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)RU PXOWL�ZDYHOHWV JHQHUDOL]HG OHIW HLJHQYHFWRUV RI WKH PDWUL[ +I

D ILQLWH SRUWLRQ RI GRZQ�VDPSOHG FRQYROXWLRQ PDWUL[ + GHWHUPLQH

WKH FRPELQDWLRQV RI VFDOLQJ IXQFWLRQV WKDW SURGXFH WKH GHVLUHG

VSOLQH RU VFDOLQJ IXQFWLRQ IURP ZKLFK SRO\QRPLDOV RI GHVLUHG

GHJUHH FDQ EH UHSURGXFHG� 7KLV FRQGLWLRQ LV XVHG WR FRQVWUXFW

$OSHUW¶V PXOWL�ZDYHOHWV ZLWK PXOWLSOLFLW\ WZR� WKUHH DQG IRXU DQG

ZLWK DSSUR[LPDWLRQ RUGHUV WZR� WKUHH DQG IRXU UHVSHFWLYHO\�

+LJKHU PXOWLSOLFLW\ $OSHUW PXOWL�ZDYHOHWV FDQ DOVR EH FRQVWUXFWHG

XVLQJ WKLV QHZ PHWKRG�
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5HFHQWO\� PXOWL�ZDYHOHWV �ZDYHOHWV ZLWK PRUH WKDQ RQH VFDOLQJ

