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ABSTRACT

We study multiuser detection for synchronous DS-CDMA
system in a flat Rayleigh fading channel. An approximate
MMSE detector which is independent of the magnitude of
the received signal is proposed. This detector is not only
easier to implement but also easier to analyze than the exact
MMSE detector. This is especially true for the case em-
ploying ML sequences. In this case we have developed a
closed form expression for its performance. Numerical sim-
ulations for CDMA systems employing ML and random se-
quences are provided. These results demonstrate that the
performance difference between the exact and approximate
MMSE algorithms is very small which makes the later a
very good approximation.

1. INTRODUCTION
Communication systems employing code division multiple
access (CDMA) have received considerable attention over
the past decade. Several suboptimum and lower complex-
ity multiuser detection algorithms for DS-CDMA have been
proposed. Analytical and numerical evidence has illustrated
that these algorithms work very well in an additive Gaussian
noise channels [1]. Compared with the numerous studies
on multiuser detection in Gaussian channel, the studies on
multiuser detection in the presence of Rayleigh fading are
rather rare [2, 3, 4]. None of these previous studies analyze
the bit error rate (BER) of the minimum mean square er-
ror (MMSE) detector. In this paper, we investigate MMSE
multiuser detection and propose a new and simple approx-
imate MMSE algorithm. The proposed algorithm provides
considerable complexity reduction. It can also be useful for
performance analysis of the exact MMSE detector.

This paper is organized as follows. In Section 2, an
overview of the multiuser CDMA system and Rayleigh fad-
ing channel model is given. The MMSE detector is con-
sidered and an approximate algorithm relying only on the
phase of the received signal is proposed in Section 3. In Sec-
tion 4, the performance analysis of the approximate MMSE
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algorithm is provided. Numerical simulations which illus-
trate our analysis are presented in Section 5. Conclusions
appear in Section 6.

2. PROBLEM FORMULATION

A K-user synchronous CDMA system is modeled as [1]

y(t) =
KX
k=1

Akbksk(t) + �n(t); t 2 [0; T ]; (1)

where T is the bit interval, y(t) is the received signal, Ak

is the complex received amplitude of the kth user’s signal,
bk 2 f�1; 1g is the bit transmitted by the kth user, sk(t)
is the deterministic signature waveform assigned to the kth

user which is normalized so as to have unit energy, n(t) is
white Gaussian noise and � is the standard deviation of the
noise.

One way of converting the received signal into a discrete
time process is by first passing it through a bank of matched
filters, each matched to the signature waveform of a differ-
ent user, and then sampling the outputs of this matched filter
bank at the end of each bit interval. It can be shown that for
the model in (1) the vector of samples is a sufficient statistic
and no performance loss is caused by this sampling proce-
dure [1]. Let yk denote the output of the filter matched to
the kth user and y = (y1; : : : ; yK)T , then

y = RAb+ n; (2)

whereR is the K�K crosscorrelation matrix with the k�
jth entry �kj =

R T
0
sk(t)s

�
j (t)dt, A = diag[A1; : : : ; AK ],

b = (b1; : : : ; bK)T and n = (n1; : : : ; nK)T with nk =R T
0
n(t)s�k(t)dt. In (2) n is a complex Gaussian vector with

zero mean and covariance matrix equal to 2�2R and its real
and imaginary components are independent.

Assuming the standard flat Rayleigh fading model, the
real and imaginary components of Ak are also independent
zero-mean Gaussian random variables so that the phase of
Ak , 6 Ak, is uniformly distributed on [0; 2�] while the mag-
nitude of Ak, jAkj, has the Rayleigh probability density



function

fjAkj(r) =

�
r
Aexp(�

r2

2A2 ) r � 0;
0 r < 0;

(3)

where A2 is referred to as the energy of the received signal.
We define the signal-to-noise ratio (SNR) as

SNR = 10log10(
A2

�2
):

In the following section we will describe MMSE multiuser
detection algorithms and for simplicity we assumeR and A
are known to the receiver and A1; : : : ; Ak are independent.

3. MMSE MULTIUSER DETECTION
The MMSE detector can be found from optimum linear es-
timation theory by choosing the K � K matrix M that
achieves

min
M2RK�K

E[kAb�Myk2]:

It has been shown that the MMSE detector should make de-
cisions according to the rule [5]

b̂ = sgn(RefA�Myg); (4)

where

M = [R+ 2�2(AA�)�1]�1: (5)

Conventional coherent receivers ultimately obtain 6 Ak

through carrier recovery and timing synchronization tech-
niques [6]. But the decision rule for the MMSE detector in
(4) also requires the knowledge of jAk j. Thus estimation of
jAkj is necessary for the exact MMSE detector. Estimation
methods which use training sequences reduces transmission
efficiency and increases the necessary processing [7].

