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Abstract

A sub-band adaptive �lter, in which modulation and
demodulation are employed, were proposed [1],[2]. The
sampling rate can be minimized, while no aliasing occurs.
In this paper, a polyphase and FFT realization of this
sub-band adaptive �lter is proposed. In the polyphase
and FFT realization for the transmultiplexer [3], the
sampling rate reduction is the same as the number of the
sub-bands. In the proposed method, however, they are
di�erent, so the conventional method cannot be applied.
In the new realization, the polyphase �lters are divided
into a tapped delay line and an FFT part so as to be
shared by all the sub-bands. Computational complexity
is well reduced compared with the direct realization.

1.Introduction

Recently, multimedia technology has been developed,
which make communication using both audio and im-
age easy. In this case, if loud speakers are used, acoustic
echo causes some problem. Audio echo cancelers are used
for this reason. However, the impulse response length of
room acoustic characteristics is very long. It requires
several thousand samples with a sampling rate of 8 kHz.
Therefore, a very high order adaptive �lters are required,
and at the same time, convergence speed becomes very
slow. Therefore, sub-band adaptive �lters become very
important in order to save computational complexity and
to make fast convergence possible[4],[5].

One problem in the sub-band adaptive �lter is how
to determine the sampling rate. Since the aliasing
causes some distortion, the sampling rate must be higher
than twice of the bandwidth of each sub-band. At
the same time, computational complexity must be mini-
mized. The modulation sub-band adaptive �lter can sat-
isfy these requirements [1],[2]. The sampling rate can be
set to just the twice of the bandwidth of each sub-band.
Let the number of sub-bands be M , and the sampling
rate reduction be 1=K, then M=K can be selected as
any rational number. Additional requirement for com-
putation is small.

On the other hand, the Polyphase and FFT realiza-
tion of a �lter-bank, which was applied to the TDM-
FDM transmultiplexers [3], and the sub-band coding [6],

is very e�cient in order to reduce computational com-
plexity of the �lter bank. The �lter bank can be realized
with the lower sampling rate fs=K. However, in this
case, the number of the sub-bands M and the sampling
rate reduction 1=K should be the same, that is M = K.
On the other hand, in the modulation sub-band �lter, M
is not equal to K, rather M > K, and M=K is a rational
number. Thus, the conventional polyphase and FFT re-
alization cannot be applied to the modulation sub-band
adaptive �lter.

In this paper, a new method for polyphase and FFT re-
alization is proposed. Computational complexity is also
compared with the other methods.

2. Modulation Sub-band Adap-

tive Filter
Figure 1 shows a block diagram of the modulation sub-
band adaptive �lter [2]. The analysis �lter bank consists
of complex �lters Fi(z), the synthesis �lter bank consists
of complex �lters Gi(z). The number of sub-band is M
and the sampling rate reduction is 1=K. The carrier sig-
nals applied to both modulator (MOD) and demodulator
(DEM) are complex. The input signal x(n) is real. In
the analysis �lter bank and the modulator, the signals
are represented with complex number. After the mod-
ulators, only the real part is transferred. The adaptive
�lters (AF) are real �lters. They are adjusted using the
error at each adaptive �lter output. In the demodulator
and the synthesis �lter bank, the signals are also repre-
sented with complex number. After the synthesis �lter
bank, only the real part is transferred.

Figure 2 shows examples of the signal spectra at the
analysis �lter bank and the modulator. The number of
sub-bands M is 6. The frequency of 1 means the sam-
pling rate fs. The output of Fi(z), i = 0 � 5, are shown
in Fig.2(a), and one of them, that is the F1(z) output,
is shown in Fig.2(b). This spectrum is shifted to the
origin by the modulator as shown in Fig.2(c). By tak-
ing the real part of the modulator output, the symme-
try part appears as shown in Fig.2(d). Finally, this real
signal is down sampled by fs=K, K = 4, as shown in
Fig.2(e). The spectrum is expanded over a whole band
0 � f � fs=K. However, aliasing does not occur. K is
not the same as M . The signal spectra in the demod-
ulator and the synthesis �lter bank are the same in the
reversed order, and explanation is omitted here.
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Fig.1 Modulation sub-band adaptive �lter.
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Fig.2 Signal spectra at analysis �lter bank and modulator outputs.

