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ABSTRACT

In previous work, a matched-field estimate of aircraft
altitude which uses multiple over-the-horizon radar dwells
was presented. This approach exploited the altitude depen-
dent structure of the micro-multipath rays which result from
reflections local to the aircraft. While it was shown that the
multi-dwell matched-field estimate is able to accurately es-
timate altitude while using typical radar parameters, the es-
timate was derived assuming that the aircraft altitude is con-
stant for the duration of the track. In this paper, a matched-
field method for jointly estimating altitude and altitude rate
is presented which extends the micro-multipath model to in-
clude effects of constant altitude rate on the micro-multipath
Doppler frequencies. Simulation results illustrate that alti-
tude and altitude rate can be jointly estimated while achiev-
ing an altitude estimation accuracy of�2500 feet using 10
radar dwells.

1. INTRODUCTION

Over-the-horizon radar (OTH) is currently used in remote
sensing and wide area surveillance applications where the
deployment of a conventional line-of-sight radar is imprac-
tical [1, 2]. A more recent use of OTH radar is the detec-
tion and tracking of small private aircraft for counter drug
efforts [3] where track information is used to classify an air-
craft as a possible target of interest. Altitude estimation is
an important tool in the counter drug effort as a criterion
for aircraft classification and, if interdiction is required, an
accurate estimate of altitude simplifies the task of intercept-
ing the aircraft. Furthermore, the detection of aircraft ascent
or descent can aid in determining the locations of possible
origination and destination airfields.

In this paper, the joint estimation of altitude and alti-
tude rate is solved using a matched field approach where
the observed target return in complex range-Doppler space
is modeled as a function of aircraft altitude and altitude rate.
Matched-field processing (MFP) is a well known estimation
method in the underwater source localization problem [4],
but is relatively new in radar applications. MFP has been

proposed for altitude estimation [5, 6] where it has been as-
sumed that the target is flying at a constant altitude. It has
been shown that by using multiple radar dwells, altitude es-
timation can be achieved using typical radar parameters [6].
If the altitude rate is knowna priori, the multi-dwell MFP
altitude estimation approach is able to estimate altitude to
within �2500 feet using as few as 5 radar dwells. In this
paper, the multi-dwell matched-field approach is extended
to estimate altitude rate as well as aircraft altitude by in-
corporating the effects of altitude rate into the model of the
observed range-Doppler signal.

The signal model includes multipath propagation which
results from reflections of the radar rays off of the ground
near the aircraft. Although these micro-multipath returns
are in general not resolvable in range-Doppler space, the
slight micro-multipath ray differences in slant range and
Doppler frequency result in dwell to dwell shape variations
of the target return in complex range-Doppler space. The
observed variations in the complex range-Doppler return
are compared to those predicted by the model in order to
estimate altitude and altitude rate. The comparison is ac-
complished by evaluating the likelihood function of the ob-
servation conditioned on the hypothesized altitude and alti-
tude rate. To handle slowly changing amplitude variations
due to ionospheric effects and which are not dependent on
aircraft altitude or altitude rate, the complex coefficients of
the micro-multipath reflections are treated as a first order
Markov model across radar revisits.

2. MICRO-MULTIPATH MODEL INCLUDING
ALTITUDE RATE

In [6], the model for the complex range-Doppler surface in-
cluding micro-multipath propagation was derived for an air-
craft traveling along a horizontal flight path. In this section,
the micro-multipath model is extended to include the case
of an ascending or descending aircraft.

Due to ray reflections off of the ground local to the air-
craft, there are actually two possible ray paths from the
transmitter to the aircraft and two paths from the aircraft
to the receiver, illustrated in Figure 1. The time delays for



the four ray paths are�t;d for the direct transmit ray,�t;r for
the ground reflected transmit ray,�r;d for the direct receive
ray, and�r;r for the ground reflected receive ray. Likewise,
the elevation angles of these rays are denoted by�t;d, �t;r,
�r;d, and�r;r. The target velocity which is projected onto
the four rays is written as

vt;d = vr cos�t;d + vz sin�t;d (1)

vt;r = vr cos�t;r � vz sin�t;r (2)

vr;d = vr cos�r;d + vz sin�r;d (3)

and
vr;r = vr cos�r;r � vz sin�r;r (4)

wherevr andvz are the horizontal and vertical components
of the aircraft velocity vector, respectively. The negative
signs in (2) and (4) are due to the ground reflected rays illu-
minating the target from below.

