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(OHFWURQLF�ZDWHUPDUNLQJ�LV�DQ�DFWLYH�DUHD�RI�UHVHDUFK�ZLWK
PDQ\� DSSOLFDWLRQV� EHLQJ� IRUHVHHQ�� :DWHUPDUNV� PD\� EH�
FRPH� DQ� HVVHQWLDO� WRRO� IRU� FRS\� PDQDJHPHQW� LQ� IXWXUH
&RQVXPHU�(OHFWURQLF�RU�3&�GHYLFHV��:LWK�VLPSOH�FLUFXLWV�
GHWHFWLRQ�RI�ZDWHUPDUNV�DIWHU�QRLVH�DGGLWLRQ��03(*�FRP�
SUHVVLRQ�� '�$� FRQYHUVLRQ�� SL[HO� VKLIWV� DSSHDUV� IHDVLEOH�
EXW�GHWHFWLRQ�DIWHU� WUDQVIRUPDWLRQV��VXFK�DV�FURSSLQJ�DQG
VWUHWFKLQJ�� UHPDLQV� D� FKDOOHQJH��:H� SURSRVH� D�PRGHO� WR
HYDOXDWH� WKH� HIIHFW� RI� VFDOLQJ� RQ� WKH� GHWHFWRU� UHOLDELOLW\
DQG�YHULI\�LW�ZLWK�H[SHULPHQWV�

��� ,1752'8&7,21

'LJLWDO�PXOWLPHGLD� WHFKQRORJ\�RSHQV�PDQ\�RSSRUWXQLWLHV
IRU�QHZ�DSSOLFDWLRQV�DQG�VHUYLFHV��EXW�FRQWHQW�RZQHUV�DUH
DIUDLG�WR�ORRVH�UHYHQXHV�DV�FRSLHV�RI�GLJLWDO�FRQWHQW�FDQ�EH
JHQHUDWHG� UDSLGO\�� SHUIHFWO\�� DW� ODUJH� VFDOH� DQG� ZLWKRXW
OLPLWDWLRQV� WR� WKH�QXPEHU�RI�JHQHUDWLRQV�RI� FRSLHV��&RS\
PDQDJHPHQW�FDPH�RQ�WKH��FULWLFDO�WLPH�SDWK��RI�WKH�PDU�
NHW�LQWURGXFWLRQ�RI�VHYHUDO�GLJLWDO�SURGXFWV�� LQFOXGLQJ�WKH
'LJLWDO�9LGHR�%URDGFDVWLQJ��'9%���'LJLWDO�9HUVDWLOH�'LVF
�'9'��� +'� WHOHYLVLRQ�� WKH� ,(((� ����� GLJLWDO� LQWHUIDFH
DQG� LPSURYHG� GLJLWDO� DXGLR� FDUULHUV� �H�J�� 6XSHU�$XGLR
&'��� 7RROV� IRU� FRS\� SURWHFWLRQ� LQ� WKH� GLJLWDO� ZRUOG� DUH
VRXJKW� LQ� WZR� GLUHFWLRQV�� FU\SWRJUDSK\� DQG� HPEHGGHG
VLJQDOOLQJ��7KH�ODWWHU�PHWKRG��DOVR�FDOOHG�³ZDWHUPDUNLQJ´
LQVHUWV�FRS\�GDWD�� LQWR� WKH�FRS\�UHVWULFWHG�YLGHR�VHTXHQFH
LWVHOI��,W�LV�LQWHQGHG�WR�SUHYHQW�LOOHJDO�FRS\LQJ�E\�WHOOLQJ�D
FRPSOLDQW� GHYLFH� QRW� WR� FRS\� LW�� +HQFH�� WKH� ZDWHUPDUN
VKRXOG� VXUYLYH� 03(*��� FRPSUHVVLRQ� DQG� GLJLWDO�WR�
DQDORJ�WR�GLJLWDO�FRQYHUVLRQV��,I�WKH�YLGHR�ILGHOLW\�UHPDLQV
KLJK��WKHQ�WKH�ZDWHUPDUN�VKRXOG�UHPDLQ�GHWHFWDEOH��,W�FDQ
DOVR�UHGXFH�WKH�YDOXH�RI�LOOHJDO�FRSLHV�E\�SUHYHQWLQJ�WKHP
IURP�EHLQJ�SOD\HG�RQ�FRPSOLDQW�GHYLFHV��7KLV�PHDQV�WKDW
FRQVXPHUV�ZLOO� KDYH� D� FKRLFH� EHWZHHQ� D�� FRPSOLDQW� GH�
YLFHV��ZKLFK� FDQ� SOD\� OHJDO�� FRPPHUFLDOO\� UHOHDVHG� GLVFV
WKDW�ZHUH�HQFU\SWHG��EXW�FDQQRW�SOD\�SLUDWHG�GLVFV��DQG�E�
QRQ�FRPSOLDQW� GHYLFHV��ZKLFK� FDQ� SOD\� SLUDWHG�PDWHULDO�
EXW�FDQQRW�SOD\�HQFU\SWHG�GLVFV�

7KH� &RS\� 3URWHFWLRQ� 7HFKQLFDO� :RUNLQJ� *URXS
�&37:*�� RI� '9'� LQLWLDWHG� WKH� 'DWD� +LGLQJ� 6XE*URXS

�'+6*���ZKLFK�UHOHDVHG�D�FDOO�IRU�SURSRVDOV�LQ�0D\������
$OO� SRVVLEOH� �YLGHR��FRQWHQW� VKRXOG� IDOO� LQWR� RQH� RI� IRXU
FDWHJRULHV�� )UHH� &RS\�� &RS\� 1HYHU�� 2QH� &RS\� $OORZHG
DQG�&RS\�1R�0RUH�� 6LQFH� ZDWHUPDUN� GHWHFWRUV� PXVW� EH
EXLOW� LQWR�PLOOLRQV�RI� ORZ�FRVW��FRQVXPHU�GHYLFHV��D� FULWL�
FDO� UHTXLUHPHQW� LV� WKDW� WKH� GHWHFWRU� PXVW� EH� H[WUHPHO\
VLPSOH�DQG�FKHDS��VD\�LPSOHPHQWDEOH�LQ�³D�IHZ�NLORJDWHV´�
7KHVH�UHTXLUHPHQWV�DUH�FKDOOHQJLQJ�GHVLJQ�VSHFLILFDWLRQV�

,Q�WKH�SURFHVV�RI�GHWHUPLQLQJ�D�ZDWHUPDUN�GHWHFWLRQ�VWDQ�
GDUG�IRU�HQKDQFHG�'9'�FRS\�SURWHFWLRQ��WKH��FRS\�RQFH�
DQG� �FRQGLWLRQDO� SOD\EDFN�� EHFDPH� LPSRUWDQW� UHTXLUH�
PHQWV�� 7KLV� KDV� OHDG� WR� WKH� GHYHORSPHQW� RI� PHWKRGV� WR
VLJQDO� DQG� G\QDPLFDOO\� PRGLI\� WKH� FRS\� VWDWH� RI� ZDWHU�
PDUNHG�FRQWHQW��:H�UHYLHZHG�JHQHUDWLRQ�PDQDJHPHQW� LQ
>�@�

7KLV�SDSHU�DGGUHVVHV�VRPH�LVVXHV� LQ� WKH�GHWHFWLRQ�RI�ZD�
WHUPDUNV�� 6HFWLRQ� �� IRUPXODWHV� D� PDWKHPDWLFDO� PRGHO�
6HFWLRQ���DQG���VXPPDULVH�HDUOLHU�UHVXOWV�RQ�GHWHFWRU�HU�
URU�UDWHV��6HFWLRQ���DGGUHVVHV�QHZ�UHVXOWV�RQ�GHWHFWRU�EH�
KDYLRXU�IRU�VWUHWFKHG�YLGHR���6HFWLRQ���FRQFOXGHV� WKLV�SD�
SHU�

��� )2508/$7,21�2)�$�02'(/

:H�FRQVLGHU� WZR� VWRFKDVWLFDO� SURFHVVHV��:� ZKLFK� JHQHU�
DWHV�ZDWHUPDUNV�DQG�3�ZKLFK�JHQHUDWHV� LPDJHV��7KH� LP�
DJH�DQG�ZDWHUPDUN�DUH� UDQGRP�YHFWRUV�RI� VL]H�1�� E\� 1�

DQG�0�� E\�0��� UHVSHFWLYHO\�� 7KH� LQWHQVLW\� OHYHO� RI� WKH
SL[HO�ZLWK�FRRUGLQDWHV�Q� ��Q���Q�����Q��∈�^���������1�`�Q��∈
^���������1�`��LV�GHQRWHG�DV�S�Q���:H�UHVWULFW�RXU�GLVFXVVLRQ
WR�JUD\�VFDOH�LPDJHV��LQ�ZKLFK�S�Q��WDNHV�RQ�UHDO�RU�LQWH�
JHU�YDOXHV� LQ� D� FHUWDLQ� LQWHUYDO�� ,Q� SUHYLRXV� SXEOLFDWLRQV
>��� ��� �@�� ZH� IRXQG� WKDW� D� VLPSOLILHG� WKHRUHWLFDO� PRGHO
DJUHHV�ZHOO�ZLWK�H[SHULPHQWV�RQ�UHDO�ZRUOG� LPDJHV��VXFK
DV�³/HQQD´��7KH�PRGHO�DVVXPSWLRQV�LQFOXGHG�
•� 7KH�VWRFKDVWLF�SURFHVVHV�:�DQG�3�DUH�PXWXDOO\� LQGH�

