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ABSTRACT

In this paper, we study the problem of filterbank design for
the subband identification method in the oversampled case.
We aim to design the filterbanks such that the coupling be-
tween adjacent subbands is minimized. This will alow the
subband model of the system to be diagonal, thus simplify-
ing the complexity of identification. Solutions are given to
two minimization criteria: the worst-input case and white-
input case.

1. INTRODUCTION

The linear system identification problem has been exten-
sively studied [1]. Algorithms based on least-squares are
commonly employedin practiceand their behaviorsarewell
understood. However, the direct use of this algorithmis un-
suitable for rea-time applications where high order finite
impulse response (FIR) models are required (e.g. speech
echo cancellation and channel equalization).

These difficulties have motivated a new line of research on
system identification that uses subbands [2, 3]. Loosely
speaking, the subband approach dividesthe input and output
signals into a number of subbands using two filter banks.
Then for each subband channel, a model is identified. Fi-
nally, the subband models are combined to give a full-band
model. It is known that the subband approach leads to im-
provement in computational cost savings, convergencerate
and residual error, when the system to be identified has a
long impul se response.

If the subband filters are non-ideal, the so called "cross-
models’ are needed to model interference between different
subbands (2.5) [2]. In such case, the subband model is said
to be coupled. Decoupled subband identification, in the crit-
ically sampled case (number of subbands equals the down-
sampling factor), requires that the filters have very sharp
band edges. This drasticaly increases the filter tap size
and therefore the computational cost. In the oversampled
case (number of subbands greater than the downsampling
factor), the filters are allowed to have a non-zero transition
band and therefore smaller tap sizes.

In this work, we consider an oversampled subband identifi-
cation scheme, with a decoupled subband model. As said
before, in order to perfectly identify the fullband system
with a decoupled subband model, we need the subband fil-
tersto beideal. In spite of that, we will consider non-ideal
FIR filters, and introduce the optimization criteria for the
subband filter design, in order to minimize the identifica-
tion error. Thisis done for the worst-input case and for the
white-input case.

2. PRELIMINARIES

2.1. Frames

The following are some basic definitions and results about
frames. For amore detailed presentation see [4].

Definition 1 Let A be a separable Hilbert space. A set
{e; € H :i € T} isaframeif thereexist constants A, B >
0 such that

Allal” € Yier (@, e < Bllel* (Vo€ H)
The tightest A and B are denoted by A and B, respec-
tively. The operator T : H — [2(Z) defined by (T'z); =
(x,e;) (Vi€ I)(Vx € H) iscalled the frame operator.

Remark 2 Denote by T the adjoint operator of 7. Then
the pseudo-inverseof T isgivenby T+ = (T*T)~1T*,i.e,
T+T istheidentity operator. It isobviousthat ||T|| = B'/?;
|7+ = A=1/2

Proposition 3 Given a frame {e; € H : i € 7} and the
associated frame operator T, there exists a set {e;” € H :
i € Z} suchthat for any ¢ € 1*(Z),

+._ ot
T C_Ziel'clei

The set {e; } aboveis called the dual frame of {e;}.



2.2. Filterbank Approaches

Consider the filterbank scheme in figure 1 which involves
an analysis filterbank and a synthesis filterbank.
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Fig. 1. Filterbank Block Diagram

Filterbanks can be studied and understood using different
approaches. In thiswork we will use the aias approach and
the frame approach.

Alias approach: The output Z(z) can be written as
#(2) = 5 fT(2)H ()X a(2)

where
Xa(2) = [2(2) 2(W2) - (WP 12)|"
f(z) =1folz ) 1(2) - fu—a ()"
ho(2) o harea(2)
Ha(z) = | : :
ho(WP—12) har -1 (WP12)

and W = e % . Which means that the filterbank behaves
as a linear time-invariant system from the input X 4(z) to
the output &(z).