DQG ZDYHOHW IXQFWLRQV� KDYH EHHQ WKH IRFXV RI D ORW RI UHVHDUFK LQ

VLJQDO SURFHVVLQJ DQG SXUH PDWKHPDWLFV >����@� 7KH LQWHUHVW LQ

PXOWL�ZDYHOHWV LV PDLQO\ GXH WR WKH IDFW WKDW WKH\ SURGXFH

SURPLVLQJ UHVXOWV LQ PDQ\ DSSOLFDWLRQV VXFK DV LPDJH

FRPSUHVVLRQ DQG GHQRLVLQJ >��@� 7KHLU VXFFHVV VWHPV IURP WKH

IDFW WKDW WKH\ FDQ VLPXOWDQHRXVO\ SRVVHV WKH JRRG SURSHUWLHV RI

RUWKRJRQDOLW\� V\PPHWU\� KLJK DSSUR[LPDWLRQ RUGHU DQG VKRUW

VXSSRUW� 7KH ILUVW PXOWL�ZDYHOHW FRQVWUXFWLRQ LV GXH WR $OSHUW >�@�

,Q >�@ D QHZ EDVHV IRU /� LV FRQVWUXFWHG XVLQJ U VFDOLQJ IXQFWLRQV

ZLWK DSSUR[LPDWLRQ RUGHU S U� 7KH DLP LQ >�@ ZDV WR REWDLQ D

EDVLV ZKLFK UHVXOWV LQ VSDUVH UHSUHVHQWDWLRQ IRU VHYHUDO NLQG RI

LQWHJUDO HTXDWLRQV� 7KH PHWKRG LQ >�@ UHOLHV RQ WKH *UDP�6FKPLGW

RUWKRJRQDOL]DWLRQ SURFHGXUH� ,Q WKLV ZRUN $OSHUW¶V PXOWL�

ZDYHOHWV DUH FRQVWUXFWHG XVLQJ DQ DOWHUQDWLYH PHWKRG� +HUH

DSSUR[LPDWLRQ RUGHU UHTXLUHPHQW LV IRUPXODWHG LQ D PDWUL[ IRUP

WKDW UHFRJQL]HV WKH JHQHUDOL]HG OHIW HLJHQYHFWRUV RI D SRUWLRQ RI

GRZQ�VDPSOHG FRQYROXWLRQ PDWUL[ + DV WKH FRHIILFLHQWV WKDW HQWHU

WKH OLQHDU FRPELQDWLRQ RI VFDOLQJ IXQFWLRQV ZKLFK SURGXFHV WKH

GHVLUHG VSOLQH� 7KLV FRQGLWLRQ LV WKHQ XVHG WRJHWKHU ZLWK

RUWKRJRQDOLW\ UHTXLUHPHQW WR FRQVWUXFW $OSHUW OLNH PXOWL�VFDOLQJ

IXQFWLRQV ZLWK VKRUW VXSSRUW DQG KLJK DSSUR[LPDWLRQ RUGHU� 7KH

SDSHU LV RUJDQL]HG DV IROORZV� ,Q VHFWLRQ ,, EDVLF GHILQLWLRQV RI

PXOWL�ZDYHOHWV DQG DSSUR[LPDWLRQ RUGHU DUH PDGH� )RU WKH PXOWL�

ZDYHOHW FDVH D PDWUL[ HTXDWLRQ LV IRUPXODWHG IRU WKH GHVLUHG

DSSUR[LPDWLRQ RUGHU EDVHG RQ WKH VXSHU IXQFWLRQ LGHD� ,Q VHFWLRQ

,,, $OSHUW PXOWL�VFDOLQJ IXQFWLRQV ZLWK PXOWLSOLFLW\ WZR� WKUHH DQG

IRXU DUH FRQVWUXFWHG� &RQFOXVLRQV DUH SUHVHQWHG LQ VHFWLRQ ,9�
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$ PXOWL�ZDYHOHW EDVLV LV FKDUDFWHUL]HG E\ U VFDOLQJ DQG U ZDYHOHW

IXQFWLRQV� +HUH U GHQRWHV WKH PXOWLSOLFLW\ LQ WKH YHFWRU VHWWLQJ

ZLWK U ! �� 0XOWL VFDOLQJ IXQFWLRQV VDWLVI\ WKH PDWUL[ GLODWLRQ

HTXDWLRQ RU WKH UHILQHPHQW HTXDWLRQ

( ) ( )∑ −Φ=Φ
N

N
NWFW � ���

6LPLODUO\ IRU WKH PXOWL�ZDYHOHWV WKH PDWUL[ GLODWLRQ HTXDWLRQ LV

JLYHQ E\
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��� −=Ψ ψψψ DQG FN

DQG GN DUH U E\ U UHDO PDWULFHV WKDW LWHUDWLYHO\ DQG ZLWK UHVFDOLQJ

GHILQH WKH VFDOLQJ DQG ZDYHOHW IXQFWLRQV UHVSHFWLYHO\� 7KH

VXSSRUW RI WKH PXOWL�VFDOLQJ RU ZDYHOHW IXQFWLRQV GHSHQGV RQ WKH

OHQJWK RI WKH PXOWL�ILOWHU FRHIILFLHQWV�

0XOWL�ZDYHOHWV DUH VDLG WR KDYH DSSUR[LPDWLRQ RUGHU S LI D OLQHDU

FRPELQDWLRQ RI WKH VFDOLQJ IXQFWLRQV FDQ UHSURGXFH SRO\QRPLDOV

XS WR GHJUHH S��� 7KHQ� WKH SRO\QRPLDOV XS WR GHJUHH S�� DUH LQ

WKH OLQHDU VSDQ RI WKH VFDOLQJ VSDFH VSDQQHG E\ WKH VKLIWV RI

VFDOLQJ IXQFWLRQV�

,Q RUGHU WR DFKLHYH WKH GHVLUHG DSSUR[LPDWLRQ RUGHU LQ WKH PXOWL�

ZDYHOHW FRQWH[W� LW LV SURSRVHG WKDW D ILQLWH OLQHDU FRPELQDWLRQ RI

VFDOLQJ IXQFWLRQV ZLOO EH DEOH WR UHSURGXFH WKH VXSHU IXQFWLRQ

ZLWK WKH GHVLUHG DSSUR[LPDWLRQ RUGHU� L�H��
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ZKHUH K>O@ LV WKH VHTXHQFH WKDW GHILQHV WKH VSOLQH DQG Q

N
D LV WKH

VHTXHQFH WKDW HQWHU WKH ILQLWH OLQHDU FRPELQDWLRQ� 7KH DERYH

HTXDWLRQ KDV WKH H[DFW IRUP RI D VFDODU GLODWLRQ HTXDWLRQ�

7KH OHIW KDQG VLGH LV WKH VFDOLQJ IXQFWLRQ I�W� DW RQH VFDOH DQG WKH

ULJKW KDQG VLGH LV WKH VFDOLQJ IXQFWLRQ DW WZLFH WKH VFDOH� +HUH
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7KH OLQHDU FRPELQDWLRQ PXVW SURGXFH WKH VSOLQH I�W� LQ WKH

LQWHUYDO ZKHUH LW LV VXSSRUWHG DQG PXVW JLYH ]HUR RXWVLGH WKDW

LQWHUYDO�

([SDQGLQJ WKH OHIW KDQG VLGH RI ��� XVLQJ WKH PDWUL[ GLODWLRQ

HTXDWLRQ DQG PDWFKLQJ WHUPV XVLQJ WKH ULJKW KDQG VLGH UHVXOWV LQ

WKH IROORZLQJ PDWUL[ HTXDWLRQ IRU WKH GHVLUHG DSSUR[LPDWLRQ

RUGHU�
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LGHQWLW\ PDWUL[ DQG +I DQG %I DUH ILQLWH SRUWLRQV RI WKH LQILQLWH