Since the sign of the real component will be invariant
to the magnitude of the variable, it follows that only the
calculation ofM in (4) requires the knowledge of jAkj. We
suggest replacing AA� with its average value 2A2I in (5),
where I is the identity matrix. Thus our proposed algorithm
approximatesM as

M = (R+ �2A�2I)�1: (6)

Obviously the approximate MMSE detector is easier to
implement. Since R and A are known, the matrix M need
to be calculated only once. Its complexity is also lower.
Further, the algorithm should be more robust to poor es-
timates. Later in this paper, we will show that the approxi-
mate MMSE detector can achieve performance very close to
the exact MMSE detector and much better than the single-
user matched filter (MF) and the decorrelator.

4. PERFORMANCE ANALYSIS
The single-user MF makes decisions directly as

b̂ = sgn(RefA�yg):

From (3.61) and (3.66) in [1], the BER of the single-user
MF is

Pe;k = E

�
Q

�
jAkj

�k
+
X
j 6=k

RefAjg�kj
�k

��

= E

�
Q

�
jAk jq

�2k +A2
P

j 6=k �
2
kj

��

=

Z 1

0

r

A
exp(�

r2

2A2
)Q

�
rq

�2k +A2
P

j 6=k �
2
kj

�
dr

=
1

2

0
@1�

1q
1 +

�2
k

A2 +
P

j 6=k �
2
kj

1
A : (7)

All linear multiuser detectors, including the exact and
approximate MMSE detector, can be formulated as

~yk = (My)k

= ~Akbk +
X
j 6=k

~Ajbj + ~nk

= ~Akbk +
X
j 6=k

j ~Ak j

j ~Aj j
~Ajbj ~�kj + ~nk; (8)

where ~Aj =(MR)kjAj , ~�kj = j ~Aj j=j ~Akj, ~nk�N (0; 2~�2k)

and ~�k = �(MHRM)
1=2
kk . Comparing ~yk from (8) with yk

from (2), we notice that the two equations have exactly the
same form and all corresponding variables have the same
type of distribution. Thus the formula for the BER of the
single-user MF in (7) can be used to calculate the BER of
the approximate MMSE detector by replacing �kj with ~�kj
and �k with ~�k .

In the general case it appears difficult to determine the
expression for ~�kj and ~�k. For a DS-CDMA system with
K users each employing a maximal-length (ML) sequence
of length N as its signature waveform, it is easy to prove
that R = IK(1;�1=N) where IK(�; �) denotes a K �K
matrix with diagonal elements all equal to � and other ele-
ments all equal to �. In the case of the approximate MMSE
detector,

M = (R+ �2A�2I)�1

= IK

�
1 + �2

A2 �
K�2
N

(1 + �2

A2 )2 � (1 + �2

A2 )
K�2
N � K�1

N2

;

1
N

(1 + �2

A2 )2 � (1 + �2

A2 )
K�2
N � K�1

N2

�
:



Using (7) and property of the matrix IK(�; �), after some
algebra we obtain a closed-form formula for the BER of
the approximate MMSE detector which is presented in (11).
Compared with the BER formulas given in [1], we see in
fact both the single-user MF and the decorrelator are limit-
ing cases of the approximate MMSE detector. When � !
1, the approximate MMSE detector approaches the single-
user MF. When � ! 0, the approximate MMSE detector
approaches the decorrelator.

The asymptotic efficiency is another useful performance
measure which is defined as [2]

� = lim
�!0

�2

A2[1=(1� 2Pe)2 � 1]
: (9)

From its definition, the asymptotic efficiency is only good
for the high SNR region. It measures the relative energy
that a multiuser system would require to achieve BER equal
to that in the ideal system employing orthogonal signature
waveforms with the same background noise. Immediately
we conclude that for the ideal system employing orthogonal
signature waveforms � = 1.

Now for the approximate MMSE detector, when � ! 0,
(11) yields

� =
(N + 1)(N �K + 1)

N(N �K + 2)
: (10)

In the special case of N = K, we have � = (N + 1)=2N .
If N is large, then � � 0:5. This result implies that there
is always a 3dB gap between the performance of the ap-
proximate MMSE detector and the ideal performance when
K=N = 1. However, we can show that this gap decreases
very fast as K decreases. Thus for large N , the approx-
imate MMSE detector can achieve near-optimum perfor-
mance even if K=N is very close to 1.

