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ABSTRACT

The problem of closed loop system identification given
noisy time-domain input-output measurements is consid-
ered. It is assumed that the various disturbances affect-
ing the system are zero-mean stationary whereas the closed
loop system operates under an external cyclostationary in-
put which is not measured. Noisy measurements of the
(direct) input and output of the plant are assumed to be
available. The closed loop system must be stable but it is
allowed to be unstable in open loop. Recently we proposed
two identification algorithms using cyclic-spectral analysis
of noisy input-output data. In this paper we provide an
asymptotic performance analysis of the recently proposed
parameter estimators. Computer simulation examples are
presented in support of the analysis.

1. INTRODUCTION
Consider the ‘true’linear system denoted by S

S y(t) = H(g " u(t) +e(t) = Zh(i)U(t —)+et), (1)

where ¢ is discrete time, ¢ is the unit delay operator (ie.

g tu(t) = u(t 1)), ¥ t) is the noisy output, u(t) is the
measured input, and e(t) 1s the stochastic disturbance. The
input u(t) is determined through linear feedback as

ut) = v(t) — F(g " Yy(t) = o(t) = Y _ fy(t—i)  (2)

=0

where F(g™") is the controller transfer function and w(t) is
an external input signal (see Fig. 1).

Given an input-output record
{y(2),u(t), t=1,2,...,T}, but the underlying true system
H(q_l) unknown, it of much interest in control, communi-
cations and signal processing applications to fit a rational
transfer function model parametrized by 8

-1, B(q_l;e) _ E?blb
G(g™;9) AeT0) - 1457, aig (3)
0 = [(ll,(lg,---,ana,bl,bg,---,bnb]T, (4:)

to given input-output record. A wide variety of approaches
exist [2], [3], [5]-

n the presence of the feedback and noise e(t), the in-
put {u(t)} is correlated with the output {y(¢)} so that the
standard spectral analysis and related approaches yield bi-
ased estimators of the system transfer function and related
parameters. For further details, see [2], [3] and [5]. In
[2] a nonparametric approach using cyclostationary and/or
non-Gaussian inputs was presented to solve this problem.
Ref. [2] requires the open loop transfer function to be sta-
ble and the approach presented therein is nonparametric.
In [6] and [7] we focused on second-order cyclostationarity
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and parametric approaches and unlike [2], allowed the open
loop transfer function H(e™’“) to be unstable. In [6] and [7]
two identification algorithms using cyclic-spectral analysis
of noisy input-output data were investigated. In this pa-
per we provide an asymptotic performance analysis of the
parameter estimators of [6] and [T7].

H(g™)

F(g™')

A

Figure 1. Closed-loop system description

2. PRELIMINARIES

Let {u(?)} be a zero-mean second-order almost cyclo-
stationary process i.e. its second-order cumulant func-
tion cuu(t;7) 1= cum{u(t + 7), u(t)} E{u(t + 7)u(t)}
is an almost peI‘lOdlC function in ¢t [1]. Assume that
cuu(t 7') admits a Fourier series representation w.r.t. .

Then cuu(t;7) = EaGAuu C’uu(a;'r)ej"‘t and Cuu(o;T)
= limT_,w,}.ET_l cuu(t;T)e 7% where Ayu = {a :
Cuu Z 0,0 € a < 27}. The Fourier coefficient
C’uu a T)1s called the second-order cyclic cumulant at cy-
cle frequency a. The set Ay, is the countable set of cycle

frequencies of the second-order cyclic cumulant of {u()}.
The cyclic cumulant spectrum of {u(¢)} is defined as

Z C’uu(a;'r)e_j‘” (5)

Suu(ajw) :=
T=—00
Consider the second-
order cross-cumulant function cyu(t,7) = cum{y(t +

7),u(t)} = E{y(t + 7)u(t)}. Then, mimicking the defi-

nition of C’uu(a 7') the cychc Ccross- cumulant is defined as
Cyu(o;7) = limp_ oo = o Et:o cyu(t;T)e

cross-spectrum Sy, (a;w) is defined as

—jat

and the cyclic

Z Cyu(e; 'r)e_j‘”. (6)

T=—00

Syu(ajw) :=

3. MODEL ASSUMPTIONS

As in [6] and [7], assume the following:

AML1. limg,oo H(q_l) =0.
AM2. [1+H(¢7)F(¢ )™
AMS3. Disturbance {e(?)} is zero-mean stationary. Exter-

nal input {v(¢)} is zero-mean almost cyclostation-
ary sequence with cycle frequency set Ayo.

is asymptotically stable.



