
JOINTLY OPTIMAL DOWNLINK BEAMFORMING AND BASE STATION ASSIGNMENT

Mats Bengtsson

Signal Processing, S3,
Royal Institute of Technology (KTH)

100 44 Stockholm, SWEDEN
Tel: +46 8 790 84 63, fax: +46 8 790 72 60

Email: matsb@s3.kth.se

ABSTRACT

We present an algorithm that jointly determines the optimal
downlink beamformers and the optimal assignment of each
mobile to a base station. The optimality criterion is based on
a systems perspective; provide sufficient quality of service
for all users, transmitting as little excess power as possible.
Since the algorithm is centralized and requires knowledge
about all the channels in the system, it may be infeasible in
a practical implementation. However, it provides the ulti-
mate benchmark in system evaluations. Numerical exam-
ples show substantial gain compared to ordinary base sta-
tion assignment.

1. INTRODUCTION

Uplink beamforming is a well-established field with a large
literature available describing algorithms and performance
analysis. Downlink beamforming in a communications sys-
tem, on the other hand, has only received any major atten-
tion during the last years. Different methods were suggested
in, for example, [1, 2, 3, 4] but the problem of optimal down-
link beamforming, as formulated in [5] was first solved by
Rashid-Farrokhi et.al. [6] who presented a generalization
of the standard power control algorithm which always will
converge to the optimal solution if the problem is feasible.
A similar algorithm was derived independently in [7] and
an alternative algorithm based on semidefinite optimization
was presented in [8, 9].

For the problem of assigning each mobile to a base sta-
tion, an algorithm is presented in [10] for uplink commu-
nication which jointly determines the optimal uplink beam-
formers at the base station, the power control of each mo-
bile and the base station assignment. Again, the algorithm
is based on a corresponding algorithm for single-antenna
systems [11]. When it comes to jointly optimal downlink
beamforming and base station assignment, no general so-
lution has been presented, to our knowledge, even for the
case of single-antenna base stations. In [12], it is shown

that the problem is not Pareto optimal, i.e., the assignment
that is best for the system is not necessarily the best for each
individual link.

Here, we will present algorithms to determine the jointly
optimal downlink beamformers and assignment of mobiles
to base stations, for a set of co-channel users. The algorithm
is based on global knowledge about the channels from all
base stations to all mobiles. In a Frequency Duplex Divi-
sion (FDD) system, the uplink and the downlink channels
will typically fade independently which means that the in-
stantaneous downlink channel can never be estimated from
uplink measurements. However, it may still be reasonable to
estimate the second-order statistics of the fast fading of the
downlink channel based on uplink measurements averaged
over the fast fading. Several methods have been proposed
to compensate for the frequency offset between the uplink
and downlink channels, see for example [4, 13, 14] and will
not be described further here. The resulting solution will
optimize the average performance over the fast fading.

We first review the solutions for optimal downlink beam-
forming with a given base station assignment and then show
how to extend the methods to provide also the optimal as-
signment. Finally, we present some numerical examples and
conclusions.

2. MODEL AND NOTATION

We consider a system where a number of co-channel mo-
bile users are served by one or more base stations and each
base station is equipped with an antenna array. We will de-
sign the beamformers assuming a stationary scenario where
the fast (Rayleigh) fading is described by its second order
properties. We also assume narrow-band signals without
any time dispersion, i.e., the channel fading is frequency
flat. The model can easily be extended to frequency selec-
tive channels, taking both co-channel interference and inter-
symbol interference into account, see [6, 14].

In the baseband, the signal received by the ith mobile,



ri(t), is given by

ri(t) =
K

∑

k=1

h∗i,kxk(t) + ni(t) , (1)

where (·)∗ denotes Hermitian vector transpose. Here, xk(t)
is the complex valued m × 1 vector of the baseband sig-
nals transmitted at the antenna elements of base station k,
ni(t) is zero mean white complex noise with variance σ2

i .
The channel from base station k to mobile i is given by the
random complex valued vector hi,k with correlation matrix

Ri,k = E[hi,kh
∗
i,k] . (2)

In the special case of line of sight transmission, Ri,k =
hi,kh

∗
i,k, where hi,k is a deterministic array response vec-

tor, but in general, Ri,k can have any rank because of spec-
ular or diffuse multi-path propagation.