5. SIMULATION RESULTS
In this section, we investigate the performance of the pro-
posed approximate MMSE algorithm using numerical sim-
ulations. A slowly varying, flat Rayleigh fading channel
is consiered here. The bandwidth efficiency of DS-CDMA
system is defined as the ratio of number of users to length
of spreading sequence, K=N . All presented results are cal-
culated on the basis of 1,000,000 Monte Carlo trials.

First we will investigate CDMA systems employing ML
sequences. Figure 1 examines our formula for the BER of
the proposed approximate MMSE algorithm. In this figure,

Pe;k =
1

2

0
BBBB@1�

1s
1 + �2

A2

(1+ �2

A2
�K�2

N
)2�(1+ 2�2

A2
�K�2

N
)K�1
N2

(1+ �2

A2
�K�2

N
�K�1

N2
)2

+ K�1
N2

�
�2

A2

1+ �2

A2
�K�2

N
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�2

1
CCCCA : (11)
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Fig. 1. Comparison between Monte Carlo and evaluation
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Fig. 2. Performance for ML sequence CDMA (I)

the curves obtained from Monte Carlo simulations and the
curves obtained by evaluating the formula previously pre-
sented in (11) are visually indistinguishable. This example
gives us confidence in the correctness of (11). Figure 2 com-
pares the performance of the exact and approximate MMSE
detectors with different values of N , while fixing the band-
width efficiencyK=N to be 1. Our results show that the per-
formance of the approximate MMSE detector is very close
to the performance of the exact MMSE detector in all cases.
Now we fix N and vary K, i.e. vary the bandwidth effi-
ciency K=N . Figure 3 and 4 compare the performance of
the single-user MF, the decorrelator, the approximate and
exact MMSE detector. The performance of an ideal CDMA
system employing orthogonal signature waveforms is also
presented as a reference. From these figures, we observe
that, again in all cases, the approximate MMSE detector
achieves performance very close to the exact MMSE de-
tector and outperforms the other two linear multiuser algo-
rithms. Further, as expected, in the low SNR region the
performance of both the approximate and exact MMSE ap-
proach that of the single-user MF. In the high SNR region
the performance of both the approximate and exact MMSE
approach that of the decorrelator.
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Fig. 3. Performance for ML sequence CDMA (II)

0 2 4 6 8 10 12 14 16 18 20
10

−3

10
−2

10
−1

10
0

SNR (dB)

Pe
,k 

− 
BE

R

N=31, K=30

Orthogonal      
Single−user MF  
Decorrelator    
Approximate MMSE
Exact MMSE      

Fig. 4. Performance for ML sequence CDMA (III)

Some practical CDMA systems, such as IS-95, employ
very long PN sequences. However, no attempt is made to
design signature waveforms with low crosscorrelation, and
the long period enable the approximation of randomly se-
lected sequences for the purposes of analysis.

Next, we will investigate CDMA systems employing
random sequences. All results are obtained by averaging the
performance of 100 different realizations of the crosscorre-
lation matrix R. Figure 5 and 6 compare the performance
of various linear multiuser algorithms in this case. All our
conclusions drawn from Figure 3 and 4 still hold in these
figures. These results indicate that the accuracy of approxi-
mation for the proposed algorithm is still satisfying.

Figure 1 through 6 are representative of many cases we
have tried. All these cases suggest that the proposed al-
gorithm provides a very good approximation to the exact
MMSE detector.

6. CONCLUSIONS
In this paper, we have formulated and analyzed the problem
of multiuser reception for synchronous DS-CDMA system
in a flat Rayleigh fading channel. We propose an approxi-
mate MMSE multiuser detection algorithm. The proposed
algorithm has lower complexity and is more robust to poor
estimates. In the context of employing ML sequences, we
develop a closed form expression for the BER of this algo-
rithm and use it to analyze the asymptotic efficiency. The
BER of the approximate MMSE detector employing ML
and random sequences is also investigated using numerical
methods. We show that it can achieve performance very
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Fig. 5. Performance for random sequence CDMA (I)
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Fig. 6. Performance for random sequence CDMA (II)

close to the exact MMSE detector and much better than the
single-user MF and the decorrelator.
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