SHQGHQW�
•� :�DQG�3�DUH�ZLGH�VHQVH�VWDWLRQDU\��6R�WKH�DXWRFRUUH�

ODWLRQ� IXQFWLRQ� 5S�S�Q�P� (>S�Q�S�P�@� EHFRPHV
5S�S�Q��P���:H�GHQRWH�WKH�VSDWLDO�RIIVHW�I� �Q�±�P�

•� :�DQG�3�DUH�HUJRGLF��6R�ZH�DSSUR[LPDWH�WKH�VWDWLVWL�
FDO� DXWRFRUUHODWLRQ� IXQFWLRQ� 5S�S�I�� E\� WKH� VSDWLDO



DXWRFRUUHODWLRQ�IXQFWLRQ�ΓS�S�I�� ����1�1���ΣQ
S�Q�S�Q�

I��ZKHUH�ZH�DVVXPH�Q�I�WR�ZUDS�DURXQG�ZKHQ�LW�IRU�
PDOO\�IDOOV�RXWVLGH�WKH�LPDJH�

•� ,PDJHV�DUH�PRGHOHG�E\�DVVXPLQJ�D�ILUVW�RUGHU�VHSDUD�
EOH� DXWRFRUUHODWLRQ� IXQFWLRQ� 5S�S�I� P�

�� �� σ�α�_I_

ZKHUH� WKH� L�WK�PRPHQW� LV�PL� �(S
L�Q���7KH� VWDQGDUG

GHYLDWLRQ�σ� LV� IRXQG�IURP�σ�� �P��±�P�
���:H�GHILQH

GLVWDQFHV�DV� WKH�VXP�RI�KRUL]RQWDO�DQG�YHUWLFDO� FRP�
SRQHQWV�

•� ,Q�WKH�ZDWHUPDUN�GHWHFWRU�DOO�VLJQDOV�KDYH�EHHQ�SURF�
HVVHG�E\�VXEWUDFWLQJ�WKH�'&�FRPSRQHQW��P�� ����

7KLV� PRGHO� VHHPV� D� FUXGH� DSSUR[LPDWLRQ� RI� WKH� W\SLFDO
SURSHUWLHV� RI� LPDJHV��+RZHYHU�� IURP� H[SHULPHQWV�� LW� DS�
SHDUHG�WKDW�HUURU�UDWHV�EDVHG�RQ� WKLV� FUXGH�PRGHO� FDQ�EH
UHDVRQDEO\�DFFXUDWH�IRU�WKH�SXUSRVH�RI�WKLV�HYDOXDWLRQ�

