function of DC in-
put signal amplitude was determined, leading to the results
shown in Fig. 3. These results indicate a maximum achiev-
able SQNR of 53.6 dB with a DC input signal amplitude
of —6.02 dB, which is comparable to the results obtained
for the COR A /D converter in [8] (satisfying similar design
specifications) *.

The capacitor values of the SC hardware implementa-
tion were scaled for maximum dynamic range and for min-
imum capacitance using the method described in [9]. This
led to a a total capacitance of 235.5 units (in a single ended
configuration) and a capacitance spread of 42.05 (compara-
ble to the spread of 30.76 in [2] for a fourth-order COR A /D
converter). Monte-Carlo simulations on 1000 different sam-
ples of the magnitude-squared complementary 3-A A/D
converter led to the determination of the actual SQN Rs
as shown in Fig. 4 and summarized in Table 2, where the
capacitor values were individually perturbed around their

2This implementation uses the COI SC circuit with the addi-
tion of N + 1 capacitors to implement the coefficients of R and
is not shown here due to the limited space.

3The SQNR was 61.1 dB with a DC input signal amplitude
of —8 dB.
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Fig. 3. SQNR as a Function of DC Input Signal Amplitude

nominal values with a Gaussian distributed white random
variable € of zero mean and a standard deviation of 0.00333
leading to maximum perturbation €,,4; = 1% 4. This led

Table 2. SQNR Statistics with emaz = 1%
Nominal | 53.6 dB | Max | 68.8 dB
Variance | .796 dB | Min | 49.1 dB

Mean 53.6 dB

Number of Occurances

N
5 50 55

SQNR s
Fig. 4. Monte-Carlo Simulation Results for e = 1%

to the determination of the percentage of unstable Monte-
Carlo samples for various values of €4z as shown in Table
3, where the values for the MCOR A/D converter were ob-
tained in [5], and where the values for the COR, COI, and
CRI A/D converters were obtained in [8]. As is evident,

Table 3. Percentage of Unstable Monte-Carlo Samples

€maz (%) 1 5 I [ 15 | 2

Proposed: % Unstable 2 .2 8 4.5 | 124

MCOR: % Unstable 1 2 1.8 7 24.1

COR: % Unstable 18.4 | 22.0 | 249 | 33.3 | 39.4

COI: % Unstable 16.6 | 24.7 | 37.4 | 43.7 | 51.8

CRI: % Unstable 23.4 | 25.0 | 28.4 | 36.2 | 42.3

the proposed £-A A/D converter shows a high degree of
stability (particularly at small values of €maqz) compared to
the COR, COI, and CRI A/D converters. The proposed
A/D converter is comparable to the MCOR A /D converter
at low capacitor tolerances and shows less stability prob-
lems at large capacitor tolerances.

4The samples with substantially low SQNR imply unstable
3-A A/D converter operation and were discarded.

4. CONCLUSION

This paper has presented a novel highly stable high-resolution
oversampled X-A A/D converter configuration, realizing
magnitude-squared complementary or magnitude comple-
mentary signal and noise transfer functions. Empirical in-
vestigation of a corresponding (discrete) SC hardware im-
plementation of the proposed X-A A/D converter configu-
ration has demonstrated that the A/D converter exhibits a
superior level of stability in the presence of capacitor tol-
erances as compared to that of hitherto feedforward and
multiple-feedback A /D converters. It has further been demon-
strated that the proposed A/D converter provides better
stability performance at high capacitor tolerances as com-
pared to the MCOR A/D converter. Furthermore, despite
this increased stability, the achievable SQ N R remains com-
parable to that of hitherto feedforward and multiple-feedback
A /D converters.
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