3. Polyphase and FFT Realiza-

tion

3.1 Modulation Sub-band Adaptive

Filter

The analysis �lter bank is taken into account for mathe-
matical explanation here. The same derivation is possi-
ble for the synthesis �lter bank.

The fundamental low-pass �lter (LPF) is denoted

F (z); z = exp(j2�f=fs) (1)

fs is the sampling rate. Fi(z) are obtained by shifting
F(z) as follows:

Fi(z) = F (zi); i = 0 �M � 1 (2)

zi = exp[
j2�(f � fs=4M � ifs=2M)

fs
)] (3)

If the transient bandwidth is given by 2�f , then a single
sub-band occupies fs=2M + 2�f . Thus, the minimum
sampling rate after down sampling is

fsl = 2(fs=2M + 2�f ): (4)

Furthermore, the following relations are held.

fsl = fs=K (5)

�f =
fs
4
(
1

K
�

1

M
) (6)

Next, the carrier signal applied to the modulator is given
by

ci(n) = exp[
j2�(��f + ifs=2M)n

fs
] (7)

3.2 Polyphase Filter Realization

Equation (3) is modi�ed as follows:

zi = exp[
j2�(f � fs=4M � ifs=M)

fs
] (8)

The shifting by ifs=2M is replaced by ifs=M, which
can provide the same spectram arrangement as shown
in Fig.2 [3]. However the relation between Fi(z) and
the corresponding sub-band is changed. The arrange-
ment (F0(z); F1(z); F2(z); F3(z); F4(z); F5(z)) is changed
to (F0(z); F5(z); F1(z); F4(z); F2(z); F3(z)). This is not a
practical problem. In this paper, FIR �lters are used for
F (z). However, the following discussion can be applied
to IIR �lters in the same way.

F(z) is expanded as follows:

F (z) = Fl;0(z
K) + z�1Fl;1(z

K) +

� � � + z�(K�1)Fl;K�1(z
K) (9)

The frequency shifting in Eq.(8) becomes

zKi = exp[
j2�K(f � fs=4M � ifs=M)

fs
]



= exp(
j2�Kf

fs
)exp(

�j2�K

4M
)exp(

�j2�iK

M
)

= zKw�1=4w�i;

w = exp(j2�K=M) (10)

z�ji = z�jvj=4vij; v = exp(j2�=M);

j = 0 � K � 1 (11)

Substuting Eqs.(10) and (11) into Eqs.(2) and (9), Fi(z)
is expressed as

Fi(z) = F (zi) =

K�1X
j=0

z�ji Fl;j(z
K
i )

=

K�1X
j=0

z�jvj=4vijFl;j(z
Kw�1=4w�i) (12)

Here the following notation will be used.

Fi;l;j(z
K) = Fl;j(z

Kw�1=4w�i) (13)

Figure 3 shows a block diagram to implement Eq.(12).
The term z�jvj=4 can be commonly used by all Fi(z), i =
0 �M�1. However, the other term vijFl;j(z

�Kw1=4wi)
are di�erent for each sub-band. How to simplify this part
is the next problem.

3.3 Polyphase & FFT Realization

In Eq.(12), w1=4 is common for all Fi;l;j(z
K), then it can

be combined with their coe�cients. The other term wi =
exp(j2�iK=M) is di�erent from the conventional �lter
bank [3]. If K = M , then this term is unity, and becomes
the same for all Fi(z). This means that Fi;l;j(z

k) are
common for all Fi(z). In this case, vij can be realized as
the discrete Fourier transform (DFT), and if M equals
to the power of 2, DFT is implemented by FFT [3].

However, when the number of sub-bands M is not
equal to the sampling rate reductionK, wi remains. How
to implement this term with less additional computation
is described in the following.

