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ABSTRACT

In thi s pap er, we prop ose a simpl e set theoreti c bl i nd de-
convol uti on scheme based on a recentl y devel oped convex
pro j ecti ontechni que cal l edHybrid Steepest Descent Meth-

ods. The scheme i s essenti al l ymoti v ated by Kundur and
Hatzi nakos's i dea that mi nimi zes a certai n cost functi on
uni f orml y re
ecti ng al l a pri ori i nf ormati on such that (i )
nonnegati vi t y of the true image and (i i )supp ort si zeof the
ori gi nal obj ect.

The most remark abl e f eature of the prop osed scheme i s
that the prop osed one can uti l i zeeach a pri ori i nf ormati on
separatel y f romother ones, where some parti al i nf ormati ons
are treated i n a set theoreti c sense whi l e the others are
i ncorporated i n a cost functi on to be mi nimi zed.

1. INTRODUCTI ON

In man y image processi ng appl i cati ons, the degradati on of
an image can be represented as the convol uti on of the true
image wi th a bl urri ng functi on known as a poi nt-spread-
functi on (PSF). The bl urred image can be mo del ed as

g(x; y) = h(x;y) � f(x; y) + n(x; y); (1)

where (x; y) : di scretepi xel coordi nates of the image f rame,
g(x;y) : bl urred image, f(x;y) : true image , h(x; y) : poi nt
spread functi on (PSF), n(x;y) : addi ti ve noi se, � : di screte
two-dimensi onal (2-D) l i near convol uti on operator.

Al though the e�ect of PSF i s usual l y assumed to be
expl i ci tl yknown i n cl assi cal image restorati on techni ques
to recover the true image f(x; y), i t i s wel l known that ac-
curate measuremen t of the degradati on i s of ten di�cul t,
costl y, dangerous, or physi cal l yimp ossi bl e f or exampl e i n
appl i cati ons such as astronomi cal speckl e imagi ng and cer-
tai nmedi cal imagi ng etc. Thi s si tuati onmoti v ated a noti on
of Bli nd image restorat i onthat estimate both the true im-
age and PSF simul taneousl y.

As seen i n broad revi ews on the bl i nd decon vol uti on
probl em[1, 2], numerous strategi es have been prop osed to
tackl e thi s probl em because of i ts great imp ortance i n ap-
pl i cati onas wel l as i n theoreti cal i nterest.

Inparti cul ar,recentl y, Kundur and Hatzi nak os reported
that the bl i nd image decon vol uti on probl em i s successful l y
resol ved by constructi ng a restorati on�l ter wi th a l i ttl ea
pri ori i nf ormati on such that (i ) nonnegati vi t y of the true
image and (i i )supp ort si ze of the ori gi nal obj ect, where
the true image i s estimated by mi nimi zi ng a certai n cost

functi on uni f orml y re
ecti ng the al l a pri ori i nf ormati on[ 3] .
Ho wever, si nce each a pri ori i nf ormati on i s a i nterpreta-
ti on of absol utel y requi red di �erent physi cal constrai nts,
separate and 
exi bl e use af ter exami ni ng the rol e of each
i nformati on woul d be more desi rabl e to the probl em. For
exampl e, onl y nonnegati vi t y of the �l teredimage i srequi red
to be sati s�ed over the supp ort whi l e the compl ete a pri ori

i nf ormati on on the si gnal val ue i s known as a background
grey-l evel outsi de the supp ort. Thi s impl i es that the set
theoreti c strategy[ 4] i s natural to uti l i zethe a pri ori i nf or-
mati on over the supp ort whi l e optimi zati on i s sui tabl e to
do outsi de the supp ort.

In thi s pap er, moti v ated by the i dea shown by Kun-
dur and Hatzi nak os, we prop ose a simpl e bl i nd decon vol u-
ti on scheme based on a recentl y devel oped convex proj ec-
ti ontechni que cal l edHybri d Steepest Desc ent Metho ds[ 5, 6] .
The most remark abl e f eature of the prop osed scheme i sthat
the prop osed one can uti l i zeeach a pri ori i nf ormati on sep-
aratel y f rom other ones, where some parti al i nf ormati ons
are treated i n a set theoreti c sense whi l e the others are i n-
corporated i n a cost functi on to be mi nimi zed.

