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ABSTRACT

This paper presents a detailpdrformance analysis of third-
order nonlinear adaptive systems basethenWiener model. In
earlier work, we proposedthe discrete Wienemodel for
adaptive filtering applicationfor any order. However, we had
focused mainly orfirst and second-order nonlinear systems in
our previous analysis. Now, weresent new results on the
analysis of third ordesystems. Allthe resultscan be extended
to higher-order systems. The Wiener model hasny
advantages over other models suclthasVolterra model. These
advantages includdess number ofcoefficients and faster
convergence The Wiener model performs a complete
orthogonalization procedure tbe truncated Volterra series and
this allows us to use linear adaptive filtermgorithmslike the
LMS to calculate all the coefficients efficiently. Unlike the
Gram-Schmidt procedurethis orthogonalization method is

based on the nonlinear discrete Wiener model. It contains thre

sections:
section,

a single-input multi-outpdinear with memory
a multi-input, multi-output nonlineano-memory

section and a multi-input, single-output amplification and

summary section. Computer simulatioresults are also

presented to verify the theoretical performance analysis results.

1. INTRODUCTION

The nonlinear discrete-time Wiener model, which is based on

orthogonal polynomiakeries derivedrom the Volterra series.
The particularpolynomials to beused are determined by the

characteristics of the input signal that we are required to modely(n) = h+

For Gaussian, whitmput, Hermitepolynomial is chosen [1][2].
This Wiener model gives us good eigenvalue spread of

without using DFT, the maiabject ofthis model is to expand
third-order truncated Volterra series by usisgme other
orthogonal polynomial functions.. Theoreticallgny Msample
memorythird-order truncated Volterra seriean have a three-
channel, third-order nonlinear discrete Wienanodel
representation. For practical applicatitme efficientdelay-line
structure is developed ithis paper.From the performance
analysis, we find that thautocorrelation matrix of adaptive
filter input vector can have muctmaller eigenvalue spread
than Volterra model. It is also interesting to note that ysigg
the nonlinear Wiener model, the linear adaptive filtering
properties can be still preserved.

The rest of this paper isrganized as follows. Sections 2
presents the Wienenodel forthe third-order Volterraystem.
Section 3 containthe analysis oEMS adaptive algorithm. The
computer simulation examplese examined irSection 4. For
esimplicity and without loss of generality, vamly consider the
real input data case. Finally, thednclusionsare given in
Section 5.

2. NONLINEAR WIENER MODEL

The Volterra filter is based on the Volterra series, wiesreh
additive term is the output of polynomial functionathat can

be thought of as a multidimensional convolution. The M-sample
memorythird-order Volterra filter output is theombination of
various of these functionals which can be written as

M-1
k

Zzohl(kl)x(n- k)

M

-1 M-1
autocorrelation matrix which impliethat fasterconvergence +kZ=OkZ=Oh2 (ky k) x(m= k) x(n- k; ) (1)
speed can be achieved. However, to calculate all the v
coefficients inthe model sometimes isvery difficult. This M-1 M-1 M-1
problem can easily be solved by using adaptive algorithm. The ’LZ_OKZ_OKZ_O bk .k .k)xE K)x@ k)x@ k)
1= 2~ 3~

simplestway is toapply LMS (LeastMean Square) algorithm
which has been applied taé&ar filtering problems because of
its simplicity and low computationalcomplexity. Another
alternativeway is toapply the RLS (Recursive Least Square)
adaptive algorithm. Howevethe RLS algorithms are either
computationally intensive or over-parameterized [3].

Different from the most previous works whiahe nostly based
on Volterra model [4fand Gram-Schmidt procedure [5], this

paper presents LMS adaptive filtering method which is based on

the discrete nonlinear Wiener model. Simitancept as [6] but

where {h(kz,..., k), 0<j< 3} is the set of third-order Volterra
kernel coefficientsAssumethat the kernels argymmetric,i.e.;
hj(kz, ..., k) is unchanged for any of flermutation of indices:k

, ..., K. One can think of a Volterrseries expansion as a Taylor
series with memory.