AMA4. For some a € Ayy, |Suu(a;w)| > 0 for almost all
w € [0, 7] if the proposed approaches utilize the
entire frequency range [0, . If only finite number
of frequencies (> ""Zﬂ) are used then |Suu(o;w)|
need be non-zero only for this frequency set.

AMS5. Let z;(t) € {y(t), u(t),v(t),e(t)} for i =1,2,--- k.
Let 7,y = [r1,...,7e—1]%. Let cx(t,_(‘,c 1))
= cum{z1(t),z2(t + 71),...,2x(t + Th—1)} de-
note the the kth-order joint cumulant function
of random variables z;(t). Let C’x(a;z(k_l)) =
mr_s o % EZ:OI ex(t; z(k_l)) . The following
summability conditions hold true for each j =

.,k—1and each k=2,3,...:

e—jat

Yo sl Imlllex(tT_sy)l < oo
T1yo 3 Tp—1=—00 t
Z sup[l + [7;[]|Cx (o574 _,))| < 00
Ty Th_1=—00

4. TRANSFER FUNCTION ESTIMATOR AND
ITS STATISTICS

It has been shown in [6] and [7] that under AM2-AM4,

we have )
H(e™) = Syu(o;w)Sau (05 w). (7
The approaches [6] and [7] consist of two steps. First obtain

a consistent estimator Hr(e™?“;a) of H(e™’¥) via consis-
tent estimators S )(a w) and gsm (e w) of Syu(o;w) and

Suu(a;w), respectlvely based upon the input-output record
{u(?), y(t) t=1,2,...,T}. Next estimate the system pa-
rameters using the estimated transfer function at various
frequencies as ‘data;’ this part follows [9]. We will consider
estimates based on only a single cyclic frequency a € A,,.

Let Y(T)(Gk) denote the DFT of {y(¢)}:: Y(T)(Gk) =
T-1 - :; ~ 7r
Et:o y(t + 1)e ™ 7“** where wy = %, k=0,1,...,T — 1.
Similarly defined U(T)(@y). Given the above DFT’s, fol-

lowing [1] we define the cross- and auto- cyclic spectrum
estimators as

mp (T) —~ (T) —~
ST (0 T0) — Y (wp—s ) U (00 — wie—s)
Sy’ (o5 we) = E T(amz + 1) (8)
s=—mmp
U (G U D (@ =5
ST (0 D) = Z UM (@k—s)U ™ (0 — wi—s)
Suu (a,wk) - T(ZmT T 1) . (9)
s=—mmp

S (s 2) =

27rk| :

For an arbitrary A € [0,27], we define
y;"; (o;wr) where k is an integer such that |)\

the least. Similarly define Suu (a; A). In light of (8) and (9)

define a coarser frequency grid

2xl  2x(mr 4+ 1)
= —+ — 10
wi LT + T ’ ( )
w1thl=0,1,,LT—1andLT=LﬁJ

Lemma 1. [4] Let a sequence of scalar parameters mr
be such that as 7" — oo, we have m7 — 0 and mrT — oo.
Let k(T) with T = 1,2,... be a sequence of integers such

”Z.ﬂ = A, a fixed frequency. Then un-
;‘C)(a;)\)} = Syu(ea;A) and

that lim7_
der AM1-AMS, limz_, o BE{S}

lim &7 cov{ﬁT(e_J
T— 00

var (3},’5)(11;)\)) = O(n;l) where convergence is uniform
in A, var(z) := E{|z|*} — |E{z}|* and &1 = 2mq 4 1. Con-
sider a fixed set of L distinct frequencies {A,}5_; such that
0 <A <Az <+ <Ap < 7. Then {ggz)(a;)\n)}ﬁzl and
{g(T)(a;)\n)}ﬁzl are asymptotically jointly Gaussian ran-
dom variables. Let ai,a2 € Ay, be cycle frequencies that

satisfy AMS5. Then
hm I‘&TCO’U{Smlu(al, 'm.) EZu(a27A )}_

SmlmQ(Am © A'n., A'm.)S'u/u,(afl © A'm. @ A'n. © Q201 — A'm.)
+ Smlu(Am @ A'n. © Q2] A'm.)SmQu(afl © A'm. © A'n., _A'n.)y (11)