Each mobile is assigned to one base station and κi is
used to denote the base station assigned for mobile i. Con-
versely, I(k) = {i|κi = k} denotes the indices of the set of
mobiles assigned to base k.

The signal transmitted at base k is given by

xk(t) =
∑

i∈I(k)

wisi(t) , (3)

where si(t) is the scalar modulated data sequence intended
for user i and wi is the beamforming weight vector for
transmission from base κi to mobile i. For simplicity we
assume that all si(t) are uncorrelated and have the same
normalized power E[|si(t)|2] = 1.

3. OPTIMAL DOWNLINK BEAMFORMING

We first consider the design of the beamformers wi given
estimates of all Ri,k and σ2

i for a given assignment κi. The
goal is to minimize to total transmitted power

P =

d
∑

i=1

‖wi‖2 (4)

while maintaining an acceptable quality of service (QoS)
for all users. The QoS requirement is specified in terms of a
lower threshold, SINRi ≥ γi, of the received SINR at each
mobile. This gives the following optimization problem

min

d
∑

i=1

‖wi‖2

s.t.
w∗

i Riwi
∑

n6=i w
∗
nRi,κn

wn + σ2
i

≥ γi, i = 1, . . . , d ,

(5)

or equivalently,

min
d

∑

i=1

w∗
i wi

s.t. w∗
i Riwi − γi

∑

n6=i

w∗
nRi,κn

wn ≥ γiσ
2
i , i = 1, . . . , d .

(6)

It is easy to show that all constraints must be active at the
optimum [7], thus the inequality in (6) can be replaced by
an equality.

In [6], it is (implicitly) shown that the solutions of (6)
and of the following problem,

min
ui,ρi

d
∑

n=1

ρn

s.t.
u∗i ρiRi,κi

ui

u∗i (
∑

n6=i ρnγnRn,κi
+ I)ui

≥ 1

‖ui‖2 = 1 ,

(7)

are related by wi =
√

piui for some power levels pi. The
values of pi can be determined uniquely from a linear sys-
tem of equations that gives equality in all the constraints
of (6). Note that (7) has exactly the same form as an uplink
beamforming problem to determine the optimal receiving
beamformers ui at the base stations and power levels ρi at
the mobiles. However, since the true uplink problem for the
system differs from (7), it is called the virtual uplink prob-
lem. In [10], it is shown that such an uplink problem has a
unique solution which can be determined using an extended
power control loop, which in each iteration finds the optimal
beamformers given the power levels and then makes a stan-
dard power control update to improve the power levels. Just
as the standard power control loop, the algorithm can be im-
plemented in a distributed fashion, where each base station
updates its own beamformers and informs the correspond-
ing mobiles based only on information available locally at
the base station. This algorithm can be applied to the virtual
uplink problem (although not in a distributed implementa-
tion) and will, followed by downlink power control, provide
the optimal solution of (5), see [6].

4. BEAMFORMING AND BASE STATION
ASSIGNMENT

The algorithm for jointly optimal downlink beamforming
and assignment of mobiles to base stations can be derived
in several ways. The goal is to optimize (5) not only over
the beamforming vectors wi but also over the assignment
κi. A conceptually interesting route is to relax the problem
and allow for all base stations to transmit to all the mobiles



at the same time. In other words, we view all the base sta-
tion arrays as part of a single giant base station antenna ar-
ray that transmits to all the co-channel users. However, we
do not allow for coherent transmission from different base
stations. This can be included into the model by setting
E[hi,k1

h∗i,k2
] = 0 for all k1 6= k2. Note that the desired sce-

nario, where each mobile is served by a single base station
is included in this extended model as a special case. The op-
timal downlink beamformers wi = [wT

i,1, . . . ,w
T
i,K ]T from

this single giant base station can be found by solving (5) for
the single base station case with the channel correlation ma-
trix, from the giant combined base station to all the mobiles,
given by

Ri =













Ri,1 0 . . . 0

0 Ri,2
. . .

...
...

. . .
. . . 0

0 . . . 0 Ri,d













. (8)

Analyzing the algorithm of [6], it turns out that there is
no need to implement and store all the zeros of (8). Also,
it turns out that for each signal i, only one of the wi,k is
non-zero. The interesting conclusion is that even with this
relaxed scenario which allows every base station to commu-
nicate with each mobile, the optimal solution is actually to
assign each mobile to a single base station (κi = the k index
of the non-zero wi,k) and use the beamformer wi = wi,κi

.
The resulting algorithm can be summarized in the following
steps (index t is here used as an iteration counter, not to be
confused with any time index of the channel samples).

