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ABSTRACT
Selectinga time-frequency distribution (TFD) which repre-

sentsa signal in an optimal way is commonlydoneby visually
comparingplots of differentTFDs. This paperpresentsa proce-
durethatallows the analystto performthe sametaskin an auto-
matic way. Using the resolutionperformancemeasurefor TFDs,
the procedureoptimisesall distributions consideredand selects
the one which resultsinto best concentrationof signal compo-
nentsaroundtheir instantaneousfrequency laws, aswell asbest
suppressionof theinterferencetermsin thetime-frequency plane.
To do this requiresto definea methodologyto measurethe time-
frequency characteristicsof a signalfrom its optimalTFD. An al-
gorithmwhich implementsthis methodologyis describedandre-
sultsarepresented.

1. INTRODUCTION

It is known thatthemajority of real-lifesignalsarenon-stationary
and multicomponent[1]. Their representationin either time or
frequency cannot revealthesesignalcharacteristics,at leastnot in
aneasyto understandway.

To illustratethis point, let usconsidera whalesignalin time
(Figure1) andfrequency (Figure2). The time representationof
thewhalesignalshowshow theamplitudeof thesignalvarieswith
time, while the frequency representationindicateswhat frequen-
ciesarepresentin thesignalandwhat their relative strengthsare.
However, noneof the two representationsis capableof provid-
ing uswith any sortof informationaboutthenatureof thesignal
componentsnor their behaviour with respectto timeor frequency.
Theseareconsideredto beimportantfeaturesof asignalsince,for
example,they allow a deeperinsight into theorigin of the signal
andcharacteristicsof thepropagationmedium.

The limitations of the classicalsignalanalysistools inspired
researchersto look for new toolswhich would allow boththerep-
resentationandanalysisof non-stationarysignals(signalswhose
spectrumis a functionof time) to becarriedout in a moresophis-
ticatedmanner. Oneof the mostpopularandusedof thesetools
is thetime-frequency signalanalysis(TFSA). TFSA is capableof
preservingall informationaboutthe signalanddisplayingthem,
usingtime-frequency distributions(TFDs), in a relatively simple
way.

Currently in the literature,one can find dozensof TFDs to
choosefrom whensearchingfor a TFD to representasignalin the
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Figure2: Magnitudespectrumof thewhalesignal

joint time-frequency domain.Thelargenumberof time-frequency
distributionsgivesalot of flexibility to theanalystin his(her)choice,
but it alsocreatesaproblemof its own: WhichTFD is theabsolute
bestfor thegivensignal?

In Figure3 we plottedthe whalesignal,whosetime andfre-
quency representationsaregiven in Figures1 and2 respectively,
usingseveralpopularTFDs[2, 3, 4,5]: thespectrogram,theWigner-
Ville distribution (WVD), theChoi-Williams distribution (CWD),
andtheZhao-Atlas-Marksdistribution(ZAMD).

So,how do we saywhich of thesedistributionsis best?Com-
monpracticeis to visually comparetheabove plots,andbasedon
onesown impressionsof themchoosethebestone.Clearlythis is
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(a)Spectrogram
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(b) WVD
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(c) Choi-Williams dist.
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(d) Zhao-Atlas-Marksdist.

Figure3: TFDsof thewhalesignal

a very subjective proceduresincewhat looksgoodto oneperson,
maynotbeacceptableto another. Theansweralsolargelydepends
on what featuresof thesignalwe areinterestedin obtainingfrom
its time-frequency representations.

To avoid thisconfusionwhenselectinganoptimalTFD for the
givenapplication,we definein this papera generalisedandobjec-
tive procedureto evaluatetheperformanceof TFDsandselectthe
onewhich allows thebestextractionof thesignaltime-frequency
characteristics.