The sub-�lters Fi;l;j(z
�K) is expressed as

Fi;l;j(z
K) = hl;j;0 + hl;j;1w

iz�K + hl;j;2w
2iz�2K

+ ::: + hl;j;P�1w
(P�1)iz�(P�1)K

=

P�1X
p=0

hl;j;pw
piz�pK (14)

where, hl;j;p already includes wp=4. Figure 4 shows a
block diagram of Fi;l;j(z

K). wpi are separated from
hl;j;p. Letting the output of hl;j;pz

�pK be u(j; p), the
output of Fi(z) becomes

P�1X
p=0

wpiu(j; p) (15)

From this �gure and Eq.(14), if P is equal to M , then
the term wpi = exp(j2�piK=M) is equivalent to DFT,
of course the kernel, that is w = exp(j2�K=M) is dif-
ferent from that of the original DFT, whose kernel is

w = exp(j2�=M). However, if M is the power of 2, FFT
can be applied to the former in the same way.

As shown in Fig.4, ~Fl;j(z
K) can be shared by all Fi(z),

i = 0 �M�1. This means the same ~Fl;j(z
K) can be used

by Fi(z). Equation(15) can be implemented asing FFT
by combining all Fi(z). Combining the block diagrams
shown in Figs.3 and 4, a whole block diagram of the
analysis �lter bank, whose channel �lters are expressed
by Eq.(16), is composed as shown in Fig.5.

Fi(z) =

K�1X
j=0

z�jvj=4

(
P�1X
p=0

hl;j;pw
piz�pK

)
vij (16)

In this realization, however, the term vi;j cannot be
realized by DFT. Another point is the condition P =
M required above. This condition can be relaxed into
P = nM , n is an integer. For example, when P = 2M ,
Eq.(15) can be rewritten as follows:
P�1X
p=0

wpiu(p; i) =

M�1X
p=0

wpi[u(p; i) + u(p +M; i)] (17)

w(p+M)i = wpi; w = exp(j2�K=M) (18)

Let the �lter length of the fundamental LPF F (z) be
N . Since P = N=K, the condition P = nM can be
replaced by

N = nMK (19)

For example, M = 8, K = 6, then N = 48n, that is
N = 48; 96; 144. N is required to be selected around
these numbers.

3.4 Computational Complexity

Computational complexity of the analysis �lter bank is
evaluated here. In Fig.5, vj=4 requires 2K real multipli-
cations at the sampling rate fs=K. ~Fl;j(z

K) requires 4N
real multiplications at fs=K, FFT requires 2KMlog2M
real multiplications at fs=K. Finally, vij needs 4KM
real multiplications at fs=K. Totally, the analysis �lter
bank needs the following real multiplications at fs.

Q1 = 2+ 4N=K + 2Mlog2M + 4M (20)

On the other hand, the conventional polyphase & FFT
method, in which K =M , requires

Q2 = 2+ 4N=M + 2log2M (21)

Furthermore, the direct realization at fs as shown in
Fig.1 requires

Q3 = NM (22)

(Examples)
(1) N = 48, M = 8, K = 6, then Q1 = 114, Q2 = 32
and Q3 = 384.
(2) N = 96, M = 8, K = 6, then Q1 = 146, Q2 = 56
and Q3 = 768.

The proposed method requires more computations
than the conventional polyphase & FFT method with
K = M . However, the latter model cannot be used in
the sub-band adaptive �lters due to aliasing. The pro-
posed can save computations drastically compared with
the direct realization shown in Fig.1.
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Fig.5 Proposed polyphase & FFT realization of analysis �lter bank.

4. Simulation

The sub-band adaptive �lter, using the analysis �lter
bank shown in Fig.5, has exactly the same characterisics
as that of the original shown in Fig.1.

5. Conclusions

A polyphase & FFT realization, which is di�erent from
that for the transmultiplexer, is proposed for the modu-
lation sub-band adaptive �lter. The polyphase �lters are
di�erent for the sub-bands due to mismatch between M
and K. Therefore, the polyphase �lters are divided into
a transversal �lter and an FFT part so as to be shared
by all the sub-bands. Computational complexity can be
well reduced compared with the direct realization.
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