In addi ti on, some vari ants of the prop osed metho d can
sti l lbe appl i ed to the bl i nddecon vol uti onprobl ems i nwhi c h
an i nconsi stent set of a pri ori i nf ormati ons i s imp osed. In
such a case, these metho ds l ead to the uni que optimal FIR
restorati on�l ter among al l FIR �l ters that attai n the l east
sum of squared di stances to al l sets de�ned by each i nfor-
mati on.

A coupl e of simpl e numeri cal exampl es are presented to
demonstrate the perf ormance of the proposed bl i nd decon-
vol uti on scheme i n noi sy case as wel l as i n noi sel esscase.

2. REVI EWOF A NONPARAMETRI CBLI ND

DECONVOLUTI ONSCHEME

In thi s secti on, we present a bri ef revi ew of the i dea of
a nonparametri c bl i nd decon vol uti on scheme proposed by
Kundur and Hatzi nak os[ 3] .

Assume that the fol l owi ng a pri ori i nf ormati on on the
imagi ng process, the true image, and the PSF.

1. The degradati on of the true image i smo del ed by (1)

2. The obj ect i s imaged such that i t i s enti rel yencom-
passed by the observed f rame.

3. The true image i s nonnegati v e, and i ts supp ort i s
known a pri ori ;the supp ort i sde�ned to be the smal l -
est rectangl e encompassi ng the ob j ect.



4. The background of the image i suni f ormly grey, bl ack,
or whi te.

5. Fouri erTransf ormati onof PSF H(!1; !2) sati s f ythe
f ol l owi ng condi t i onH(0; 0) = 1.

6. The i nverseof the PSF exi sts ,and both the PSF and
i tsi nverseare absol utel ysummabl e.

Most of these are commonl y assumed i n numerous deter-
mi ni st i cbl i nd deconvol uti onprobl ems. The val i di ty and
broad avai l abi l i ty of theseassumpti ons are bri e
ydi scussed
i n [3].

The essenti alstrategyof Kundur and Hatzi nakos'scheme
i sbestapproxi mati ngthe rol eof FIR restorati on�l terfu(x; y)g
to that of the i nverseof the PSF over the support by ap-
pl yi ng part of the above a priori i nf ormati on. In other
words, the consi stencyof the obtai ned esti mate f̂(x;y) :=
u(x;y) � g(x;y) of the true i mage wi th thesea priori i nf or-
mati ons i sadapti vel yupdated by mi ni mi zi ng a convex cost
f uncti on:

J(u) =
X

(x;y)2Dsup

f̂
2(x;y)cl (̂f(x;y))

+
X

(x; y)2Dsup

[f̂(x;y)� LB]
2

+


2
4 X
8(x; y)

u(x;y)� 1

3
5
2

(2)

where

cl (f) : =

�
0; i ff � 0
1; i ff < 0;

Dsup i sthe setof al lpi xel si nsi dethe regi onof support,Dsup

i s the set of al l pi xel soutsi dethe regi onof support,LB i s
the background grey- l evel val ue(i fthe background i sbl ack,
then LB = 0 ), and 
 i s i ntroduced as a sort of penal ty.
Obvi ousl y, the �rst term i n (2) measures the consi stency
wi th the above 3rd assumpti on, the second termmeasures
one wi th the 4th assumpti on, the thi rd term re
ect the
5th and 6th assumpti ons. The thi rdterm i s addi t i onal l y
i ntroduced i n[ 3]to constrai nthe parameter fu(x;y)g f rom
the tri vi alal l - zerosol uti onwhen the background i s bl ack
(i . e. ,LB = 0).

