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ABSTRACT

Partial updating of LMS filter coefficients is an effective method
for reducing the computational load and the power consumption
in adaptive filter implementations. Only in the recent past has any
work been done on deriving conditions for filter stability, conver-
gence rate, and steady state error for the Partial Update LMS al-
gorithm. In [5] approximate bounds were derived on the step size
parameter g which ensure stability in-the-mean of the alternating
even/odd index coefficient updating strategy. Unfortunately, due
to the restrictiveness of the assumptions, these bounds are unre-
liable when fast convergence (large p) is desired. In this paper,
tighter bounds on g are derived which guarantee convergence in-
the-mean of the coefficient sequence for the case of wide sense
stationary signals.

1. INTRODUCTION

Partial updating of the LMS adaptive filter has been proposed to re-
duce computational costs [2, 3, 4]. In this era of mobile computing
and communications, such implementations are also attractive for
reducing power consumption. However, theoretical performance
predictions on convergence rate and steady state tracking error are
more difficult to derive than for standard full update LMS. Accu-
rate theoretical predictions are important as it has been observed
that the standard LMS conditions on the step size parameter fail to
ensure convergence of the partial update algorithm.

The two types of partial update LMS algorithms that are preva-
lent in the literature have been described in [5]. They are referred
to as the “Periodic LMS algorithm” and the “Sequential LMS al-
gorithm”. An attempt was made to recalculate the bounds on the
step-size parameter for both mean and mean-square convergence.
Due to simplifying assumptions, the bounds derived turned out
to be the same as those for the standard LMS algorithm. It was
shown, however, that these bounds fail to predict situations where
the Sequential LMS algorithm is unstable when implemented with
these standard step-size constraints.

In this paper we derive bounds on the step-size parameter which
ensures convergence in mean for the special case involving alter-
nate even and odd coefficient updates. The bounds are based on
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extremal properties of the matrix 2-norm and the Bauer-Fike the-
orem. For simplicity we assume all sequences to be real and sta-
tionary and we make the standard independence assumptions used
in the analysis of LMS [1]. It is shown that as the input signal be-
comes more correlated the bounds become much tighter than the
bound approximation derived in [5].

The organization of the paper is as follows. First in Section 2,
a motivating example is shown which illustrates the need for this
work. This is followed by a brief description and analysis of the
partial update algorithm in Section 3. In Section 4 verification of
the theoretical analysis is carried out via simulations. Finally con-
clusions and directions for future work are indicated in Section 5.

2. MOTIVATING EXAMPLE

Consider a 2-tap adaptive filter with alternating update of the first
and second coefficients w ; and wz 5. For odd k, the updates are
given by

[ W2 k41 ] — [ W2k ] + [ HEETE -1 ] (0
W1, k41 w1,k 0
And for even k, the updates are given by
|: w27k+1 :| N |: w27k :| + |: 0 :| (2)
W1,k4+1 Wi,k HEELTE

ey, is the error signal given by e, = di — WE Xy where Wy =
[w1,k wa,x] and Xi = [xr Tx—1]. di is the desired response.
Now make the standard assumption [1] that there exists a co-
efficient vector Wop: such that dy = Wg;,tX & + ng with {nz} a
zero mean i.i.d sequence independent of the input sequence {z}.
Then defining V;, = [v1,, 'uz,k]T = Wi — Wopt, for odd k we

have the following update equation.
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where the elements of F' are

fu o= 1-pzi,

f12 = —UTr-1%g

for = —prpazg+ plrpazeel g

feo = 1—pahy + pP(@razs)(Th-12k)

Assuming {vy} and {zx} to be uncorrelated with each other and
X41 to be independent of X}, with E[z7] = 1, E[zrzs—1] =



p and E [zgxs_2] = p® and taking expectations of the update
equations we obtain

E| v2ete | — 1-p —pp B | v
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It can be easily verified that for p = 1 and & & 0 the necessary

and sufficient condition on g for stability of the recursion (4) is
given by

2(1/; p) 5)

<<
whereas, using the update equations for expected values of coeffi-
cient error in [5], the condition in [5] for convergence is

2
O<p<—. 6
A (©)

As (1—p?)/p? < 1for p? > 1/2, we have that 2(2—;”) < % S0
that if the upper bound in condition (6) is used to set g in partial

update LMS, divergence occurs.