There are a total of four possible combinations of trans-
mit and receive rays with slant rangesgl and Doppler fre-
quencies!l, for l = 1; : : : ; 4, which contribute to the radar
return from an aircraft target. For example, lettingl = 1 de-
note the direct transmit and direct receive ray combination,
g1 = c0 (�t;d + �r;d) =2 and !1 = 2�f (vt;d + vr;d) =c0
wheref is the radar operating frequency andc0 is the speed
of light.

At zero altitude, the four micro-multipath ray combina-
tions are identical and are referred to as the “baseline rays.”
As altitude increases, the slant ranges and Doppler frequen-
cies of the micro-multipath rays become more spread about
the baseline values. Furthermore, the Doppler frequencies
are also a function of the altitude rate, as indicated in equa-
tions (1) to (4). This dependence is shown in Figures 2 and
3, which illustrate the Doppler frequencies of the micro-
multipath rays as a function of aircraft altitude. The four
lines in these figures correspond to the four different possi-
ble combinations of transmit and receive rays: direct trans-
mit, direct receive (D-D), direct transmit, reflected receive
(D-R), reflected transmit, direct receive (R-D), and reflected
transmit, reflected receive (R-R). For the examples in Fig-
ure 2 and 3, the aircraft radial velocity is -190 m/s and the
ground range is 1200 km.

Notice that in Figure 2 and 3, there is a qualitative simi-
larity between the micro-multipath Doppler frequencies be-
tween an ascending aircraft at an altitude of 40000 feet (Fig-
ure 2) and a descending aircraft at 10000 feet (Figure 3).
Although the Doppler frequencies are not exactly the same
for these two cases, the similarity will result in a near am-
biguity in the altitude-altitude rate log-likelihood surface.
In general, a similarity in the micro-multipath Doppler fre-
quencies exists between higher altitude aircraft with greater
altitude rates and lower altitude aircraft with lower altitude
rates.

3. JOINT MATCHED FIELD ESTIMATION OF
ALTITUDE AND ALTITUDE RATE

In this section, the maximum likelihood estimate of alti-
tude and altitude rate is derived. If the altitude rate is con-
stant, _z = dz=dt = C, then the altitude sequenceZk =
fz0; z1; : : : ; zKg can be entirely parameterized by the ini-
tial altitude and the altitude rate,fz0; _zg, by the relation
zk = _ztk + z0 wheretk is the time of thekth radar revisit.

For the matched-field estimate developed here, the tar-
get return in complex range-Doppler space must be modeled
as a function of altitude and altitude rate. Since OTH radar
is successfully used to estimate aircraft ground range, ve-
locity, and azimuth [7], these target parameters are assumed
to be knowna priori. Furthermore, measurements of the
ionosphere are typically readily available, so the parameters
of a deterministic propagation model are also known.

The signal model is developed for anN�M block of the
complex range-Doppler surface centered around the slant
range and Doppler frequency for the target return of interest.
By writing the signal model as anNM �1 vector, the com-
ponent of the target return along thelth micro-multipath ray
is cl;khl;ke

|!l;ktk wherehl;k is the complex transfer func-
tion of the radar in range-Doppler space,�k is an unknown
phase term that rapidly varies from dwell to dwell, andcl;k
is a random complex reflection coefficient due to the un-
known reflections off of the aircraft and ground which is as-
sumed to vary slowly over multiple dwells. Note that both
hl;k and!l;k are functions of altitude and altitude rate. The
return due to a target consists of a sum of the individual
multipath returns and noise,

xk = e|�kHk(z0; _z)Dk(z0; _z)ck + nk (5)

where thelth column ofHk(z0; _z) ishl;k,Dk(z0; _z) is a di-
agonal matrix of the Doppler phase terms, andck is a vector
of the unknown complex reflection coefficients which is as-
sumed to be zero mean Gaussian distributed with covariance
E
�
ckc

H
k

�
= �2a�c. The termnk represents additive noise

which is assumed to be zero mean Gaussian distributed with
covariance�2nI.