Fi g. 1i l l ustratesthe pri nci palstrategyof the bl i ndde-
convol uti onscheme proposed i n [ 3] ,where

f̂NL(x;y) : =

8<
:

f̂(x;y); i ff̂(x;y) � 0; (x;y) 2 Dsup

0; i ff̂(x;y) < 0; (x;y) 2 Dsup

LB ; i f(x;y) 2 Dsup

I t shoul d be noted that, i n the probl em, onl y nonneg-
ati vi ty of the �l teredi mage i s absol utel yrequi redto be
sati s�edover the support whi l e the compl ete a priori i n-
f ormati oni sknown as a background grey- l evel outsi dethe
support. Ho wever, the nonnegati vi ty f̂(x;y) over the sup-
port i snot guaranteedi ngeneralby mi ni mi zi ngJ of (2). In
addi t i on,the �nal comp ensati onby operati ngf uncti onfNL
to the part of i mage f̂(x;y) over the support seems debat-
abl e because i t con
i ct wi th the pri nci palstrategyof best
approxi mati ng the rol eof FIR �l terover the support to that

NL
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Fi gure 1: Kundur and Hatzi nakos' sBl i ndi mage deconvo-
l uti on

of the i nverseof the PSF. On the other hand, the operati on
to the remai ni ng part of i mage f̂(x;y) outsi dethe support
i spersuasi ve due to the known background grey- l evel .

Thi s s i tuati oni mpl i esthat the set theoreti cstrategy[ 4]
woul d be more natural to uti l i zethe a priori i nf ormati on
over the support whi l e the strategyof mi ni mi zi ng the di s-
tance between f̂(x;y) and background i mage i s sui tabl eto
do outsi dethe support.

Remark 2.1 Al ternati ve strai ghtf orwardset- theoreti cstrat-
egy woul d be uti l i zi ngset- theoreti cal l ythe a priori i nf or-
mati ons outsi dethe support as wel las i tsi nsi de.Ho wever
appl yi ngthe wel l - known al gori thms,f or exampl e POCS, i n
[ 7]f orconvex f easi bi l i ty probl ems woul d f ai lto �nd the f ea-
s i bl esol uti onto sati s f yal lrequi rements i ngeneral unl essa
restorati onFIR �l terhas su�ci entl yl argesi ze,whi ch wi l l
be shown through numeri cal exampl es i nSecti on5.

3. HYBRID STEEPEST DESCENT METHODS

Hybrid Steepest Descent Methods[ 5, 6] was recentl ydevel -
oped to tackl e a cl assof s i gnalprocess i ngprobl ems to be
sol ved both i n set theoreti cas wel las i nopti mal senses.

In thi s secti on,we bri e
y revi ewHybrid Steepest De-

scent Metho ds to the f ol l owi ng opti mi zati onprobl em:
(P1) (Convex opti mi zati onover general i zedconvex f easi bl e
set) :

Let H be a real Hi l bert space wi th i nner product h�; � i
and i nduced norm k � k. Supp ose that Ci (i = 1; 2; : : : ;m)
and K are nonempt y cl osedconvex setsand the f uncti on� :
H ! R i s de�ned by �( x) : =

Pm

i=1 wid(x;Ci)
2,
Pm

i=1 wi =
1 and wi > 0 f or i = 1; : : : ;m. Let

K� : =fu 2 K j �( u) = i nf�(K)g 6= ;

and

G : =

8>>><
>>>:

m\
i=1

Ci i f
m\
i=1

Ci 6= ;;

K� i f
m\
i=1

Ci = ;:

Then, f or a gi ven conti nuous convex f uncti on� : H ! R,
the probl emi s

Mi ni mi ze � over G:

We cal lK a control set and G a gener al ized convex feasibl e

set. {



Remark 3.1 Note that the problem (P1) is not solvable
by standard convex pro jection techniques[7] or nonl inear
programming techniques[8, 9] .

A mapping T : H ! H i s cal led nonexpansive i f
kT (x)�T (y)k � kx� yk for al l x; y 2 H. A �xedpoi nt of
a mapping T : H ! H i s a point x 2 H such that T (x) = x;
the set of al l �xed points of T i s closed convex and denoted
by Fix (T ). For any nonempt y closed convex set C � H,
the mapping that assigns every point in H to its unique
nearest point inC i s cal led the met r i cpr oject i ononto C
and is denoted by PC . It is easy to see that Fi x(PC) = C
and to deduce that PC i s nonexpansiv e.