3. ALGORITHM DESCRIPTION AND ANALYSIS

It is assumed that the filter is a standard FIR filter of even length,
N. For convenience, we start with some definitions. Let {z} be
the input sequence and let {w; ;} denote the coefficients of the
adaptive filter. Define

Wer = [wor war wer ... wn]"
Wor = [wigwsswse ... Wy_14]"
Xer = [Tho1Th_z ... Thoni1]”
Xor = [ThThoz ... Th_ni2]

Wi = [wiswo ... wyi]’

Xe = [eh@ho1@hs - - Thong1]

where the terms defined above are for the instant k. In addition,
Let di denote the desired response. In typical applications dj, is
a known training signal which is transmitted over a noisy channel
with unknown FIR transfer function.

In this paper we assume that dy, itself obeys an FIR model
given by di, = qu;,tX & + ni where W,y are the coefficients of
an FIR model given by Wop: = [w1,0pt - - - 'wN,opt]T. Here {n}
is assumed to be a zero mean i.i.d sequence that is independent of
the input sequence { }. This is a standard assumption used in the
analysis of the standard LMS algorithm [1] which can be shown to
be reasonable for jointly stationary z and dy.

The coefficient updates for odd k in the partial update LMS
algorithm considered here are given by

-Wek+1- [ Wes | -/»’zekXek-
i) = i) i) 7
L Wo,k+1 ] L Wo,k ] + L 0 ] ( )
and for even k
[ We k+1 ] [ We k ] [ 0
i) = i) 8
| Wok+1 | | Wor | + | HerXok | ®

where ey, is the error and is defined to be e, = dj, — WE X

We also define coefficient error vectors as

V;,k = We,k - We,opt
Vo,k = Wo,k - Wo,opt
Vii = Wi —Wopt
Ve = Vve,k
f =
Vo,k
where
We,opt [w2,opt W4,0pt We,0pt - - - 'wN,opt]
Wo,opt = [wl,opt W3,0pt W5,0pt - - - 'wN—l,opt]

Assuming that {zz} is a WSS random sequence, we analyse
the convergence of the mean coefficient error vector E [V;]. For
regular LMS algorithm the recursion for E [V}] is given by

E[Viy1] = (I - pR)E[Vi] )

where I is the [NV -dimensional identity matrixand R = E |:X X ,?]
is the input signal correlation matrix. The necessary and sufficient
condition for stability of the recursion is given by

0< p< Z/Amaw (10)

where Apqz is the maximum eigen-value of the input signal cor-
relation matrix R.

For odd k&, combining the even and odd update equations and
writing them in terms of V. 5, we obtain

Vite = 1n

png Xe g

FVg° +
k — 1?1 Xo, k11 X g1 Xe b + kg1 Xo k1

where the elements of F' are

fii = I—pXe XD,

f12 = _/»LXe,ngjk

fa = _/'LXO,k-l‘ng:kq-L-l + N2)go,k+1Xe7:kq-t1Xe,kXe7:kT
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We next make the standard assumptions that Vj and X, are
mutually uncorrelated and that X, is independent of X1 [1].
These assumptions are somewhat restrictive but greatly simplify
the analysis. Taking expectations, using the independence assump-
tion on the sequences Xy, ng, the mutual independence assump-
tion on X3 and V4, and simplifying we obtain

E[Vils] = (I-pR') E[VE] (12)

I—puR, —pReo

T | pRoc(pRe —I) I —pR,+ p?RoeReo 13)

and R, = E [Xe 4 X[},], Ro = E [Xo 4 Xo k], Reo = B [Xe s X0 1],

and Rye = E [Xo,kX ET k] = RY,. Under the assumption of even
integer N and real w.s.s. {4} it can be shown that R, = R,.

For even k, combining the even and odd update equations and
writing them in terms of V. 5, we obtain

Vit = (14

2 T
—u 1 Xe 111X, g1 X0,k + g1 Xe k11

F’ VEO +
k g Xo



where the elements of F’ are

fil = I- IJ'Xe,k+1Xe7:k+1 + /1'2Xe,k+1ngk+1Xo,kXe7:k
fio = —pXepr1 Xo i1 + 1 Xe k1 Xo i1 Xo s Xo g,
fél = _/»’/Xo,ng:k

fr2 = I—pXo,ngjk

Taking expectations, and using the same assumptions as above,
we obtain

E[Vits] = (I — pRE[VE] (15
where
_ "o_ I—- HRe + H2R60Roe /»’/Reo (/»LRO - I)
I—-—pR" = [ — R I- uR, (16)

It can be shown that under the above assumptions on Xy, V;,
and dj, the convergence conditions for even and odd update equa-
tions are identical. We therefore focus on (12). If we want to write
the update equations for the regular LMS algorithm in the same
form as (12) we would have

I—puR,

€o - Reo €o
E[V,] = [ iR, K ]E[Vk ] a”n

I—puR,

which is the same as (9) only expressed in a different form. It
should be noted here that even though

RE REO
B# [ Roc R, ]

the matrix on the right is the correlation matrix for a permuted form
of the input signal and therefore is also an input signal correlation
matrix with the same eigenvalues as R.