We can expresthe outputy(n) by the equivalent third-order
discrete nonlinear Wiener model which is [1]
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The superscript i indicates the idegreeé-polynomial,ai:
perm(n, ny, ..., A) which can be obtained hige permutation of
the elements ofghny, ..., nand z = 4 (n). Theé-polynomial
is defined as

Q@ =H, [z, ] ®

;

where > k,= i andH, (z) means Hermite polynomial. If z is
i=1 !

the zero mean Gaussian signals with variaucie the firstfour

Hermite polynomials are dtz) =1, H(z) = z, H(z) = 22-05 and

Hs(z) = - 3z0° andQ-polynomialsatisfies EQY (2)} = 0 and

has the orthogonal property

EQY 2)Q° (2)} =consts(a- b (p- q) (4)

where E{ } is statistical mean ariilis Dirac deltafunction. To
realize (2), wecan select orthonormal bases adetayline. The
block diagram is shown in Fig.1:
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Fig.1 Delay line structure of thir-order nonlineadicretes Wiener model

3. ADAPTATION AND PERFORMANCE
ANALYSIS

To explore the adaptive nonlinear Wiener filterialgorithm,
consider a system identification application shown in Fig.2:
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Fig.2 System identification model

For Gaussian white inpu(n) and Gaussian white plant noise
ng(n), it is very suitable toapply nonlinear Wiener model in
adaptive plant block. It is becaue Q -polynomialhas perfect
orthogonalitythat allows us tgerform LMS algorithm with a
reasonably good convergencate. Todevelopit, we need to
write (2) in a matrix form

y(n) 85 Q" (NC(n) 5)

where the superscriftmeans transpos® (n) = [1, égl),

QS)_lM_lM_l]T and C(n) = [Wo(n), \Nl(n), ceey W(n)]T are vetors

with L+1 length. Sg is a scale matrix which can make

-1 -1 . . . _
Sé Ré(j(n) Sé become an identitynatrix, where Réé =

E{Q (n)Q "(n)}. The coefficients can be updated according to
@+1) =C(n) + 21 e(n) S5 Q(n) (6)

where is the step size and measurement error e(n)=gi(n).
The detailed performance analysis of LMS algorithm of Fig.2
is shown as follows. Fahe M-samplenemorytruncated third-
order Volterra system, the plant input vector is

X(n) = [x(n), X(n-1), ..., x(N-M +1),%n),... ¥(n-M+1),
x(n)x(n -1), ...5@), ... ¥(n-M+1), X(n)x(n -1), ...,
x(n-M-1)x(n-M)x(n-M+1}] (7

Assumethe unknownplant hasC”™ = [wg, wi', ..., w']" weight
vector of length L+1. For Volterra modehe output d(n) is
equal to

d(n) =CTQ(n) =CT[1, X"(N)]" = wo +WX(n)

whereQ(n) =[1, X"(n)]" andW" = [wi, ..., w']". ‘Consider
third-order discrete nonlinear Wiener structure as in Fig.1, in
section A, there are M-1 delay elements. Hi, H, and Hare
applied in section B. The input vector of section C is

8

X(n) = S; [x(n), X(n-1), .., x(n-M +1), Xn)-0Z, ...,
A(n-M+1)-07, ..., x(Mx(n -1), ..., Xn)-30 x(n),..., (9)
X(n-M+1)-30 °x(n-M+1), ..., (&(n)- 0 2)x(n -1), ...,
x(n-M-1)x(n-M)x(n-M+1)j

The output of adapted plant y(n) is
y(n) =CT(n Q (n) =CT()[1, X (M)]"= wo+ W(n)S; X (n)(10)

whereC(n) = [wo(n), W'(n)], W(n) = [wa(n), ...w(n)]" and
Q(n) = [1, XT(n)]". C(n) is the cefficient vector in section C.

These coefficientare adapted to the proper values, then the

model of adaptiveplant will match exactly wherghe same

model of the unknown plant. The error signal can be written as
e(n) = d(n) - y(n) +4n)

=ng(n) + Wor - wo(n) + WX (n) -W'(n) SgX(n)  (11)

Then, the mean square er&{n) = E{¢*(n)} can be obtained by
expanding (11).