2. SELECTING AN OPTIMAL TFD FOR EXTRACTING
TIME-FREQUENCY FEATURES OF A SIGNAL

2.1. The Methodology

In orderto defineamethodologyfor extractionof signalproperties
from its optimaltime-frequency representation,we needto:

1. Definea set of criteria of what information we expectto
gain from a TFD: What an analystis interestedin getting
from thesignaltime-frequency representationsis informa-
tion about the numberof components,their relative am-
plitudes(henceallowing extractionof theenergy informa-
tion), andcomponents(frequency) modulationlaws.1 This
requiresa TFD to have signal componentswell concen-
tratedaroundtheir respective IFs andwell separatedfrom
eachother (small componentssidelobesand small cross-
terms).

2. Definea way to objectivelymeasure the performanceof
time-frequencydistributionsbasedon thesecriteria: One

1TFSA is known to be especiallyuseful when analysingfrequency
modulatedasymptoticsignals,with amplitudeeitherslowly varyingor be-
ing constant[1].

suchmeasurewasdefinedin [6] andit wasfurther refined
(normalised)in [7]. This measure,

�
, favoursTFDswhich

resultinto componentsof goodconcentrationandgoodres-
olution. So, for a slice of TFD taken at the time instant�������

, thedistribution resolutionperformancemeasureis
definedas[7]:
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aretheaverageamplitudesof the
mainlobes,sidelobesandcross-terms,respectively, of any
two consecutive componentsof themulticomponentsignal,
and � ����� � � �"!$#�%'& � ��()!"	*(+�,#.- is thecomponentsrelative
frequency separation(

�"/
and

()/
, 0 �1�32 �

, arethe instan-
taneousbandwidthandthe instantaneousfrequency of the05476 component).How we actuallymeasureeachof these
parametersis explainedin Section2.2.

Large valuesof
�

, closeto 1, correspondto a good per-
forming TFD, while small

�
(close to 0) indicatespoor

performance.

3. Before the comparison,optimiseeach TFD to match the
chosencriteria ascloseaspossible: Theoptimisationpro-
cedurefor any TFD with parameter8 , say, (e.g.CWD with
parameter9 ) consistsof thefollowing steps.First,wehave
to choosean initial valuefor 8 , usuallythesmallestvalue
theparametercantake,andcalculatetheTFD for thegiven
signal.For eachtimeinstant,wetakeasliceof theTFD (in-
stantaneousspectrum)andfind
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and � , which
arethencombinedusingequation(1) to give the valueof
the performancemeasure

�
for the particularslice of the

TFD. Notethat in orderto obtainthe frequency separation
betweenthe signal components( � ), we have to find the
frequenciescorrespondingto thecomponentspeaksandthe
peaksinstantaneousbandwidths.This will allow us to re-
constructthe IF law of eachcomponentby combiningthe
centresof thepeaksfor a rangeof distributionslicestaken.

Onceall instantaneousmeasures
�

areobtained,they are
combinedinto the overall measure,

�;:=<?>A@�B$CDC
, of the TFD

for the given value of 8 . Sincein real life we deal with
noisysignals,in orderto minimisetheeffect of theoutliers
on

�;:=<?>A@�B$CDC
, theoverall measureis taken to be themedian

of theinstantaneousmeasures.

The above procedureis repeatedfor the next valueof the
parameter8 . An incrementin 8 shouldbeneithertoosmall
(long computationtime), nor too large (mayskip theopti-
mal valueof 8 ). A morerefinedsearchcanbedoneat the
later stage,after the initial optimal value of the smooth-
ing parameteris found;thevalueof 8 resultinginto largest�;:=<?>E@FBGCDC

. ForTFDswhoseparametershavenoupperbounds,
once

�;:=<,>A@�B$CDC
startsto decreasecontinuously, theoptimisa-

tion is stopped.

4. Quantitativelycompare different TFDs and selectthe op-
timal one: Whenall TFDs usedto representa given sig-
nal areoptimised,they canbeeasilycomparedusingtheir�;:=<?>E@FBGCDC

s. A TFD which resultsinto the largestvalue of�;:=<?>E@FBGCDC
shouldbeselectedasoptimal for representingthe

signalcharacteristicsin thejoint time-frequency domain.



