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ABSTRACT

Selectinga time-frequeng distribution (TFD) which repre-
sentsa signalin an optimal way is commonlydoneby visually
comparingplots of different TFDs. This paperpresents proce-
durethatallows the analystto performthe sametaskin an auto-
maticway. Usingthe resolutionperformanceneasurdor TFDs,
the procedureoptimisesall distributions consideredand selects
the one which resultsinto bestconcentrationof signal compo-
nentsaroundtheir instantaneou$requenyg laws, aswell asbest
suppressiomnf theinterferenceaermsin thetime-frequeng plane.
To do this requiresto definea methodologyto measureahe time-
frequeng characteristicef a signalfrom its optimal TFD. An al-
gorithmwhich implementsthis methodologyis describedandre-
sultsarepresented.

1. INTRODUCTION

It is known thatthe majority of real-life signalsarenon-stationary
and multicomponent1]. Their representatiorin eithertime or
frequeng cannotrevealthesesignalcharacteristicsatleastnotin
aneasyto understanavay.

To illustratethis point, let us considera whalesignalin time
(Figure 1) andfrequeng (Figure 2). The time representatiomf
thewhalesignalshavs how theamplitudeof the signalvarieswith
time, while the frequeng representatiorindicateswhat frequen-
ciesarepresenin the signalandwhattheir relative strengthsare.
However, noneof the two representationgs capableof provid-
ing uswith ary sortof informationaboutthe natureof the signal
componentsior their behaiour with respecto time or frequeng.
Theseareconsideredo beimportantfeaturesof asignalsince for
example,they allow a deepelinsightinto the origin of the signal
andcharacteristicef the propagatiormedium.

The limitations of the classicalsignal analysistools inspired
researcherto look for new toolswhich would allow boththerep-
resentatiorand analysisof non-stationarysignals(signalswhose
spectrumis afunctionof time) to be carriedoutin amoresophis-
ticatedmanner One of the mostpopularand usedof thesetools
is thetime-frequeng signalanalysis(TFSA). TFSA is capableof
preservingall information aboutthe signaland displayingthem,
usingtime-frequenyg distributions (TFDs), in a relatively simple
way.

Currently in the literature, one can find dozensof TFDs to
chooserom whensearchingor a TFD to represenasignalin the
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joint time-frequeng domain.Thelargenumberof time-frequeng
distributionsgivesalot of flexibility totheanalystin his(her)choice,
but it alsocreates problemof its own: Which TFD is theabsolute
bestfor the givensignal?

In Figure 3 we plottedthe whalesignal,whosetime andfre-
queng representationaregivenin Figuresl and?2 respectiely,
usingseveralpopularTFDs|[2, 3, 4, 5]: thespectrograntheWigner
Ville distribution (WVD), the Choi-Wlliams distribution (CWD),
andthe Zhao-Atlas-Markdlistribution (ZAMD).

So,how do we saywhich of thesedistributionsis best?Com-
mon practiceis to visually comparethe above plots,andbasecn
onesown impression®f themchoosehe bestone. Clearlythisis
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Figure3: TFDsof thewhalesignal

avery subjectve proceduresincewhatlooks goodto oneperson,
maynotbeacceptabléo another Theanswemrlsolargely depends
on whatfeaturesof the signalwe areinterestedn obtainingfrom
its time-frequeng representations.

To avoid this confusionwhenselectinganoptimal TFD for the
givenapplicationwe definein this papera generalise@ndobjec-
tive procedureo evaluatethe performancef TFDsandselectthe
onewhich allows the bestextractionof the signaltime-frequeng
characteristics.

2. SELECTING AN OPTIMAL TFD FOR EXTRACTING
TIME-FREQUENCY FEATURES OF A SIGNAL

2.1. The Methodology

In orderto defineamethodologyfor extractionof signalproperties
from its optimaltime-frequenyg representationye needto:

1. Definea setof criteria of whatinformation we expectto
gain froma TFD: What an analystis interestedn getting
from the signaltime-frequeng representationis informa-
tion aboutthe numberof componentstheir relatve am-
plitudes(henceallowing extractionof the enegy informa-
tion), andcomponentgfrequeng) modulationlaws This
requiresa TFD to have signal componentsvell concen-
tratedaroundtheir respectie IFs andwell separatedrom
eachother (small componentssidelobesand small cross-
terms).

2. Definea way to objectivelymeasue the performanceof
time-frequencydistributions basedon thesecriteria: One

1TFSA is knawn to be especiallyuseful when analysingfrequeng
modulatedasymptoticsignalswith amplitudeeitherslowly varyingor be-
ing constan{1].

suchmeasurevasdefinedin [6] andit wasfurtherrefined
(normalised)n [7]. ThismeasurepP, favoursTFDswhich
resultinto componentsf goodconcentratiorandgoodres-
olution. So, for a slice of TFD taken at the time instant
t = to, thedistribution resolutionperformanceneasurds
definedas|[7]:

P=1——{—+—+D} )

where Ay, As and Ax arethe averageamplitudesof the
mainlobes sidelobesand cross-termsrespectiely, of ary
two consecutie componentsf themulticomponensignal,
andD = (Vi +V2)/[2(f2 — f1)] isthecomponentselative
frequeny separatior(Vy, and fi, k = 1,2, aretheinstan-
taneousbandwidthandthe instantaneoufrequeng of the
k** component).How we actually measuresachof these
parameterss explainedin Section2.2.