Jim wrcov{SLTl(n; Am), 85U (2 2n)} =

SmlmQ(Am @ A'n., A'm.)S'u/u,(afl © A'm. © A'n. @ Q201 — A'm.)

+ Smlu(Am @ A'n. @ a2, A'rn.)SmQu(afl @ A'm. @ A'n., A'n.), (12)
where @ and © denote plus and minus modulo 27 (circular)
operations, respectively. O

Clearly, Lemma 1 holds true when we replace y with « in

ggz)(a; A). Using the estimated cyclic spectra we have an
estimator of the system transfer function at frequency A

Hr(e 7 a) = 8D (s NS (a; ] (13)

provide that (S (a M) exists. It has been shown in [6]
and [7] that (1.p.=in probablhty)

Thm HT(e o a) = H(e_“) ip. (14)
Convergence in (14) is uniform in A € [0, 2x].
Remark 1. In the rest of this paper we use w; to denote
a frequency on the coarse grid (10) and use A, to denote a
fixed frequency independent of the record length 7.
Theorem 1. Suppose that AM1-AMS5 hold true.
Let o € Ayv be a cycle frequency that satisfies AMS5.

Consider {1/1‘{/1' (HT(e iAn, ja0) — H(e_“"))} where

n=1
{)\n}nzl is a fixed set of L distinct frequencies such that
0<A <Xl < - <AL <.

(A). If 2), & Ay, then \/RT (ﬁT(e—m; o) — H(e_m))

converges in distribution to a zero-mean complex circularly
symmetric Gaussian random variable with variance given

by

An o), ET(E_M"; ao)} = 0'2()\"; ao),

lim &7 cov{I/:\TT(e_“"; ao), ﬁ;(e_“n; ao)} =0,
T—o00

where cov{z;, z;} = E{z:z}} — E{z:} E{z}} and

51([;)(040 - A'n.)

2 ) _ —idny |2 c(s)
0" (Anj o) = Bualas W) [[H(e 7288 (An)
84 (An) — 2Re{H*(e7*)S{ (An)}] - (15)
(B). For all & € Ay, define &(T) := m Let

mr be chosen so that ﬁ ¢ {a(T) — [&(])],a(T) +
o(T) — | &(T) +&o(T)], |&(T) — do(T)| - | |& ST) aO% %H}
for all & € Ay, and either |&(T) — @&o(T)| — ||

ao(T)|] or &(T) + &o(T) — |&(T) + &o(T)] & {0, 50—+ 27""1"+l -
Lﬁj} for all @ € Ay — {ao}. If the set {A,}E_,



is chosen from the coarse frequency grid (10), then
converge in dis-

{m (HT(e P ap) — H(e_“")) }

n=1
tribution to a zero-mean complex circularly symmetric
Gaussian random vector with covariance structure given by

Tlim g7 cov{f—jT(e_J ™5 o), I?T(e_j)‘"; ao)}

= 0% (An; @0)brmn,
lim nTcov{I?T(e_j)‘m; ao), ﬁ;(e_“n§ o)} = 0.

Proof A proof of part (A) appears in [7]. The proof of
part (B) is more involved and may be found in [8]. (In (15)
82() = Syu(031)). O

Remark 2. If the choice of mr does not satisfy the

requirements of Theorem 1(B), then I/:?T(e A, ;o0) will

be correlated for certain pairs of frequencies. Extensive
simulations suggest that the variance expressions given in
Sec. 6 later can be used in this case also (because such
lack of independence occurs over a very small subset of all
frequency pairs) [8].