The maximum likelihood estimate of altitude and alti-
tude rate is made by maximizing the joint distribution of
the sequence ofK + 1 data snapshots conditioned on al-
titude, altitude rate, and theK + 1 unknown phase terms
�0; : : : ; �K . By treating the complex ray coefficients as a
first order Markov process over revisits, the coefficients for
consecutive dwells are correlated withE

�
ckc

H
k�`

�
= �2a�c

for j`j � 1 andE
�
ckc

H
k�`

�
= 0 for j`j > 1. From the

first order Markov model assumption, the conditional dis-
tribution can be written as a product of first order condi-
tional probabilities which are each a function of the un-
known phase differences��k = �k � �k�1. The maximum



likelihood estimate can then be written as
n
ẑ0; _̂z

o
ML

= argmax
z0; _z

h
log p(x0jz0; _z) (6)

+

KX
k=1

max
��k

log p(xkjxk�1; z0; _z;��k)
i

where each term in the summation overk can be indepen-
dently maximized over��k. This maximization over��k
has a closed form solution which leads to the joint estimate
fẑ0; _̂zgML = argmaxz0; _z �LK(z0; _z) where�LK(z0; _z) is

�LK(z0; _z) = � log�MN jR0;0j�x
H
0 R

�1
0;0x0+

KX
k=1

Lk(z0; _z)

(7)
and

Lk(z0; _z) = � log �
MN jQkj (8)
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The log-likelihood function in (7) can be easily updated
each time a new dwell becomes available by�LK+1(z0; _z) =
�LK(z0; _z) + LK+1(z0; _z).

4. SIMULATION RESULTS

In this section, the matched-field estimate of altitude and
altitude rate presented in the previous section is evaluated
by simulation. The simulation scenario models a level fly-
ing aircraft at 5000 feet with a radial velocity of -190 m/s
and a ground range of roughly 1200 km. The ionosphere is
modeled with a triple layer quasi-parabolic election density
profile [8, 9] with parameters derived from real ionospheric
measurements. The signal consists of the samples in the
complex range-Doppler surface contained in a 7 slant range
bins by 1 Doppler frequency bin neighborhood around the
true slant range and Doppler frequency. The radar operat-
ing frequency is 10 MHz, the bandwidth is 16.7 kHz, and
the CIT is nominally 2.5 seconds.

The log-likelihood surface vs. altitude and altitude rate
at revisitk = 10 for an SNR of 30 dB is shown in Fig-
ure 5. The matched-field estimate of altitude for this exam-
ple is 5100 ft and the estimate of altitude rate is 0.55 ft/s,
which is marked by an ‘x’. The true altitude and altitude
rate pair of 5000 ft and 0 ft/s is indicated by an ‘o’. No-
tice that in Figure 5, there is a near ambiguity along a line
in the altitude-altitude rate log-likelihood function. This re-
sults from similarities in the micro-multipath Doppler fre-
quencies for different combinations of altitude and altitude
rate, as illustrated in Figures 2 and 3. It should be noted,
however, that the uncertainty is not completely ambiguous
since the Doppler frequencies are not identical. Therefore,

increased SNR or observation time can be used to mitigate
this near ambiguity.

Figure 5 illustrates the distribution of the matched-field
estimate of altitude and altitude rate at revisitk = 10 (5
minutes). The distribution is estimated over 100 random
simulation trials. From Figure 5, it is clear that the altitude
estimate is mostly within�2500 feet of the true aircraft alti-
tude, and the estimated altitude rate is within�1 ft/s of the
true altitude rate. The effect of estimating altitude rate in
addition to altitude is to increase the number of radar dwells
required for the same altitude estimation accuracy compared
to the case where the altitude rate is knowna priori.

5. CONCLUSIONS

In this paper, a joint matched-field estimate of target alti-
tude and altitude rate using OTH radar was presented. The
joint estimate was developed by extending the model for
micro-multipath ray propagation to include the effects of al-
titude rate on Doppler frequency. Through simulation it was
shown that, for typical radar operating parameters, altitude
estimation accuracy of�2500 feet and altitude rate estima-
tion accuracy of� 1 ft/s can be achieved with as few as 10
radar revisits. Although similarities in the micro-multipath
ray model exist for different combinations of altitude and
altitude rate, the near ambiguity which results from these
similarities can be mitigated with larger SNR or observa-
tion time.

This work was sponsored by ONR contract N00014-93-1-
0748, and by NRL contract N00014-97-P-2107.
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Figure 1: Micro-multipath raypaths due to reflections local
to the aircraft target for a bistatic radar.
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Figure 2: Doppler frequencies of the micro-multipath rays
as a function of altitude for an ascending target with an alti-
tude rate of +2.2 ft/s.
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Figure 3: Doppler frequencies of the micro-multipath rays
as a function of altitude for a descending target with an alti-
tude rate of -2.2 ft/s.
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Figure 4: Simulation log likeligood vs. altitude and altitude
rate at revisit 10 (5 minutes) for level flying aircraft with an
initial altitude of 5000 ft.
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Figure 5: Probability density of the matched-field estimate
of altitude and altitude rate at revisit 10 (5 minutes) esti-
mated over 100 ranfdom simulation trials.