Frameapproach: In order for the synthesisfilterbank to be
perfectly reconstructing, it is required that

LfT(z)HY(2) = [1,0,...,0)2 2.1)

where 7 represents the reconstruction time delay. Define
b(z) = 277 f(2). Then b(z) is a perfect reconstructing syn-
thesis filterbank with no time delay. Using the frame ap-
proach, we define

eij(t)y=hi(jD —t) € H,(i,j) €T (2.2)

whereZ = {(i,j) : i =0,...M —1;j € Z}and H =
I>(Z). Then {e;;, (i,7) € I} isaframe. It can be checked
that (2.1) can be guaranteed by taking b(z) such that.

bi(t — jD) = ef;(1), (i,]) € T (23)

where {e;;} is the dual frame of {e;;}. We will see later
that this choice of b(z) not only satisfies (2.1) but also has
additional nice properties. The input-output relationship is
given by

i=T.T+Tx (2.4)

where T', T+ are the frame operators for {e;;}, and {ej;. ,
and T'- isthetime delay operator.

2.3. Subband I dentification

The subband identification scheme is shown in figure 2,
where g(z) represents a linear time-invariant system with

Fig. 2. Subband I dentification Block Diagram

input u(z), output y(z) and measurement noisev(z); h(z) =
[10(2), e =1 (DT, £(2) = [fo(2), s frr—1 ()] are
analysisfilterbank and synthesisfilterbank respectively, and
G(z) = [Gi;(2)]Z} represents an equivalent model of
g(z) in the subband with down-sampling rate D.
Decoupling Condition: To simplify the analysis we as-
sume that hp,(2) = ho(V™2), m = 0,..,. M — 1 (i.e
the subband filters come from freguency shifting of a pro-
totype), where V = e 43 and ho(z) is alow-pass filter.
In order for the subband model G/(z) to be diagondl, it is
needed that

ho(Wdz'/Py =0, d=1,..,.D—-1 (2.5)

The following conventionis used throughout this paper: for
anyD e N,and z =rexp(jo), r, ¢ € R,

1/D mod(¢2m)—m)

21D = /D exp(j 5

3. IDENTIFICATION ERROR BOUND

If (2.5) is satisfied, we only need to identify the diagonal
terms of GI(z). However, (2.5) can only be an approximate
in practice due to the fact that non-ideal filters are used.
One remedy is also to identify off-diagonal terms of & (2).
However, this will increase the computational complexity.
Alternatively, we can ignore the off-diagonal terms but try
to minimize the errors caused by the non-ided filterbanks.
This is what we intend to do in this section. More specif-
ically we consider two cases: the worst—input case and the
white-input case. In the sequel we assume that v(z) = 0.

3.1. ldentification Stage

Apply the signal «(z) to the input and assume we perfectly
identify the input-output relation in each subband. Then,



using the alias approach,

ZdD;)l g(Wdzl/D) B (W21 DY q(Wiz1/D)

~ - hm(zl/D) u(zl/D)
Gmm(2) = D=1 hy(W221/P) u(Wd21/D)
d=0 B (21/D) u(z1/D)
(3.1
form=0,...,M — 1.
3.2. Reconstruction Stage
Now apply adifferent input signal «'(z). Then,
V(@) = 5 i gémm@) — g(Wiz1/P))
hm(Wdzl D)u/(Wdzl/D)
(3.2

form =0, ...,
writeit as

M — 1. We can use the frame approach to

V' =Tu (3.3)

where T isthe map u'(z) — [V{(2), ..., Vi;_1(2)]%. Now
we are ready to state the results for the two cases above.
3.3. Worst-Input Case | nput

Lemma4 Consider the mapping in (3.3) and define

0 = s { | (007 Tn(2)) — g Cm(21) “GT252 )
F =05 oW

(3.9
where T, (z) = V= (VPm)1/P then
7] < 5F
Proof: From (3.2) and taking into account that h,,(z) is

close to zero outside its support, we have that

V() = & (G (2) = 9T (2)) ) Ao (T (2))' (T (2))
(35

Now, takinginto account and that the right hand side of (3.1)

does not changeif we replace z'/” by T, (z), we have that

Grum(2) = 9(Cim(2)) = S0 (9(WiTh(2)) — g(Tin(2)))
B (WAT 0, (2)) w(WOT . (2))
hm(Tm(2)) u(Tm (2))
(3.6)
then, combining (3.5) and (3.6)
Vi(2) = (5 S (VT (2) = 9(Tm(2)))
i (W4T (2)) Sl ) ! (Do (2))