De�ni t i on3. 2. Let S be a subset of a Hilbert space H, and
l et a f unct i on� : H ! R [ f1g be twi ce di �erent i abl eon
some open set U � S. Then �00 : U ! B(H) i s sai d to be
uni formlys t r ongl ypos i t i ve and uni f orml ybounded
(or, bri e
y,�00 i s USPUB) over S i f�00(x) i s sel f -adjoi nt
f or all x 2 S, and there exi stscal arsM �m > 0 such that

mkvk2 � h�00(x)v; vi �Mkvk2 f or al l x 2 S and v 2 H:

Exampl e 3. 3. Suppose that b 2 H and A : H ! H i s
a st rongl y posi t i vebounde d l i near operator, i . e. ,hAx; xi �
�kxk2 f or some � > 0 and all x 2 H. De�ne a quadrat i c
f unct i on� : H! R by

�( u) :=
1

2
hAu; ui � hb ;ui f or all u 2 H:

Then �00 : H ! B(H) sat i s�esthe condi t i onUSPUB over
H.

Fact3. 4. (Hybri d Steepest Desc ent Method (I)) Suppose
that Ti : H! H (i = 1; : : : ;N) are nonexpans ive mappi ngs

wi t hF :=
TN

i=1 Fi x(Ti) 6= ; and

F = Fi x(TN � � � T1) = Fi x(T1TN � � �T3T2)

= : : : = Fi x(TN�1TN�2 � � �T1TN ) 6= ;;

whi ch i saut omat i call ys at i s �edfor �rml ynonexpans i ve map-
pi ngs(mor e gener al l y, f orat t ract i ngnonexp ansi vemappi ngs )
Ti's wi t hF 6= ;. Let� :=[

N
i=1 co (Ti(H)) and l eta f unc-

t i on� : H ! R[f 1gbe twi cedi �er ent i abl eon s ome open
s etU � �. Suppos e t hat�00 : U ! B(H) s at i s �est he con-
di t i onUSPUB over�. Suppos et hat(�n)n�1 i sa s equence
of par amet er si n[0; 1] t hat s at i s �es

(B1) l im
n!+1

�n = 0;

(B2)
X
n�1

�n = +1;

(B3)
X
n�1

j�n � �n+N j < +1:

(3)

Then f oran ar bi t r ar i l y�xed � wi t h0 < � < 2=M and
any poi nt u0 2 H, t he s equence(un)n�0 gener at edby

un+1 := T(n mo d N)+1 (un)

��n+1 ��
0 �T(n mo d N)+1 (un)

�
conver gest o t heuni quemi ni mi zeru� of t he t he f unct i on�
over F .

The simplest example of obl ivious sequences (�n) satisfying
(3) ma y be �n := 1

n
for n = 1; 2; : : : .

When � is given as a quadratic function in Example
3.3, the problem (P1) is solved by the fol lowing scheme.

Cor ol l ar y3. 5. LetK� 6= ;, � 2 (0; 3=2] and � 2 (0; 2=kAk).
As s ume t hat(�n)n�1 i sa s equenceof par amet er ss at i s f yi ng
( 3) i n [0; 1] ( f orN = 1) . Then f orany poi nt u0 2 H, t he
s equence(un)n�0 gener at edby

un+1 :=�n+1 �b

+ (I � �n+1 �A)

(
�PK

 
mX
i=1

wiPCi (un)

!
+ (1� �)un

)

conver gess t r ongl yt o t he uni quemi ni mi zerof � overK�.

Remar k 3. 6Note that al l iterative algorithms introduced
here are possible to emplo y any point in H as its start-
ing point, whic h implies that al l algorithms to �nd some
appro ximate solutions, for example POCS[7] and other al-
gorithms in [8, 9] , can be used as a prepro cessing of Hy-
brid Steep est Descen t Metho d. Suitable prepro cessing leads
to great impro vemen t of the convergence speed of Hybrid
Steep est Descen t Metho d.