2.2. The Signal Parameters Measurement Algorithm

Thealgorithmusedto measuretheparametersof two consecutive
components(with equalamplitudes)of a multicomponentsignal
TFD slice to obtaintheinstantaneousvalueof

�
is describedbe-

low.

1. For a give signal H �I�F# calculateits TFD, J �I�,2=("# , with pa-
rameter8

2. Take a slice, J 4IK �I�?2=("# , of J �I�?2�("# at time
�L�M���

3. NormaliseJ 4IK �I�,2=("# suchthatit hastheabsolutemaximum
equalto 1

4. Determinethethreelargestmaxima(peaks)of J 4IK �I�?2=("#
5. The cross-termis locatedbetweenthe auto-terms,so ini-

tially setthemiddlepeakto bethecross-term

6. By makingsurethattheratiobetweentheamplitudesof re-
mainingtwo peaksis closeto 1, andthat the peakchosen
asthecross-termsis closeto themiddlepoint betweenthe
centresof the other two peaks,we checkwhetherour as-
sumptionin the previous stepis correct. If not, selectthe
two largestpeaksof J 4NK �I�,2=("# astheauto-terms,andtheex-
tremum(maximumor minimum)locatedhalf-waybetween
theseauto-termsIFs (centresof their peaks)as the cross-
term

7. Oncetheauto-termsandthecross-termlocationsaredeter-
mined,we canmeasuretheir amplitudes.The averageof
theamplitudesof auto-termsis


��
in equation(1), while

theamplitudeof thecross-termis

��

8. Wethenmeasurethermsbandwidths(at O 0.71of thepeak
amplitude)of theauto-terms,andcheckwhetherthecom-
ponentsareresolved: If thevaluecorrespondingto thesum
of the centreof the first componentpeak(the component
IF) andthehalf of its bandwidthis lessthanor equalto the
differencebetweentheIF of thesecondcomponentandthe
half of its bandwidth,thetwo componentsareresolved.For
theresolvedcomponentswetake theaverageof theirband-
widths, anddivide this averageby the differencebetween
theauto-termsIFs. Theobtainedquantityis theparameter� in equation(1)

9. Identify theouterextremaof theauto-terms(to theleft from
the first componentandto the right from the secondone)
with largest amplitudesas the components“outer” side-
lobes; theseare the componentssidelobesif thereare no
extremabetweentheauto-termsandthecross-term.Other-
wise,find thelargest“inner” sidelobesfor eachcomponent
(now searchingfrom the componentstowards the cross-
term). The larger of the “inner” and “outer” sidelobesis
chosenasthe componentsidelobe,andthe averageof the
componentssidelobesis


��
in equation(1)

10. Once

 �

,

��

,

��

and � have beenmeasured,they are
combined,usingequation(1), into the instantaneousvalue
of theperformancemeasure

�
10 a) By repeatingtheabove stepsfor a rangeof time in-

stants,we obtaina setof instantaneousvaluesof the
measure

�
, whoseaverage(or medianfor noisysig-

nals)is theoverall performancemeasure
� :=<?>A@�B$CDC

10b) Wethenrepeatthewholeprocedurefor differentval-
uesof the distribution smoothingparameter8 . The

valueof 8 whichresultsinto thelargest
� :=<?>A@�B$CDC

gives
theoptimal J �I�?2�("# for thesignal H �I��#

10c) Finally, by first optimising different TFDs, and se-
lectingtheonewhichhaslargest

�;:=<?>E@FBGCDC
amongthem,

wecanfind theoptimalTFD to representH �I��#
3. EXAMPLE

To illustratehow theabove definedmethodology, andtheaccom-
panying measurementalgorithm,for selectinganoptimalTFD to
extractthetime-frequency characteristicsof agivensignalareused
in practice,we considerthefollowing example.

Let usdefinea two-componentsignalin noise:

H �I��#P� H � �I�F# � H ! �I��# �RQ �I�F#� SGT3UV� �VW �YX'Z[�,� � 8 � � ! #�# � SGT\UV� �)W �YX5Z � � � 8 � � ! #�# �RQ �I�F#
where 8 �]X'Z X\X5�G^

is the bandwidth-durationration of the
signal components,and Q �I�F# is additive Gaussiannoise. In this
examplewe chosethesignal-to-noiserationof

�GX
dB.