PDWULFHV + DQG % UHVSHFWLYHO\ DQG + DQG %
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,Q ���� RQO\ D ILQLWH SRUWLRQ RI PDWULFHV + DQG %� UHOHYDQW IRU WKH

GHVLUHG OHQJWK RI VFDOLQJ IXQFWLRQV DQG DSSUR[LPDWLRQ RUGHU� LV

FRQVLGHUHG� (TXDWLRQ ��� LV H[DFWO\ WKH JHQHUDOL]HG HLJHQYDOXH

SUREOHP� *HQHUDOL]HG OHIW HLJHQYHFWRUV [ GHWHUPLQH WKH

FRPELQDWLRQV RI PXOWL�VFDOLQJ IXQFWLRQV IRU ZKLFK WKH GHVLUHG

VSOLQH I�W� LV SURGXFHG� 7KLV LV VLPLODU WR WKH FRUUHVSRQGLQJ UHVXOW

LQ WKH VFDODU ZDYHOHW FDVH >��@ ZKHUH WKH OHIW HLJHQYHFWRUV RI WKH

LQILQLWH PDWUL[ + JLYH WKH FRPELQDWLRQV RI VFDOLQJ IXQFWLRQV IRU

ZKLFK SRO\QRPLDOV RI GHJUHH XS WR S�� DUH SURGXFHG�
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$OO $OSHUW¶V PXOWL�VFDOLQJ IXQFWLRQV RI PXOWLSOLFLW\ U OLYH RQ WKH

LQWHUYDO >� �@ DQG WKH\ KDYH DSSUR[LPDWLRQ RUGHU S  U� 7KH\ DUH

DOO GHILQHG E\ � U E\ U PDWUL[ FRHIILFLHQWV F� DQG F�� ,Q WKLV

VHFWLRQ WKH FRQVWUXFWLRQ RI $OSHUW¶V PXOWL�VFDOLQJ IXQFWLRQV DQG

ZDYHOHWV DUH SUHVHQWHG IRU U �� U �� U �� 7KH UHVXOWV DUH JLYHQ LQ

7DEOH ��

��� 0XOWLSOLFLW\ U  ��

7KLV FDVH LV FKDUDFWHUL]HG E\ WZR PXOWL�VFDOLQJ IXQFWLRQV φ��W�

DQG φ��W� ZKLFK DUH VXSSRUWHG RQ WKH LQWHUYDO >� �@� ,Q RUGHU WR

FRQVWUXFW φ� DQG φ� LW LV UHTXLUHG WKDW D OLQHDU FRPELQDWLRQ RI φ�

DQG φ� SURGXFH WKH +DW IXQFWLRQ� 7KLV UHTXLUHPHQW LV ZULWWHQ DV
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+DW IXQFWLRQ LV FKDUDFWHUL]HG E\ WKH VHTXHQFH K>O@ > ò � ò@� WKXV

HTXDWLRQ ��� FDQ EH H[SUHVVHG DV
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PDWUL[�

7KH RUWKRJRQDOLW\ RI PXOWL�VFDOLQJ IXQFWLRQV UHTXLUH
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6ROYLQJ ��� DQG ���� QXPHULFDOO\ SURYLGHV XV ZLWK D