4. PROPOSED BIND DECONV OLUTION
SCHEME

As remark ed in Section 2, certain mixture of set theoretic
treatmen t as wel l as optimization isdesired to solve the non-
parametric bl ind decon volution problem. In this section, we
prop ose a simple set theoretic scheme to demonstrate how
Hybri d Steepest Desc ent Metho d can be applied to the bl ind
decon volution problem.

Denote by fu(x; y)gN1�1;N2�1
x=0 ; y=0 or u 2 RN1�N2 the im-

pulse response of a 2-D FIR restoration �lter to be appro x-
imated to the inverse of PSF.

De�ne a col lection of closed half spaces ina Eucl id space
R
N1�N2 by

C1(x ; y) =
n
u 2 RN1�N2 j (g � u)(x; y) � 0

o
;

for every pixel (x; y) 2 Dsup. Ob viously ,
T
(x ; y)2Dsup

C1(x ; y)
i s the set of al l FIR �lters that output nonnegativ e values
over the supp ort Ds up.

De�ne also a hyp erplane in RN1�N2 by

C2 =

(
u 2 RN1�N2 j

N1�1X
x=0

N2�1X
y=0

u(x; y) = 1

)
:

The set C2 i s imp osed due to the assumptions 5 and 6 in
section 2. Then, the pro jections onto these sets are trivial ly
given as fol lows. Pro jections onto C1(x ; y) and C2 are easi ly
computed by

P1(x ; y)(u) :=u�
hgx y;ui

kgx yk
2
cl(hgx y;ui)gx y;

and

P2(u) :=u+
1 � h1;ui

k1k2
1;



where gxy := (g(x;y); g(x; y�1); : : : ; g(x; y�N2+1); : : : ; g(x�

N1+1; y�N2+1))
t and 1 :=(1; 1; : : : ; 1)t 2 RN1�N2 , where

t denotes the transpositi on.
Our cost functi on � : RN1�N2 ! R i s simply de�ned as

a quadrati c functi on

�( u) =
X

(x;y )2Dsup

[f̂(x; y)� LB]
2
;

where we can assume by Exampl e 3. 3 that � sati s�es US-
PUB everywhere i nRN1�N2 i nalmost practi cal si tuati ons[ 3] .

It i s obvi ous that, f or consi stent case i . e.

C :=
\

(x;y )2Dsup

C1(x; y)\C2 6= ;, Fact 3. 4wi th � := 2
Trace(�00) ,

�n := 1
n
and fTig :=fP1(x;y)g(x;y )2Dsup

[ fP2g can real i ze
a simpl e set theoreti c scheme to �nd the uni que mi nimi zer
of � over C.

5. NUMERICAL EXAMPLES

Though the fol l owi ng exampl es are onl y the cases where the
condi ti on C 6= ; i s sati s�ed, we can appl y Corol l ary3. 5, i n
simi l ar ways, to the i nconsi stent cases as wel l .

Supp ose that (i ) the si ze of the image to be restored
i s 30 � 30, (i i )the supp ort si ze of the ori gi nal object i s
8� 8, (i i i )the Z-transformof PSF i s sum of al l monomi al s
fh(m;n)zm1 zn2 g0�m�5;0�n�5 of Tayl or seri es expansi on of
1
4 (1�0:5z1)

�1(1� 0:5z2)
�1, (i v) the bac kground grey-l evel

i s LB = 0, (v) For noi sy case, noi se i s added at 40 dB

BSNR,where BSNR := 10 l og10

�
Blurred image power

noi se vari ance

�
,

and (vi ) the si ze of the FIR restorati on �l ter i s 5 � 5 i . e.
(N1;N2) = (5; 5).

The exampl es shown i nFi g. 2 suggest that the proposed
scheme based on Fact 3. 4 outp erf orms POCS i n al l cases,
but i ts perf ormance seems sti l lstrongl y a�ected by addi -
ti ve noi se. Thi s si tuati onshoul d be impro ved by imp osi ng
addi ti onal a priori i nf ormati on such as the noti on of Total
variation[ 10] ,whi c h wi l l be presented el sewhere.
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