Large valuesof P, closeto 1, correspondo a good per
forming TFD, while small P (closeto 0) indicatespoor
performance.

. Before the comparison,optimiseeac TFD to matd the

chosencriteria as closeas possible The optimisationpro-
ceduréfor ary TFD with parameten, say (e.g. CWD with
parameter) consistf thefollowing steps.First,we have
to chooseaninitial valuefor «, usuallythe smallestvalue
theparametecantake, andcalculatehe TFD for thegiven
signal.For eachtimeinstant,wetake asliceof the TFD (in-
stantaneouspectrumpndfind Axr, As, Ax andD, which
arethencombinedusing equation(1) to give the value of
the performancemeasureP for the particularslice of the
TFD. Notethatin orderto obtainthe frequeng separation
betweenthe signal componentg D), we have to find the
frequenciegorrespondingo thecomponentpeaksandthe
peaksinstantaneoubandwidths. This will allow usto re-
constructthe IF law of eachcomponenby combiningthe
centresof the peaksfor arangeof distribution slicestaken.

Onceall instantaneoumeasures’ are obtained,they are
combinedinto the overall measure,P,yerqu, Of the TFD

for the given value of a. Sincein real life we dealwith

noisysignals,in orderto minimisethe effect of theoutliers
on P,,.rqai1, the overall measurds taken to be the median
of theinstantaneoumeasures.

The abore procedurds repeatedor the next value of the
parametet. An incremenin a shouldbeneithertoo small
(long computatiortime), nor too large (may skip the opti-
mal valueof o). A morerefinedsearchcanbe doneat the
later stage,after the initial optimal value of the smooth-
ing parameters found;the valueof « resultinginto largest
P,erqu. ForTFDswhoseparameterhave noupperbounds,
onceP,,erqu Startsto decreaseontinuouslythe optimisa-
tion is stopped.

. Quantitativelycompae different TFDs and selectthe op-

timal one Whenall TFDs usedto represent given sig-
nal are optimised,they canbe easilycomparedisingtheir
P,yerquiS. A TFD which resultsinto the largestvalue of
P,yeranr Shouldbe selectedasoptimalfor representinghe
signalcharacteristicin thejoint time-frequeng domain.



2.2. The Signal Parameters M easurement Algorithm

Thealgorithmusedto measurehe parametersf two consecutie
componentgwith equalamplitudes)of a multicomponentignal
TFD sliceto obtainthe instantaneousalue of P is describedcoe-
low.

1. For a give signal s(t) calculateits TFD, p(t, f), with pa-
rameterx

. Takeaslice,p, (t, f), of p(t, f) attimet = to

. Normalisepy, (¢, f) suchthatit hastheabsolutenaximum
equalto 1

. Determinethethreelargestmaxima(peaks)of py, (¢, f)

. The cross-termis locatedbetweenthe auto-terms so ini-
tially setthemiddle peakto bethecross-term

6. By makingsurethattheratio betweertheamplitudesf re-
mainingtwo peaksis closeto 1, andthatthe peakchosen
asthe cross-termss closeto the middle point betweerthe
centresof the othertwo peaks,we checkwhetherour as-
sumptionin the previous stepis correct. If not, selectthe
two largestpeaksof p¢, (¢, f) astheauto-termsandtheex-
tremum(maximumor minimum)locatedhalf-way between
theseauto-termdFs (centresof their peaks)asthe cross-
term
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7. Oncetheauto-termsandthecross-termocationsaredeter
mined, we can measureheir amplitudes. The averageof
the amplitudesof auto-termds Ays in equation(1), while
theamplitudeof the cross-termis A x

8. Wethenmeasureéhermsbandwidthgat= 0.710f thepeak
amplitude)of the auto-termsandcheckwhetherthe com-
ponentsareresoled: If thevaluecorrespondingo thesum
of the centreof the first componentpeak (the component
IF) andthe half of its bandwidthis lessthanor equalto the
differencebetweertheIF of thesecondcomponenaindthe
half of its bandwidth thetwo componentsireresohed. For
theresohedcomponentsve take the averageof their band-
widths, and divide this averageby the differencebetween
the auto-termdFs. The obtainedquantityis the parameter
D in equation(1)

9. Identify theouterextremaof theauto-termgto theleft from
the first componentandto the right from the secondone)
with largestamplitudesas the components‘outer” side-
lobes; theseare the componentssidelobesf thereare no
extremabetweerthe auto-termsandthe cross-termOther
wise, find thelargest‘inner” sidelobegor eachcomponent
(now searchingfrom the componentsowards the cross-
term). The larger of the “inner” and “outer” sidelobesis
chosenasthe componensidelobe,andthe averageof the
componentsidelobess As in equation(1)