���� :DWHUPDUN�0RGHO

$�ZDWHUPDUN�Z�Q��LV�PRGHOHG�DV�D�VDPSOH�GUDZQ�IURP�WKH
VWRFKDVWLFDO�SURFHVV�:��7KH�HQHUJ\�(

Z
� LQ� D�ZDWHUPDUN�Z

HTXDOV�(
Z
� � �ΣQ

Z
��Q���7R�DYRLG� FRPSOLFDWLQJ� VLGH�HIIHFWV

GHWHULRUDWLQJ�WKH�GHWHFWLRQ�UHOLDELOLW\�>�@��WKH�ZDWHUPDUN�LV
DVVXPHG�WR�EH�'&�IUHH��L�H���ΣQ

Z�Q�� ����:H�IRXQG�WKDW�LW
LV�QRW�VXIILFLHQW�WR�UHTXLUH�RQO\�WKDW�(Z�Q�� ���IRU�DOO�Q��$
³ZKLWH´� ZDWHUPDUN� KDV� VWDWLVWLFDOO\� LQGHSHQGHQW� OXPL�
QDQFH� YDOXHV� LQ� DQ\� WZR� �QRQ�HTXDO�� ORFDWLRQV� Q�� 7KH
DXWRFRUUHODWLRQ�LV�D�GLVFUHWH�GLUDF�IXQFWLRQ��/RZ�SDVV�ZD�
WHUPDUNV��ZKLFK�ZH�ZLOO�XVH�LQ�VHFWLRQ��±���DUH�JHQHUDWHG
E\�VSDWLDOO\�ILOWHULQJ�D�ZKLWH�ZDWHUPDUN�ZLWK�D�ILUVW�RUGHU
WZR�GLPHQVLRQDO�VSDWLDO�VPRRWKLQJ�,,5�ILOWHU�
$Q� RIWHQ� XVHG� HPEHGGLQJ� PHWKRG� LV� WR� FUHDWH� D� ZDWHU�
PDUNHG� LPDJH� T�Q��ZLWK� T�Q��  � S�Q�� �� D�Q�� Z��Q��PRG
0�����Q��PRG�0�������+HUH��WKH�HPEHGGLQJ�GHSWK�D�Q��LV
D� IXQFWLRQ� RI� WKH� LPDJH� SURSHUWLHV� S�� XVXDOO\� LQ� D� VPDOO
DUHD�VXUURXQGLQJ�Q�

���� 'HWHFWLRQ

&RUUHODWLRQ�GHWHFWRUV�DUH�D�PDWKHPDWLFDO�JHQHUDOL]DWLRQ�RI
WKH�EDVLF�PHWKRG�FRYHUHG�LQ�VHYHUDO�HDUO\�SDSHUV��H�J��>�@��
$QRWKHU� UHDVRQ� WR� DGGUHVV� FRUUHODWRUV� �LQ� SDUWLFXODU
³PDWFKHG�ILOWHUV

�� LV� WKDW� WKHVH�DUH�NQRZQ�WR�EH� WKH�RSWL�
PXP� GHWHFWRU� IRU� D� FRPPRQO\� HQFRXQWHUHG� VLWXDWLRQ� LQ
UDGLR�FRPPXQLFDWLRQV��QDPHO\�WKH�/LQHDU�7LPH�,QYDULDQW
�/7,���IUHTXHQF\�QRQ�GLVSHUVLYH��$GGLWLYH�*DXVVLDQ�1RLVH
�$:*1��FKDQQHO��ZKHQ� WKH� UHFHLYHU�KDV� IXOO� NQRZOHGJH
DERXW� WKH� DOSKDEHW� RI� ZDYHIRUPV� XVHG� WR� WUDQVPLW� PHV�
VDJHV� >�@�� /HVV� LGHDO� VLWXDWLRQV� RIWHQ� DUH� DGGUHVVHG� ZLWK
DSSURSULDWH� PRGLILFDWLRQV� WR� WKH� PDWFKHG� ILOWHU�� H�J�� E\
DGGLQJ�D�ZKLWHQLQJ�ILOWHU��DV�LQ�)LJXUH���

,Q�WKH�FRUUHODWRU�GHWHFWRU��D�VHW�RI�GHFLVLRQ�YDULDEOHV�G�e�
DUH�H[WUDFWHG�IURP�WKH�UHFHLYHG�LPDJH�U�Q��E\�FRUUHODWLQJ
ZLWK�D�VSDWLDOO\�VKLIWHG�YHUVLRQ�RI� WKH� ORFDOO\� VWRUHG� FRS\

RI�WKH�ZDWHUPDUN�Z�Q���L�H���G�e�� �ΣQ
�U�Q��Z�Q�e���ZKHUH

e�UHIOHFWV�WKH�VKLIW�VHDUFKHG�E\�WKH�GHWHFWRU���,I�ZKLWHQLQJ
LV�DSSOLHG�SULRU�WR�FRUUHODWLRQ��ERWK�U�Q��DQG�Z�Q��DUH�VSD�
WLDOO\� �KLJK�SDVV�� ILOWHUHG� ZLWK� WKH� VDPH� ILOWHU� >�@�� VXFK
WKDW� WKH� LPDJH� FRPSRQHQW� LQ� U�Q�� EHFRPHV� VSHFWUDOO\
ZKLWH�

����������

6XVSHFW
9LGHR

;