1. Initialize ρi(1) = 1 for i = 1, 2, . . . , d (or use some
other non-negative initial value).

2. For t = 1, 2, . . . until convergence, iterate the follow-
ing steps

Update of candidate optimal beamformers: For each
i = 1, 2, . . . , d and k = 1, 2, . . . , K, find

µi,k = max
‖u‖=1

ρi(t)u
∗Ri,ku

u∗(
∑

n6=i ρn(t)γnRn,k + I)u

(9)

and call the corresponding vector ui,k.

Assignment update: For each i = 1, 2, . . . , d,

κi = arg max
1≤k≤K

µi,k

Power control update: Let

ρi(t + 1) =
γi

µi,κi

ρi(t)
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Fig. 1. Maximum number of co-channel users in the system
for different QoS requirements and downlink strategies.

3. After convergence,

η = [γ1σ
2
1 , . . . , γdσ

2
d]T (10)

[F]i,n =

{

u∗i,κi
Riui,κi

i = n

−γiu
∗
n,κn

Riκn
un,κn

i 6= n .
(11)

p = F−1
η (12)

wi =
√

[p]i ui,κi
(13)

Note that the maximum µi,k and ui,k in (9) are given by
the maximum eigenvalue and the corresponding eigenvalue,
respectively, of the generalized eigenvalue problem

ρi(t)Ri,kui,k = µi





∑

n6=i

ρn(t)γnRn,k + I



ui,k . (14)

The first two steps of the algorithm are identical to the
uplink algorithm for joint beamforming, power control and
base assignment from [10], applied to the virtual uplink
problem (7). Of course, this observation could be used di-
rectly to derive our algorithm. An alternative algorithm,
with larger flexibility to handle additional constraints, can
be derived based on the semidefinite programming down-
link algorithm of [9, 8], using the same relaxation principle.

5. NUMERICAL EXAMPLES

With a small simulated scenario, we illustrate the type of
results that could be obtained in terms of system perfor-
mance. The setup is a narrowband system with 4 base sta-
tions, each equipped with an 8 element uniform circular ar-
ray with a radius of one wavelength. We try to add as many



co-channel users as possible, maintaining a specific QoS
level (SINR ≥ γ) for all users. Each mobile is placed at
random in the area and the propagation is affected by log-
normal shadow fading and diffuse multipath scattering. The
following four strategies were compared:

1. Jointly optimal beamforming and base station assign-
ment.

2. Optimal beamforming but a fixed assignment, where
each terminal is assigned to the base station with the
highest path gain.

3. A decentralized interference suppressing beamformer
similar to the one in [3, 15, 4] combined with standard
power control, using the same fixed assignment.

4. Conventional beamforming without interference sup-
pression, using the same assignment and standard power
control.

Figure 1 shows that maximum number of users that could
be admitted to the system, providing all users with the re-
quired SINR level, for the different strategies and for differ-
ent SINR requirements. The results in the figure are aver-
aged over 300 random scenarios.

The additional gain of the optimal assignment was 12–
20% in this experiment and may be even higher in other situ-
ations. The decentralized beamforming algorithm provides
almost the same performance as the optimal beamformer
but the results are sensitive to the choice of a regulariza-
tion parameter, see [14]. During the experiments, we made
the interesting observation that the optimal assignment may
change with the SINR requirement, γi.

6. CONCLUSIONS

We have presented a new algorithm that determines the op-
timal assignment of mobiles to base station and downlink
beamformers at the base stations, for a set of co-channel
users. Even though the optimization problem involves both
combinatorial and non-convex quadratic constraints, it can
be solved efficiently. Several different algorithms can be
used, but because of the limited space, we presented one
specific algorithm based on the previous work by Rashid-
Farrokhi at.al. [6, 10] and outlined how to extend any down-
link beamforming algorithm to provide also the optimal as-
signment.

The solution requires global knowledge about all chan-
nels involved in the system (at least the second order statis-
tics of the fast fading for each channel) and may for that rea-
son be primarily of interest as a benchmark in system simu-
lations. The gain compared to other assignment schemes
may be significant and an interesting topic for future re-
search is to find decentralized base station assignment schemes
that can approach the optimal solution.
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