Signal H �I�F# , whoselengthis _ ��� �)`
, is analysedin thetime-

frequency domainusingthespectrogram,theWigner-Ville distri-
bution, the Choi-Williams distribution, the Born-Jordandistribu-
tion (BJD), the Zhao-Atlas-Marksdistribution, and the recently
introducedModifiedB-distribution (MBD) [8].

The TFDs are first optimised(the WVD and BJD have no
smoothingparameters,hencethey cannot beoptimised)andthen
compared:

� :=<?>E@FBGCDC
is calculatedfor eachof theoptimisedTFDs,

andtheonewith thelargestvalueof
�;:=<?>E@FBGCDC

is selectedasoptimal
in representingH �I��# .

Table1 containstheresultsof the“optimisation”process,and,
asit canbeseen,for signal H �I�F# the “optimal” TFD is theModi-
fied B-distribution with parameter8 �aX5Z X)b

sinceit resultsinto
the largestvalueof

�;:=<,>A@�B$CDC
. Thetime-frequency plotsof theop-

timisedTFDsareshown in Figure4.c�d � Optimalparameter
�;:=<,>A@�B$CDC

Spectrogram Bartlettwindow, length31 0.8611
Wigner-Ville N/A 0.6223

Choi-Williams 9 ���
0.8152

Born-Jordan N/A 0.8122
Zhao-Atlas-Marks e � �

0.6707
ModifiedB 8 �fX'Z X\b

0.8756

Table1: Optimisationresultsfor theTFDsof signal H �I��#
It wasreportedin [6] thatfor a practicaltime-frequency anal-

ysis one of the propertiesa TFD shouldsatisfy is to reveal the
IF laws of the signal componentsby its peaks. In Figure 5 we
comparethetrueIF laws of thetwo signalcomponentswith those
measuredfrom thepeaksof theoptimisedMBD (theprocedureis
explainedin Section2.1). Even though H �I�F# is embeddedin 10
dB Gaussiannoise,thedistribution peaksstill provide very good
approximationsof thecomponentstrueIFs.

From the optimal TFD of the signal H �I�F# we can also mea-
sureotherimportantsignalcharacteristics(thecomponentsband-
widths, the componentsmainlobeand sidelobeamplitudes,and
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(a)Spectrogram
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(b) WVD
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Figure4: OptimisedTFDsof signal H �I�F#
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Figure5: Comparisonof the measured (dashed)and true (solid)
IF lawsof thecomponentH �V�I�F# (left), and H !3�I�F# (right) of H �I�F#
thecross-termamplitude)by usingthealgorithmdescribedin Sec-
tion 2.2.Thesesignalparametersarerecordedin Table2.2

2Notethat in this exampleall amplitudesarenormalised,andthesam-
pling frequency is 1 Hz.

Parameter Componentg �GhNi�j Componentg !)hki�j
Bandwidth 0.0194 0.0195

Mainlobeamplitude 1.0002 0.9574
Sidelobeamplitude 0.0900 0.0858

Cross-termamplitude 0.1503

Table2: Measurementsof thesignal H �I��# componentsparameters

4. CONCLUSION

Oneof themajor obstaclesto a wider useof time-frequency dis-
tributionsis thenonexistenceof methodologiesfor choosingadis-
tribution thatsuitsbesta givensignal. In this paperwe have used
aresolutionperformancemeasurefor time-frequency distributions
to optimise,compareandselecta TFD which is the mostappro-
priate for extracting importantsignal features(e.g. the number
of components,componentsamplitudes,IF laws andbandwidths)
in the joint time-frequency plane. The methodologywasapplied
to closelyspacedmulticomponentFM signals,andit wasshown
that for thesesignalsa recentlyintroducedTFD, theModified B-
distribution,providedtheoptimaltime-frequency representation.
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