Now,

[V, < (625 1hn(WITw(@)]., ) 1o Cn D,
= §F o],

since h,, (W9T,,(2)) = ho(We2'/P). Then

7@, < SFIEI, @7
and the result followsimmediately from the definition of the
norm of alinear operator [ ]

We know that if we choose the synthesis filterbank as in
(2.3), its associated operator will be the pseudo-inverse of
the operator associated with the analysis filterbank. This
option has the property that cancels every component of the
subband signals that is orthogonal to the range of the anal-
ysis filterbank (the subspace of possible subband signals).
Clearly, this is the best option for the synthesis filterbank,
since it minimizes the energy of v'(z) while preserving the
perfect reconstruction property. With this choice for the
synthesis filterbank, using the frame approach, and in view
of (3.3), we can express the reconstruction error as

o =T, T+Tu (3.8)

Lemmab Let T betheframe operator associated with the
frame defined by (2.2), and let A > 0 beits tightest lower
bound, then

A>%(infw{ |h0 w—ﬁm)|2}—

_ 1/2 (39
DB s (-%d)) = pE

where

8) = sup, {55 [ho (o= Fm)| o (o~ F5m — ) }

Proof: The proof followsthe proof of section 3.3.2 (pp. 67)
in[5] ]

Combining lemmas 4 and 5, we have the next result

Theorem 6 The normof 9'(z) is bounded by

19" ()l < FF Il (2)]ly (3.10)
Proof: Form (3.8) we have that

o1l < I 1)

Iseasy to seethat ||T-|| = 1. Then the result follows imme-
diately from (3.9) and remark 2 [ ]



3.4. White-Input Case

If the signal «'(z) in the reconstruction stage is a white ran-
dom process, it can be shown by following similar steps that

{2 ()} = %Fg{uza)} (3.12)
where C'isin (3.4) and
P = (S8 vtz @)

4. FILTERBANK DESIGN

In (3.10) and (3.11), C' does not depend on the filter de-
sign. Also it can be shown that E does not depend either,
provided that the prototypeis close to zero in its stop band.
Then, the designs should aim to minimize just the term F’
and F respectively.

In summary hefilter prototype (see figure 3) needsto be:

1. FIR, to be ableto use therelation givenin [5] to con-
struct the synthesis filterbank.

2. lowpass so as to generate al the M subband filters,
from the prototype ho(z), by frequency shifting.

3. approximately aconstant valueinitspassband (—w; <
w < wi).

4. optimized suchthat F (or F') is assmall as possible

Fig. 3. Filter Prototype

For the worst-input case, the suggested optimi zation scheme
isto start with aParks-McClellanfilter, which gives an equir-
riple FIR filter. Then, anonlinear optimization algorithmis
used to improve the above filter.

For the white-input case, it is known that the optimal filter
that minimizes F' in (3.12) is an eigenfilter; see [6].

4.1. Numerical Example

Asan examplewe consider a subband i dentification scheme
withwhiteinputs, u(z) andu'(z). Also, M = 6, D = 4 and
ho(z) has atap size of 20. We compare the norm of ¢'(z)
for treefilterbank prototypes: the Parks-McCldllanfilter, the
optimized worst-input case filter and the eigenfilter.

Figure 4, shows the frequency response of al tree filters,

and figure 5 shows the comparison of the responses in the
stopband

Optimized Parks—
Worst—input McClellan

Eigenfilter

0 w m (o] ) s

Fig. 4. Optimal prototype Fig. 5. Stopband detail

Theidentification error obtained by using the Parks-McClellan
filter is 1.04 x 1073, for the optimized worst-input filter is
7.89 x 10~* and for the eigenfilter is 6.55 x 10~*. Obvi-
oudly, the eigenfilter gives the best error because the input
u'(z) iswhite. It should be noted that the optimized worst-
input case filter may outperform the eigenfilter if u'(2) is
not white.

5. CONCLUSION

In thiswork we have studied the oversampl ed subband iden-
tification scheme with a decoupled subband model, using
FIR filters. We have introduced a bound for the identifica-
tion error power originated by the use of non-ideal filters.
This bound depends on the subband filter prototype. Next,
we have used the expression of the bound to find optimal
choices to minimize it in both the worst-input case and the
white-input case.
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