&(n)= O'i + wgz +W(Nn) -2vp Wo(n)
+ 20 E{XT()}W"- 2wp(n)E{XT(NIW" + WTR, W’

+W'(n) S; Ry S -2WT(n) Sy Ry, W' (12)



where orﬁs: EZN)}, Ry, =EX(MXT(N)}, Rgz= E{X(n)

XT(n)} and Ry = E{X (N)X"(n)}. To minimize (12), we need

to take derivative respective @&n) = [wo(n), W'(n)]", which is
0g (n) =0 (13)

wherel] means the gradiemperatorand0 is a zero column
vector. Then, the optimal solutions can be obtained

Woptn= Wo + E{XT(n)}W" (14a)

W= Sg Rz Ry W' (14b)

Substitute (14a) and (14b) into (12), ténimum mean square

error is
€= ENS(M} =0y (15)

It is interesting to note that the unknown plant is Voltencalel

and the adapted plant is nonlinear Wiener model which both are

not linear system,but from the derivations, wecan see that
(14a), (14b) and (15) have simillorms as LMS algorithm for

linear system. To derive step size range, we need to consider the =¢ . +V'R 55\7

instantaneous version ¢12). Defineg(n) as the erropower
€4(n) which can be obtained

g(n) = [n(n) + W + wo(n)I> + WX ()X (n) W’
+WT(n) S5 X (MXT(n) SZW(n) + 2n(n) X" (MW"
+ 2w XT(MW'- 2up(n)X (MW= 2nn) ) X T(n)S W (n)
- 2wg' X (n) Sz W(n) -2we(n) ) X (n) Sz W(n)

2WT(n) S X (n) XT(MW" (16)
Take derivative of (16), we can obtain
Ce (n) =-2e(n)-2S5; X (n)e(n) (17)

-2
O < L[S R31< 1A 1, (23)

. . . -2
whereA _ is the maximum eigenval ~R=x=x.
erel ,,is the maximum eigenvalue &g R 55

To derive the misadjustment, we needctisiderthe steady
state condition. The steady state of (12) can be expressed as

€ (n) = E{Indn)+ wo -Wo (M]3 + W T EX)X (W
AVTSZ EXMX T ()} S5 W(n)+2Wo E{X T (mw
-2Wo (n) EX T (MW -2W ' (n)Sy EXX(MX " ()W (24)

where the header » measteadystate. Insteadystate,from

—1 & - _l *
(14b) we can assuméhat SgW(n)=R;zRz W , and

substitute thisormula into(24), expand, rearrange and plify
we can obtain

EA (n): Emin +
[RcRe W) ~SW' (IR [R5 W' ~§-W(n)]
(25)

where \7(n) = SgCT(n) - C". Define the excess mean-square
error as
excess MSE = B{(n) - & }= \7T(n)R66.\7(n)

= B'(P"DP V()

3" DV’ (n) (26)
where P and D areeigenvector square mairix and~eigenvalue
square matrix OfRéé respectively. DefineV(n) = PV'(n),
then Consider

Ce(n)= 0 e(ny+ N (n) (27)
whereN(n) is defined as a gradient estimation noise ve@ior

Based on steepest descent method, the weight is updated by [7]jn steady stat&] e(n)= 0, then

C(n+1) = -2e(n)s5 Q(n+ 1) (18)

This is similar but differenfrom LMS algorithm for Ihear
systems. The alternative form of (18) is

— -1 -1 *
an+1) = (1 - 2u Ss Ras SQ)C(n) +2u Rééc (19)

wherel is an identity matrix. Define the weight error vector

V(m) = sgcm) - C (20)
Substitute (20) into (19), we can have
Vin+l) = (1 -2 ngéé)V(n) (21)

Note (SézR@g,) P = PD whereP andD areeigenvector square
matrix and eigenvalue square matrix G%ZRQ(;S respectively.
With V(n) =PV'(n), then

V'(n) = (1 -2uD)"V'(0) (22)

For convergence, the rangejofs O <u < /A __ or

[ e(n)= N (n)= -2 e(nF; Q(n) (28)
There are three steps to find \E{(n)V'T(n)} = cov{\7'(n)}.