Now to ensure stability of (12), the eigenvalues of T — puR'
should lie inside the unit circle. To estimate the eigenvalues of I —
1R’ we employ the Bauer-Fike theorem [6, p. 321] which states
that if o/ is an eigenvalue of A + F € C"*™ and M~'AM =
diag(ai,...,ay) then

min |o — o | < K, (M)||E]l, (18)
aca(A)

where ||-||,, denotes any of the p-norms and ,, (M) = || M ||||M = ||,-

For convenience, we will choose p = 2.
Now writing I — pR' as A + E where

A= I—pR: —pRe,
—pRoe I —puR,
0 0
B= [ W?RocRe  p*RocReo ]
we have

i —-d|<||E 19
agl&)la a| <|E|2 19

that is so because #2(M) = 1 on account of A being an Hermitian
matrix which admits a matrix of orthogonal eigenvectors M. Now
E can be written as E = BC where

0 0
B= [ W Roe 0 ] (20)

C= [ R Feo ] @D

Using the properties of the matrix 2—norm [6, pp. 56-57] we
obtain

N N
IBllz < 5 max bijAmaz < 4° 5 ROAmaz (22

where Apqz is the largest eigenvalue of the matrix C' which is the

correlation matrix of the permuted input signal. If we let 8 =
%R(O))\mwc we have the simple bound

i -d| <y’ 23
o‘21111(1114)|oz o | <p'B (23)

For a given o if we define o = arg mingeq(a) |@ — o | then we
have

lo® /| < u?8 24
Using the property |a| — |b| < |a —b| wehaveforj =1,...,N
o] — w8 < laf| < lag| + u*B (25)

Now, invoking the necessary and sufficient condition for sta-
bility of (12)

loj] <1 Vj=1,...,N. (26)
we obtain the sufficient condition
a9+ p’8<1 Vj=1,...,N. 27

Since the set of @°’s is a subset of the set of a’s and since a; =
1 — pA;, (27) can be ensured by the simpler condition

|1 —pXj|+p’8<1 Vj=1,...,N. (28)

A sufficient condition on g which satisfies (28) and hence en-
sures stability is

A1
0O<p<min(Z, =) vj=1,...,N. (29)

which leads to

0 < g < min ()‘TE“ )\iaw) (30)

Recall that 8 = %R(O))\maw, which for w.s.s. {zz} can be
rewritten as 8 = %tr(R) Amas, as the trace of R satisfies tr(R) =

Amin — _Amin 1 1
NR(0). Hence, as N > 2, “min = w05 o < 3o and

we have

0<k<=5" = 3 e tr(®)

which is the sufficient condition ensuring convergence of (12) and
is the main result of this paper.

This condition when applied to the motivating example gives
us the bound on p: 0 < pu < (1 — p)/(1 + p) which satisfies (5).
It should be noticed that as the signal becomes more correlated
Amin — 0 making the bound tighter.
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Figure 1: Trajectory of w1 and wa x for g = 0.005
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Figure 2: Trajectory of w1, and wa ; for g = 0.5

4. SIMULATIONS

We have plotted the evolution trajectory of the 2-tap filter consid-
ered in Section 2 for p = 0.99 and Wy, = [0.4 0.5] in Figures
1 and 2. For Figure 1 p was chosen according to condition (31)
and for Figure 2 g was chosen according to (10) which is the con-
dition given in [5] for convergence in-the-mean. For simulation
purposes we set d, = qu;tS’k + ny where Sy, = [s5 s5_1]" is
a vector composed of the w.s.s. AR process {sx} with variance
equal to 1 and AR coefficient p = 0.99, and {n;} is a white se-
quence, with variance equal to 0.01, independent of {sz}. We set
{zr} = {sx} + {vr} where {v} is a white sequence, with vari-
ance equal to 0.01, independent of {s;}. As can be seen from
Figure 2 stricter conditions are needed for convergence in mean
than those given by (10).

5. CONCLUSION

We have analyzed the alternating odd/even partial update LMS al-
gorithm and we have derived stability bounds on step-size param-
eter g for wide sense stationary signals based on extremal prop-
erties of the matrix 2-norm. While these may not be the weakest
possible bounds, they do provide the user with a useful sufficient

condition on g which ensures convergence in the mean. The anal-
ysis also leads directly to an estimate of mean convergence rate.
Mean-square convergence analysis was not undertaken in this pa-
per as the primary motivation was to show that current bounds on
step-size are not sufficient to guarantee convergence. Theoretical
analysis in the manner considered here for the general case of “Se-
quential LMS Algorithm” is more complicated but feasible.
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