5HIHUHQFH�ZDWHUPDUN

$FFXPXODWRU &RPSDUDWRU

'HWHFWLRQ
7KUHVKROG

'HFLVLRQ
9DULDEOHΣΗ

Η

)LJXUH����:KLWHQHG�PDWFKHG�ILOWHU�IRU�ZDWHUPDUN�GHWHF�
WRU�

��� )DOVH�1HJDWLYH

)RU�D�SURSHUO\�GHVLJQHG�ZDWHUPDUNLQJ�WRRO�� WKH�SUREDELO�
LW\�WKDW�D�GHWHFWRU�HUURQHRXVO\�GRHV�QRW�VHH�D�ZDWHUPDUN�LV
QHJOLJLEO\�VPDOO� LI� WKH�PDUNHG�YLGHR�KDV�QRW� EHHQ�PRGL�
ILHG��0RUH�LQWHUHVWLQJ�LV�WKH�TXHVWLRQ�RI�KRZ�WKH�GHWHFWLRQ
LV� DIIHFWHG�E\�SURFHVVLQJ�RI� WKH�PDUNHG� YLGHR�� 6HFWLRQ� �
ZLOO�IRFXV�RQ�D�FULWLFDO�RSHUDWLRQ��QDPHO\�VFDOLQJ�

��� )DOVH�3RVLWLYHV

:H�GHULYHG�LQ�>����@�WKDW�IRU�D�GHWHFWLRQ�WKUHVKROG�DW����
RI� WKH� FRUUHODWLRQ� YDOXH� RI� D� SXUH� ZDWHUPDUN�� WKH� IDOVH
SRVLWLYH�SUREDELOLW\�FDQ�EH�H[SUHVVHG�DV
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ZKHUH�σ� LV� WKH� VWDQGDUG�GHYLDWLRQ� RI� WKH� OXPLQDQFH� RI� D
SL[HO� LQ� WKH� LPDJH�� ,QWHUHVWLQJO\�� WKH� VL]H� RI� WKH� LPDJH
�1���1���GRHV�QRW�DSSHDU�LQ�WKH�DERYH�H[SUHVVLRQ��DOWKRXJK
LW�GHWHUPLQHV�WKH�HQHUJ\�(

Z�WKDW�FDQ�EH�DFFRPPRGDWHG�LQ
WKH�LPDJH��,W�DSSHDUV�D�ORZ�SDVV�QDWXUH�LI�LPDJH�DQG�ZD�
WHUPDUN��α�!����β�!����UHGXFHV�UHOLDELOLW\�

8VLQJ�D�ILUVW�RUGHU���GLPHQVLRQDO�ILOWHU�WR�ZKLWHQ�WKH� LP�
DJH��WKH�IDOVH�SRVLWLYH�UDWH�LV�>�@
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([SHULHQFLQJ�D� W\SLFDO�α�RI����� ��� ������ZH�KDYH�YHULILHG
H[SHULPHQWDOO\�>�@�WKDW�ZKLWHQLQJ�FDQ�JLYH�D����WR����G%
LPSURYHPHQW�LQ�UHOLDELOLW\�RI�WKH�GHWHFWLRQ�



��� 6FDOLQJ

:H�H[SUHVV� WKH�YDOXH�RI� WKH�FRUUHODWLRQ�SHDN�VHHQ�E\� WKH
GHWHFWRU� LI� WKH�YLGHR�LV�VWUHWFKHG�DQG�FURSSHG��:H�PRGHO
WKH� GHFLVLRQ� YDULDEOH� �ZKLFK� LV� W\SLFDOO\� FDOFXODWHG� DV� D
VXP�RYHU�SL[HOV��DV�DQ�LQWHJUDWLRQ�RYHU�WKH�LPDJH��7KDW�LV�
ZH�DGGUHVV�D�FRQWLQXRXV�VSDWLDO�UHSUHVHQWDWLRQ��DV� IRU� LQ�
VWDQFH� RQ� D� VFDQ� OLQH� RI� DQDORJ� 176&� WHOHYLVLRQ�� 7KLV
DVVXPSWLRQ�FRQIOLFWV�ZLWK�WKH�GLVFUHWH�SL[HO� ORFDWLRQV� LP�
SOHPHQWHG� LQ� WKH� GLJLWDO� SUDFWLFH� RI� WRGD\�� EXW� LW� DYRLGV
WKDW�ZH�PXVW� FRQVLGHU� DQ\� GHWDLOV� RI� KRZ� WKH� VWUHWFKLQJ
DQG�VFDOLQJ�RI�WKH�YLGHR�KDV�RFFXUUHG�EHIRUH� LW�DUULYHG�DW
WKH� GHWHFWRU�� 6XFK� VFDOLQJ�PD\� LQYROYH� QHDUHVW� QHLJKERU
VHOHFWLRQ� RI� SL[HOV�� OLQHDU� RU� ELFXELFDO� LQWHUSRODWLRQ�� RU
EDQG�SDVV�ILOWHULQJ��LQ�IDFW�IRU�WLPH�EHLQJ�LWV�SUHFLVH�SURF�
HVVLQJ�PHWKRG�LV�OHVV�RI�LQWHUHVW�WR�XV�

)RU�VLPSOLFLW\�RI�DQDO\VLV�ZH�QRZ�UHVWULFW�RXUVHOYHV�WR�WKH
RQH�GLPHQVLRQ�FDVH��$VVXPH�WKDW�WKH�RULJLQDO�LPDJH�WDNHV
RQ�OXPLQDQFH�YDOXHV�DW� �UHDO�YDOXHG�� ORFDWLRQV�EHWZHHQ��
DQG�1���7KLV�LPDJH�LV�VWUHWFKHG�WR�VL]H���DQG�1����γ��DQG
FURSSHG�WR�UHFRYHU�WKH�RULJLQDO�VL]H������1���6XFK�VWUHWFK�
LQJ�FDQ�EH�LQWHUSUHWHG�DV�D�OLQHDUO\�GHFUHDVLQJ�SL[HO�VKLIW�
$VVXPH�WKDW�GXH�WR�VFDOLQJ��WKH�³VKLIW´�I�RI�WKH�ZDWHUPDUN
OLQHDUO\�GHFUHDVHV�IURP�I���� �I�� �γ��!���WR�I�1��� �I�� ��γ�
�����+HUH�γ��LV�WKH�QXPEHU�RI�SL[HOV�UHPRYHG�DW�OHIW�KDQG
VL]H� RI� WKH� LPDJH� DQG� γ�� WKH� QXPEHU� RI� SL[HOV� UHPRYHG
IURP�WKH�ULJKW�KDQG�VLGH��DQG�γ�����γ��� �γ��,Q�WKH�IROORZ�
LQJ� DQDO\VLV� LW� LV� QRW� FULWLFDO�ZKHWKHU� WKH� VKLIW� LQFUHDVHV
IURP�OHIW�WR�ULJKW��VKULQNLQJ��RU�LQ�GHFUHDVHV��VWUHWFKLQJ��

$�FRUUHODWRU�GHWHFWRU�GHWHUPLQHV
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$VVXPLQJ� XQLW\� DYHUDJH� HPEHGLQJ� GHSWK� �(ε�  � ���� WKH
H[SHFWHG�YDOXH�RI� WKH�ZDWHUPDUN� FRPSRQHQW� LQ� WKH� GHFL�
VLRQ�YDULDEOH�LV
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5HSODFLQJ� I�  � �Vγ��1�� �� γ����ZH� VHH� WKDW� � WKH� FRUUHODWLRQ
YDOXH�EHFRPHV
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IRU�I��≠�I��DQG�5����IRU�I�� �I���:H�GHQRWH�γ� �∆I� � I���� I��
,QWXLWLYHO\�RQH�H[SHFWV� WKH� ODUJHVW�FRUUHODWLRQ�SHDN�WR�RF�
FXU�IRU�ε�� ��I����I������7KLV�FDQ�EH�YHULILHG�IRU�DQ�DXWRFRU�
UHODWLRQ�IXQFWLRQ�ZLWK�QHJDWLYH�GHULYDWLYH�5¶�I��≤���IRU�I�!

���/HW¶V�DVVXPH�WKDW�D�FRUUHODWLRQ�SHDN�RFFXUV�DW�ε[� �ε[�≠
ε���� ,W� LV�HDVLO\�VHHQ�WKDW�K�ε[����K�ε��� LI�ε[� LV� RXWVLGH� WKH
LQWHUYDO��I���I����)RU�I����ε[���I���ZH�ZULWH
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:H�REWDLQ� WKH�PD[LPXP�E\�UHTXLULQJ�WKDW� WKH�GHULYDWLYH
HTXDOV�]HUR�IRU�I
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RU�5�ε[� �� I�� � 5�I��±� ε[�� WKXV� ε[� � �I���� I������ 7KH� ODUJHVW
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��F�LV�WKH�FRUUHODWLRQ�GLVWDQFH�RI�WKH�ZDWHUPDUN�H[SUHVVHG
LQ� SL[HOV�� 7KH� FRUUHODWLRQ� EHWZHHQ� WZR� DGMDFHQW� ZDWHU�
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Correlation peak as function of Delta(f)

Delta(f) = stretch in number of pixels
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)LJXUH��'HWHFWHG�FRUUHODWLRQ�YHUVXV�VKLIW�RIIVHW�IRU�D�ORZ�
SDVV�ZDWHUPDUN��F� ���

:H�QRZ�HYDOXDWH�K�ε��� IRU� D�ZDWHUPDUN� WKDW� KDV� D� ILUVW�
RUGHU� ORZ�SDVV� VSHFWUXP�� L�H���ZLWK�5�I��  � H[S��F_I_��� 7KH
ODUJHVW�FRUUHODWLRQ�SHDN�KDV�DPSOLWXGH
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,Q�WKH�DERYH�H[SUHVVLRQV��Fγ�DSSHDUV�DV�D�SURGXFW��EXW�ZH
GR�QRW�HQFRXQWHU�RQH�RI�WKHVH�SDUDPHWHUV�DSSHDULQJ�VHSD�
UDWHO\�� ,QWHUHVWLQJO\� VHYHUDO� RWKHU� SDUDPHWHUV�� LQFOXGLQJ
WKH�LPDJH�VL]H�1��DQG�1��GR�QRW�DSSHDU�LQ�WKH�H[SUHVVLRQ�
:H�FRQFOXGH�WKDW�WKH�FRUUHODWLRQ�SHDN�GRHV�QRW�GHSHQG�RQ
WKH� VL]H�RI� WKH� LPDJH� RU�ZDWHUPDUN� SDWWHUQ�� EXW� RQO\� RQ
WKH� DPRXQW� RI� VWUHWFKLQJ�� UHODWLYH� WR� WKH� DXWRFRUUHODWLRQ
LQ� WKH�ZDWHUPDUN�� )LJXUH� �� FRPSDUHV� WKH� WKHRUHWLFDO� UH�
VXOWV�ZLWK�DQ�H[SHULPHQW�
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)LJXUH����'HWHFWHG�FRUUHODWLRQ�K�ε��YHUVXV�VKLIW�RIIVHW�ε
IRU�D�ORZ�SDVV�ZDWHUPDUN��F� �����(Z� ����'I�GHQRWHV�WKH
VWUHWFKLQJ�γ�LQ�SL[HOV�

)LJXUH���LOOXVWUDWHV�K�ε��YHUVXV�ε���I���IRU�F� ���DQG�YDULRXV
DPRXQWV�RI�KRUL]RQWDO�VWUHWFKLQJ�γ� �∆I��)RU�QHDUO\�ZKLWH
ZDWHUPDUNV��β�������F�!!�����WKH�HIIHFW�VPRRWKLQJ�GXH�WR
RI�SL[HO� LQWHUSRODWLRQ� VKRXOG� DOVR� EH� FRQVLGHUHG��1HDUHVW
QHLJKERU�LQWHUSRODWLRQ�JLYHV�D�UHFWDQJXODU�LPSXOVH�VSDWLDO
UHVSRQVH�� DQG� D� FRUUHVSRQGLQJ� WULDQJXODU� DXWRFRUUHODWLRQ
IXQFWLRQ�5��I�� �����I��IRU�±����I�������5��I�� �����I��IRU�����I
����DQG�5��I�� ���RWKHUZLVH��7KHQ�K�I��� �����γ����IRU�����γ

����DQG���γ� IRU�γ�!����3UHVXPDEO\� WKH� VPRRWKLQJ�DVVRFL�
DWHG� ZLWK� SL[HO� LQWHUSRODWLRQ� H[SODLQV� ZK\� RXU� H[SHUL�
PHQWDO� UHVXOWV� LQ� )LJXUH� �� DUH� VOLJKWO\� ODUJHU� WKDQ� SUH�
GLFWHG�IURP�WKH�FRQVLGHUHG�DXWRFRUUHODWLRQ�

��� &21&/86,216

7KLV� SDSHU� UHYLHZHG� DQG� VXPPDUL]HG� VRPH� WKHRUHWLFDO
UHVXOWV� GHULYHG� DW� 3KLOLSV� 1DW�/DE�� IRU� WKH� UHOLDELOLW\� RI
ZDWHUPDUN�GHWHFWLRQ��0RWLYDWLRQ�IRU� WKH�IRUPXODWLRQ�RI�D
PRGHO� KDV� EHHQ� WKH� QHHG� WR� TXDQWLI\� IDOVH� SRVLWLYH� UDWHV
�IDOVH�DODUPV��RI�D�ZDWHUPDUN�GHWHFWRU�XVHG�LQ�&(�DQG�3&
HTXLSPHQW� WR� GHWHFW� DQG� SUHYHQW� SOD\EDFN� RI� LOOHJDOO\
FRSLHG� YLGHR�� 7KH� UDWH� RI� RFFXUUHQFH� RI� VXFK� IDOVH� SRVL�
WLYHV� QHHG� WR� EH� NHSW� EHORZ� �RU� QRW� VXEVWDQWLDOO\� ODUJHU
WKDQ�� W\SLFDO� SURGXFW� IDLOXUHV�� ([SHULPHQWDO� YHULILFDWLRQ
RI� UDWHV� OHVV� WKDW� VD\�������ZRXOG�QRW� EH� SUDFWLFDO�� 7KHR�
UHWLFDO�PRGHOV�DUH�QHHGHG��:H�VKRZHG�WKDW�LW�LV�QRW�FRUUHFW
WR�D�QHJOHFW�FRUUHODWLRQ�RI�LPDJH�SL[HOV��(YHQ�WKRXJK�VXFK
DVVXPSWLRQV� DUH� RIWHQ� PDGH�� WKHVH� WHQG� WR� VXEVWDQWLDOO\
XQGHUHVWLPDWH� IDOVH�SRVLWLYH� UDWHV�� SDUWLFXODUO\� LI� WKH�ZD�
WHUPDUN�DOVR�KDV�D�ORZ�SDVV�QDWXUH�
1HZ�UHVXOWV�RQ�VFDOLQJ�KDYH�DOVR�EHHQ�GHVFULEHG��6FDOLQJ
UHVXOWV�LQ�D�VPHDULQJ�RI�WKH�FRUUHODWLRQ�SHDN��$�PRGHO�KDV
EHHQ� SURSRVHG� DQG� YHULILHG� ZLWK� H[SHULPHQWDO� UHVXOWV�� ,W
DSSHDUHG�WKDW�WKH�UHGXFWLRQ�RI�WKH�KHLJKW�RI�WKH�FRUUHODWLRQ
GHSHQGV� SULPDULO\� RQ� WKH� DEVROXWH� DPRXQW� RI� VFDOLQJ
�³SL[HOV´�QRW� ³SHUFHQWV´�� DQG� WKH� VSHFWUXP� RI� WKH�ZDWHU�
PDUN��EXW�LW�LV�LQVHQVLWLYH�WR�WKH�LPDJH�VL]H��5HVXOWV�FDQ�EH
XVHG�IRU�LQVWDQFH�WR�GHWHUPLQH�DQ�DSSURSULDWH�VWHS�VL]H�IRU
VHDUFKLQJ�WKH�IDFWRU�WR�ZKLFK�YLGHR�KDV�EHHQ�VWUHWFKHG�

��� $&.12:/('*(0(176

7KH�DXWKRUV�WKDQN�-RRS�7DOVWUD�IRU�IUXLWIXO�GLVFXVVLRQV�

��� 5()(5(1&(6

>�@� -�3�0�*�� /LQQDUW]�� �7KH� WLFNHW� FRQFHSW� IRU� FRS\� FRQWURO
EDVHG�RQ�HPEHGGHG�VLJQDOOLQJ���(625,&6�
����/RXYDLQ�/D�
1HXYH�� 6HSWHPEHU� ������ /HFWXUH� 1RWHV� LQ� &RPSXWHU� 6FL�
HQFH��������6SULQJHU��SS����������

>�@� :��%HQGHU��'��*UXKO��1��0RULPRWR�� 

7HFKQLTXHV� IRU�'DWD
+LGLQJ

�� 3URFHHGLQJV� RI� WKH�63,(�� ��������� 6DQ� -RVH� &$�
86$��)HEUXDU\�����

>�@� -�3�0�*�� /LQQDUW]�� $�&�&�� .DONHU�� DQG� *�)�� 'HSRYHUH�
³0RGHOOLQJ� WKH� IDOVH�DODUP� DQG� PLVVHG� GHWHFWLRQ� UDWH� IRU
HOHFWURQLF�ZDWHUPDUNV���:RUNVKRS� RQ� ,QIRUPDWLRQ�+LGLQJ�
3RUWODQG�� 25�� ������ $SULO�� ������ 6SULQJHU� /HFWXUH� 1RWHV
RQ�&RPSXWHU�6FLHQFH��1R��������SS�����������SS����������

>�@� *�)�*�� 'HSRYHUH�� $�&�&� .DONHU�� DQG� -�3�0�*�� /LQQDUW]�
�,PSURYHG� ZDWHUPDUN� GHWHFWLRQ� UHOLDELOLW\� XVLQJ� ILOWHULQJ
EHIRUH� FRUUHODWLRQ��� ,QW�� &RQI�� RQ� ,PDJH� 3URFHVVLQJ�� ,&,3�
2FWREHU�������&KLFDJR�,/�

>�@� ZZZ�HHFV�EHUNHOH\�HGX�aOLQQDUW]