Assume e(n) and Q(n) are independent. First,  find the
covariance oN(n) which is
~ -1 -1
coM(m} = 4, S5 R55 S5 (29)
Second, definé'(n) = ﬁ_lN(n), then
coWll'(m)} = 48, 53D s7 (30)
Third, use (29), (30) and (21), we can have [8]
coW' (M} = K& ,,,S7 (31)
Finally, the excess mean square error is
excess MSE £{V'" (nDV'(n)} = pE, ST R==] (32)

Q "QQ
The misadjustment now is defined as [7]



MISADJ=excess MSE . = utr[ng 5] (33)

For time constant analysis, let us rewrite (21) in scalar form
vi(n) = (L- 2uA,)" v (0) (34)

The term(1- 2uA, )"can be approximated e’ Y. if T
is large, then

n

1-2u\ =€ =12 (35)
The time constant is found as
T,=1/2uA (36)

All the derivations bove can beextended to higher-order
without difficulty.

4. SIMULATION

To evaluate the adaptive nonlinear Wiener filter, letarssider
that theunknownplant contains a 3-sampieemorythird-order
Volterra filter which has following input-output relationship:

y(n) = -0.78x(n)-1.48x(n-1)+1.39x(n-2)+0.54m)-1.62¢(n-1)
+1.41%(x-2) +3.72x(n)x(n-1) +1.86x(n)x(n-2)
+0.76x(n-1)x(n-2)+0.04fn)-0.76(n-1)+0.5%(n-2)
-0.12¢(n)x(n-1)-1.52%(n)x(n-2)-0.13%(n-1)x(n)
+0.15%n-1)x(n-2)-0.23%(n-2)x(n)-0.75%(n-2)x(n-1)
+0.33x(n)x(n-1)x(n-2)

We can use delay-line structure as in Fig.1 defiy elements

in section A. H, Hi, H2 and R are used irSection B. There are

20 coefficients in Section C. Properly select scale mathich

can let autocorrelation matrbecome an identitynatrix. With

SNR = -40db, the simulation results of ensemb&verage for
the 50 independent rurfer both Wiener modebnd Volterra

modelare shown in Fig.3. Fot = 0.0005, we see that Wiener

model adaptive filter has much betparformancehan Volterra
model which does not converge tbe right values. For
u =0.003, the Wienemodel adaptive filter istill very stable.
But the Volterra model becomesnstable and fails tadentify
this third-order Volterrasystem. This is becausall 5
polynomials in nonlinear Wiener modate orthogonal which

reduces the eigenvalue spread angdrovesthe nonlinear LMS

adaptive filter performance dramatically. For an ensemble

average over 50uns, the misadjustment of Wiensrodel of
1 =0.0005 is equal to 0.012 which is closethe theoretical

value 0.01. To examine the eigenvalue spread characteristics,

we need to evaluate the eigenvalueaafocorrelation matrix.

We can findthat for Volterra modelthe eigenvalue spread is
equal to 64.136 (compared withe theoretical value 63.779).

For Wiener modelthe eigenvalue spread is 1.{@mpared

with the theoretical valug). Theeigenvalue spread is reduced
about 64 times. The autocorrelation matrix of Wiener model is

shown in Fig.4.

5. CONCLUSIONS

Different from most previouslypublished Volterra model
structure, this paper presentedLMS adaptive filtering
algorithm based on nonlinear discrete Wiener mdaiethird-
order Volterra system identification. For Gaussidrite input,

(37)

the é-functional can characterizeéhe nonlinear system
behaviors. In practical application, , it allows us to have small
eigenvalue spread and goarbnvergencerate which are
confirmed by the performance analysis andcomputer
simulations. Future worlwill involve application to least-
squares and fast adaptive algorithms.
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Fig.4 Autocorrelation matrix of Wiener model
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