10. Once A, As, Ax and D have beenmeasuredthey are
combinedusingequation(1), into the instantaneousalue
of the performanceaneasureP

10a) By repeatingthe abore stepsfor a rangeof time in-
stantswe obtaina setof instantaneousaluesof the
measureP, whoseaverage(or medianfor noisy sig-
nals)is theoverall performanceneasuré,,eraii

10b) Wethenrepeathewholeprocedurdor differentval-
uesof the distribution smoothingparameterxx. The

valueof a whichresultsnto thelargestP,,erq11 gives
theoptimal p(¢, f) for thesignals(t)

10c) Finally, by first optimising different TFDs, and se-
lectingtheonewhichhaslargestP, e amongthem,
we canfind theoptimal TFD to represens(t)

3. EXAMPLE
To illustratehow the abore definedmethodologyandthe accom-
parying measuremerdlgorithm,for selectingan optimal TFD to
extractthetime-frequeng characteristicef agivensignalareused
in practice we considerthefollowing example.

Let usdefineatwo-componensignalin noise:

5(t)

s1(t) + s2() + n(t)
cos(2m (0.1t + %#)) + cos(2m(0.2t + %R)) +n(t)

wherea = 0.0016 is the bandwidth-duratiorration of the
signal componentsandn(t) is additve Gaussiamoise. In this
examplewe chosethe signal-to-noiseationof 10 dB.

Signals(t), whoselengthis N = 128, is analysedn thetime-
frequeny domainusingthe spectrogramthe WignerVille distri-
bution, the Choi-Wlliams distribution, the Born-Jordardistribu-
tion (BJD), the Zhao-Atlas-Marksdistribution, and the recently
introducedModified B-distribution (MBD) [8].

The TFDs are first optimised (the WVD and BJD have no
smoothingparametershencethey cannotbe optimised)andthen
compared:P,,.rq1 is calculatedor eachof the optimisedTFDs,
andtheonewith thelargestvalueof P,,.r1: iS Selectecisoptimal
in representing(t).

Tablel containgheresultsof the“optimisation” processand,
asit canbe seen for signals(t) the “optimal” TFD is the Modi-
fied B-distribution with parametenx = 0.04 sinceit resultsinto
the largestvalueof P,,erqi- Thetime-frequeng plots of the op-
timisedTFDsareshavn in Figure4.

I TFD | Optimalparameter [ Poverau ||
Spectrogram Bartlettwindow, length31 0.8611
WignerVille N/A 0.6223

Choi-Williams o=1 0.8152
Born-Jordan N/A 0.8122
Zhao-Atlas-Marks a=2 0.6707
Modified B a=0.04 0.8756

Tablel: Optimisationresultsfor the TFDsof signal s(t)

It wasreportedn [6] thatfor a practicaltime-frequeng anal-
ysis one of the propertiesa TFD shouldsatisfyis to reveal the
IF laws of the signal componentdy its peaks. In Figure5 we
comparethetrue IF laws of the two signalcomponentsvith those
measuredrom the peaksof the optimisedMBD (the procedurds
explainedin Section2.1). Eventhoughs(t) is embeddedn 10
dB Gaussiamoise,the distribution peaksstill provide very good
approximation®f thecomponentsrue IFs.

From the optimal TFD of the signal s(¢) we canalso mea-
sureotherimportantsignalcharacteristicgthe componentdand-
widths, the componentsnainlobeand sidelobeamplitudes,and
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Figure4: OptimisedTFDsof signal s(t)
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Figure5: Comparisonof the measued (dashed)and true (solid)
IF lawsof thecomponens; (¢) (left), and sz (¢) (right) of s(t)

thecross-ternamplitude)by usingthealgorithmdescribedn Sec-
tion 2.2. Thesesignalparametersrerecordedn Table2.2

2Notethatin this exampleall amplitudesarenormalised andthe sam-
pling frequenyg is 1 Hz.

l Parameter

|| Componens; () || Componensy(t) ||

Bandwidth 0.0194 0.0195
Mainlobeamplitude 1.0002 0.9574
Sidelobeamplitude 0.0900 0.0858

Cross-termamplitude 0.1503

Table2: Measuementof thesignal s(t) componentparametes

4. CONCLUSION

Oneof the major obstaclego a wider useof time-frequeng dis-
tributionsis the noneistenceof methodologie$or choosingadis-
tribution that suitsbesta givensignal. In this papernwe have used
aresolutionperformanceneasurdor time-frequeng distributions
to optimise,compareandselecta TFD which is the mostappro-
priate for extracting importantsignal features(e.g. the number
of componentsgomponentamplitudes)F laws andbandwidths)
in the joint time-frequeng plane. The methodologywas applied
to closely spacednulticomponentM signals,andit was shavn
thatfor thesesignalsa recentlyintroducedTFD, the Modified B-
distribution, providedthe optimaltime-frequenyg representation.
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