5. TWO PARAMETER ESTIMATORS

We will assume that the true model generating the data is
in the model set (i.e. H(e™?*) is of the type G(e™?* 6))
Let nq0, 7o and 89 denote the true values of n,, npy and 8,

respectively, such that G(e_“', 8o) = H(e_“') for some 60.
The fitted model parameters are governed by na, ns, and
0, whereas the data are generated by the true model with
parameters governed by nao, nyo and 8o.

5.1. An Equation Error Formulation
Define

o) :
0y; = arg{elgé)nc JlT(e)} (16)

where O¢ is a (large) compact set such that 8y € O¢,

Ter0) = ‘A( ) Fa(e ) - B 0)|

=1

0 < A < A < < Az < m B(e7;0)

o bi(8)e™I M and A(eTIM0) =1 + Y070 ai(f)e M
It has been shown in [6] that under AM1-AMS5, n, > nao,
ny > mpo and min(ne — nao,ms — neo) = O such that

na +ns < 2L, it follows that hmp e, B 2 .

5.2. A Weighted Least-Squares Formulation
Define

5(22 = arg {elélé)nc JQT(G)} (17)

where O¢ is a (large) compact set such that 8; € O¢,

Tr(9):=>

=1

- . . 2
‘HT(e_“l ja) — G(e_“l ; 6)‘
o2 (A @) ’

0%(\i; @) denotes (15) with all “unknowns” replaced with
their consistent estimators (cf. (8) and (9)). It follows from
the discussion of Sec. 4 that under AM1-AMS5, we have
limT_,wF'%‘()\l;a) = o2 Ar; o) Lp. uniformly in A; € [0, 7).
It has been shown in [7] that under AM1-AMS5, n, >
Tg0, Wb > Npo and min(ng — Ngo, Be — nbo) =0, such that

ne + ne < 2L, it follows that im0 é(;I)l LB 4.

6. PERFORMANCE ANALYSIS

We will invoke corresponding results from [9], which apply
by virtue of Theorem 1 (assuming mr 1s chosen to sat-
isfy part (B) of Theorem 1), after some straightforward
notational changes. Note that [9] which deals with spec-
tral analysis based approaches for open loop systems. But
once we reduce the time-domain data to consistent transfer
function estimates obeying Theorem 1, the analysis and the
results of [9] apply since [9] also works with transfer func-
tion estimates that are asymptotically complex (circularly
symmetric) Gaussian and are asymptotically independent
at distinct frequencies. A difference between [9] and this

paper is that the variance expressions for I?T(e_j)‘l;a) are
different in the two papers.

6.1. Equation Error Formulation
It follows from ([9], Sec. IV.C) that under the hypotheses

of Theorem 1, 5(:,.2 is asymptotically Gaussian with mean

8o and

Tlim KT cov ((5(:,.12 —8o), (5(:,.12 — 60)) = %D_liez,p_l
(18)

where o®(};) is given by (15), the symbol H denotes the
conjugate transpose operation,

L
- 1 .
Yo 1= EZUZ(AL;Q) (RFlt + FFD),
=1
Fi o= A(e_j)‘l;eo)a + [A(e_j)‘l;eo)G(e_j)‘l;Go)
_ B(e—j)\z : 90)] Cl*g7

C,:= |:ej)‘lG*(e_j)‘l;Go)fejZ)‘lG*(e_j)‘l;60)5---E
T
ejnb)w:| ,

T
A 3220 L inaApin- :
Cyg = |:eJ Lrgdoh L gdTe 1.0.---.0:| ,

jng A —ix . i - .
ene lG*(E J 1;00).—61 |

L
= %Z (EEZ* + E;‘?Z‘") = independent of fq.
=1

6.2. Weighted Least-Squares
It follows from ([9], Sec. V.C) that under the hypotheses of

Theorem 1, é(;I)l is asymptotically Gaussian with mean 6o
and

1 -
Thm KT COV ((GTL —00), (GTL — 00)) =1 [2%22]

(19)
where 0%(;) is given by (15)),

() _ Z {D:(60)D]*(60) + D;(8:)DF (60)}
DY A |[A(e=3™;60)202(A; @) )
D) = [ o G o)