SDUDPHWHUL]HG VHW RI VROXWLRQV� )LJ�� VKRZV WKH VFDOLQJ IXQFWLRQV

IRU PXOWLSOLFLW\ � FDVH� 0XOWL�ZDYHOHWV DUH FRQVWUXFWHG WR EH

RUWKRJRQDO WR WKH VFDOLQJ IXQFWLRQV DQG DUH GHSLFWHG LQ )LJ�� DV

ZHOO�

)LJ��� 6FDOLQJ DQG :DYHOHW IXQFWLRQV IRU U ��

$OSHUW¶V PXOWL�VFDOLQJ IXQFWLRQV ZLWK PXOWLSOLFLW\ � FDQ

LQWHUSRODWH OLQHDU IXQFWLRQV� ,Q RWKHU ZRUGV D OLQHDU FRPELQDWLRQ

RI PXOWL�VFDOLQJ IXQFWLRQV φ��W� DQG φ��W� FDQ SURGXFH WKH OLQHDU

IXQFWLRQV EHFDXVH WKH\ SURGXFH WKH +DW IXQFWLRQ DQG DQ\ OLQHDU

IXQFWLRQ FDQ EH SURGXFHG E\ DGGLQJ VKLIWHG YHUVLRQV RI WKH +DW

IXQFWLRQ�

��� 0XOWLSOLFLW\ U  ��

:KHQ WKH PXOWLSOLFLW\ LV �� WKH VSOLQH ZLWK DSSUR[LPDWLRQ RUGHU �

LV GHILQHG E\ WKH VHTXHQFH K>O@ > ó ô ô ó@� WKXV HTXDWLRQ ���

EHFRPHV
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)LJ� � VKRZV WKH VFDOLQJ IXQFWLRQV DQG ZDYHOHWV� 7KH PDWULFHV F�
DQG F� DQG YHFRUV [�� [� DQG [� DUH JLYHQ LQ 7DEOH ��

)LJ� � 6FDOLQJ DQG :DYHOHW IXQFWLRQV IRU U ��

��� 0XOWLSOLFLW\ U  ��

6LPLODUO\ ZKHQ WKH PXOWLSOLFLW\ LV �� HTXDWLRQ ��� FDQ EH

H[SUHVVHG DV
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)LJ��� 6FDOLQJ DQG :DYHOHW IXQFWLRQV IRU U ��

0 0.5 1 1.5 2 2.5 3 3.5

-3

-2.5

-2

-1.5

-1

-0.5

0

0.5

1

1.5

VFDOLQJ IXQFWLRQ ��

0 0.5 1 1.5 2 2.5 3 3.5

-3

-2

-1

0

1

2

3

4

ZDYHOHW IXQFWLRQ ��

0 0.5 1 1.5 2 2.5 3 3.5

-1

-0.5

0

0.5

1

1.5

2

2.5

3

3.5

4

VFDOLQJ IXQFWLRQ ��

0 0.5 1 1.5 2 2.5 3 3.5
-2

-1

0

1

2

3

ZDYHOHW IXQFWLRQ ��

0 0.5 1 1.5 2 2.5 3 3.5
0

0.5

1

1.5

2

VFDOLQJ IXQFWLRQ ��

0 0.5 1 1.5 2 2.5 3 3.5

-3

-2.5

-2

-1.5

-1

-0.5

0

0.5

1

1.5

2

ZDYHOHW IXQFWLRQ ��

0 0.5 1 1.5 2 2.5 3 3.5

-0.5

0

0.5

1

1.5

2

2.5

3

3.5

ZDYHOHW IXQFWLRQ��

0 0.5 1 1.5 2 2.5 3 3.5

-1

-0.5

0

0.5

1

1.5

VFDOLQJ IXQFWLRQ��

0 0.5 1 1.5 2 2.5 3 3.5

-0.5

0

0.5

1

1.5

2

2.5

3

VFDOLQJ IXQFWLRQ��

0 0.5 1 1.5 2 2.5 3 3.5

-3

-2

-1

0

1

2

ZDYHOHW IXQFWLRQ��

0 0.5 1 1.5 2 2.5 3 3.5

-1

-0.5

0

0.5

1

1.5

2

VFDOLQJIXQFWLRQ��

0 0.5 1 1.5 2 2.5 3 3.5

-1

-0.5

0

0.5

1

1.5

2

2.5

ZDYHOHW IXQFWLRQ��

0 0.5 1 1.5 2 2.5 3 3.5
0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

2

VFDOLQJIXQFWLRQ��

0 0.5 1 1.5 2 2.5 3 3.5

-2.5

-2

-1.5

-1

-0.5

0

0.5

1

1.5

ZDYHOHW IXQFWLRQ��



7DEOH �� &RHIILFLHQWV RI � $OSHUW�OLNH PXOWL�ZDYHOHWV�
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$ QHZ PHWKRG IRU FRQVWUXFWLQJ $OSHUW¶V PXOWL�ZDYHOHWV LV

SUHVHQWHG� (TXDWLRQV RI DSSUR[LPDWLRQ RUGHU DUH FDVW LQ D PDWUL[

IRUP WKDW IDFLOLWDWHV HDV\ FRPSXWDWLRQ RI WKH PXOWL�ILOWHU

FRHIILFLHQWV DQG UHFRJQL]HV JHQHUDOL]HG OHIW HLJHQYHFWRUV RI ILQLWH
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