T
Mg A —JA . iAg . . iny A
e’ lG*(e 11;0).—611.---.—612’1



7. SIMULATION EXAMPLE

This example is based upon [10]. The open loop plant is
given by

1 4+0.5¢77
1—185q—1+0525 =

The controller F(¢™') is given by F(g™') [0.35 —
0.28¢7'][1 — 0.8¢7*]7*. The closed loop system is stable.
We take

e(t) =

1—1.7959¢7 +1.4328¢72 — 0.59608¢ % + 0.08738¢~* ;

1_1.7¢-* 10.33¢—2 + 1.063¢—3 — 0.64084—* «(t)
and the cyclostationary external input signal is chosen as
v(t) cos(”t)ﬁ(t) where €(t) and £(t) are zero-mean
1.i.d. Gaussian random sequences with unit variance, and
they are independent of each other. This leads to AM =
{0,0.757, 1.257}. We selected the cycle frequency a = 0.757
for system identification via cyclic spectral analysis. The
power of {e(t)} was scaled to achieve a closed loop output
SNR of 10 dB. Let s(t) = contribution of v(t) alone to y(t)
and and let 5(t) = contribution of e(t) alone to y(t). Then
output SNR is defined as the ratio

hmr e & Y7 E[s?(2)]
limraeo 3 Y0, Bn?(2)]

The required cyclic spectra (auto and cross) were es-
timated via frequency-domain averaging of cyclic peri-
odogram/ cross-periodogram using non-overlapping rectan-
gular windows (see (8) and (9)). Tables 1 and 2 show the
results of averages over 100 Monte Carlo runs based upon
a record length T = 2048 with 2m30ss + 1 = 21 in (8),(9).
Tables 3 and 4 show the same for a record length 7" = 8192
with 2msgi92 + 1 = 91. We have used two different ap-
proaches to compute the asymptotic variances. In the first
approach we use the complete knowledge of the true system
where smoothed true auto- and cross-cyclic spectra and a
smoothed true transfer function as well as §; are used to
compute (18) and (19). We denote the asymptotic variance

computed in this way by o2 . In the second approach we
replace the true system quantities in (18) and (19) by the
averages over 100 Monte Carlo runs of estimated smoothed
cyclic spectra and estimated parameters. This approach
allows us to estimate the asymptotic variances using only
the observed input and output data over multiple records.
We denote the resulting asymptotic variance by o2,. Note
that o2, uses “asymptotic” expressions whereas o2, is based
on finite record estimates, and therefore incorporates finite
record length effects; it turns out to be more accurate for
this example.

H(g™') =

poles : 1.5,0.35.

SNR =

TABLE 1 : based on 100 Monte Carlo runs
Equation Error Formulation

T = 2048

| True Mean | o. | on | ow
a1 | —1.850 | —1.855 | 0.054 | 0.030 | 0.057
as 0.525 0.560 0.054 | 0.031 | 0.060
by 1.000 0.981 0.066 | 0.035 | 0.068
ba 0.500 0.453 0.062 | 0.038 | 0.073

o.= experimental standard deviation (SD). 011 = asymp-
totic SD based on (18) or (19) using knowledge of true sys-
tem in computed the required entities. o:2= asymptotic SD
based on Monte Carlo evaluation of entities needed in (18)
or (19).

TABLE 2 : based on 100 Monte Carlo runs
Weighted Least-Squares

T = 2048
| True Mean | o | oua | o

ar | —1.850 | —1.845 | 0.023 | 0.012 | 0.031

TABLE 3 : based on 100 Monte Carlo runs
Equation Error Formulation

T = 8192

| True Mean | o | oua | o
a; | —1.850 | —1.849 | 0.026 | 0.016 | 0.036
as 0.525 0.529 0.027 | 0.016 | 0.037
by 1.000 0.994 0.027 | 0.018 | 0.038
ba 0.500 0.496 0.031 | 0.020 | 0.041

TABLE 4 : based on 100 Monte Carlo runs
Weighted Least-Squares
T = 8192
| True Mean | o | oua | o
a; | —1.850 | —1.845 | 0.014 | 0.006 | 0.015
as 0.525 0.520 0.016 | 0.006 | 0.016
by 1.000 0.994 0.016 | 0.007 | 0.017
bo 0.500 0.506 0.018 | 0.008 | 0.018
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