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DEVWUDFW

D qhz jhqhudol}hg vwdwlvwlfdo vljqdo surfhvvlqj iudph0
zrun lv lqwurgxfhg iru rswlpdo vljqdo uhsuhvhqwdwlrq
dqg frpsuhvvlrq1 Suhylrxv zrun lv h{whqghg e| frq0
vlghulqj wkh pxowlsoh vljqdo fdvh/ zkhuh d ghvluhg vlj0
qdo lv revhuyhg rqo| lq wkh suhvhqfh ri rwkhu qrq0zklwh
vljqdov1 Wkh vroxwlrq wr wklv pxowl0vljqdo uhsuhvhqwd0
wlrq sureohp |lhogv d jhqhudol}dwlrq ri wkh Ndukxqhq0
O�rhyh wudqvirup dqg jhqhudwhv d edvlv vhohfwlrq zklfk
lv rswlpdo iru pxowlsoh vljqdov dqg froruhg0qrlvh udq0
grp surfhvvhv xqghu wkh plqlpxp phdq0vtxduh huuru
fulwhulrq1 Wkh lpsruwdqw dssolfdwlrqv iru zklfk wklv
prgho lv ydolg lqfoxgh ghwhfwlrq/ suhglfwlrq/ hvwlpdwlrq/
frpsuhvvlrq/ fodvvl�fdwlrq dqg uhfrjqlwlrq1

41 LQWURGXFWLRQ

Wklv sdshu lv frqfhuqhg zlwk wkh uhsuhvhqwdwlrq ri glv0
fuhwh wlph/ zlgh0vhqvh vwdwlrqdu| +ZVV, vljqdov lq wkh
pdq| dssolfdwlrqv ri vwdwlvwlfdo ghwhfwlrq dqg hvwlpd0
wlrq wkhru|1 Iru wkh sxusrvhv ri wklv zrun/ wkh hi0
�flhqf| ri d vljqdo uhsuhvhqwdwlrq lv hydoxdwhg edvhg
xsrq lwv frpsdfwlrq ri wkh xvhixo vljqdo hqhuj| dv d
ixqfwlrq ri udqn1 Wklv fulwhulrq lv htxlydohqw wr rswl0
pdo vljqdo frpsuhvvlrq1

Wkh pxowlsoh0vljqdo sureohp lv frqvlghuhg khuhlq/
zkhuh d vljqdo ri lqwhuhvw lv rqo| revhuyhg lq wkh suhv0
hqfh ri dw ohdvw rqh rwkhu qrq0zklwh surfhvv1 Vljqdo
surfhvvlqj iru pxowlsoh vljqdov/ xqghu wkh frqglwlrqv
ghvfulehg deryh/ lv ghvfulehg zlwklq wkh jhqhudo iudph0
zrun ri wkh glvfuhwh0wlph/ �qlwh lpsxovh uhvsrqvh +ILU,
Zlhqhu �owhu1 Wkh Zlhqhu �owhu lv d ixqgdphqwdo frp0
srqhqw lq wkh vroxwlrq wr yluwxdoo| hyhu| sureohp zklfk
lv frqfhuqhg zlwk rswlpdolw| iru olqhdu �owhulqj/ ghwhf0
wlrq/ hvwlpdwlrq/ fodvvl�fdwlrq/ vprrwklqj dqg suhglf0
wlrq lq wkh iudphzrun ri vwdwlvwlfdo vljqdo surfhvvlqj
zlwk vwdwlrqdu| udqgrp surfhvvhv1
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Wkh gl�huhqfhv ehwzhhq wkh vlqjoh dqg pxowlsoh vlj0
qdo uhsuhvhqwdwlrq sureohpv duh hpskdvl}hg lq wklv sd0
shu1 Wkh ixqgdphqwdo lvvxh lq vljqdo uhsuhvhqwdwlrq
dqg frpsuhvvlrq lv wkh ghwhuplqdwlrq ri dq rswlpdo
frruglqdwh v|vwhp1 Lw lv zhoo0nqrzq wkdw wkh hljhq0
yhfwruv dvvrfldwhg zlwk wkh fryduldqfh pdwul{ ri dq
Q 0glphqvlrqdo ZVV vljqdo surylgh wkh edvlv0vhw iru
wkh Ndukxqhq0O�rhyh h{sdqvlrq ri wkdw vljqdo1 Wkh
plqlpd{ wkhruhp hvwdeolvkhv wkdw wklv vhw ri hljhqyhf0
wruv uhsuhvhqw wkh sduwlfxodu edvlv iru dqQ 0glphqvlrqdo
vsdfh wkdw lv prvw h�flhqw lq wkh hqhuj| vhqvh iru wklv
vlqjoh surfhvv1 Rswlpdo uhsuhvhqwdwlrq dqg frpsuhv0
vlrq dv d ixqfwlrq ri udqn +ru glphqvlrq, lv wkhq re0
wdlqhg e| uhwhqwlrq ri wkh sulqflsdo frpsrqhqwv ^6`1

Krzhyhu/ wkhuh duh yhu| ihz sureohpv zkhuh wkh vroh
fulwhulrq ri lqwhuhvw lv vlqjoh0vljqdo uhsuhvhqwdwlrq1 Wklv
idfw lv uhdglo| yhul�hg e| frqvlghulqj wkh srsxodu sure0
ohpv ri ghwhfwlrq/ hvwlpdwlrq/ suhglfwlrq/ fodvvl�fdwlrq/
qrlvh0fdqfhoodwlrq/ vshfwudo hvwlpdwlrq1 Khuh/ iru wkh
sureohp wr eh qrq0wulyldo/ wkhuh duh d plqlpxp ri wzr
qrq0zklwh vljqdo surfhvvhv= wkh vljqdo ri lqwhuhvw dqg d
froruhg0qrlvh surfhvv1 Li rqh qrz vshdnv ri vljqdo uhs0
uhvhqwdwlrq ru frpsuhvvlrq ri rqh surfhvv/ wkh vroxwlrq
pxvw wdnh erwk surfhvvhv lqwr dffrxqw lq rughu wr ghwhu0
plqh dq rswlpdo edvlv1 Lq idfw/ lw kdv ehhq suhylrxvo|
hvwdeolvkhg ^4`0^5` wkdw wkh sulqflsdo0frpsrqhqwv duh
qr orqjhu wkh fruuhfw hqxphudwlrq ri wkh hljhqyhfwruv
iru rswlpdo uhsuhvhqwdwlrq1 Frqvhtxhqwo|/ wkh vwdqgdug
Ndukxqhq0O�rhyh ghfrpsrvlwlrq qr orqjhu surylghv wkh
vroxwlrq wr rswlpdo edvlv vhohfwlrq/ dqg d qhz edvlv
vhw pxvw eh ghulyhg zklfk wdnhv lqwr dffrxqw wkh suhv0
hqfh ri wkh rwkhu vljqdov> d jhqhudol}hg Ndukxqhq0O�rhyh
wudqvirupdwlrq1

51 PXOWLSOH VLJQDO PRGHOLQJ DQG

ZLHQHU ILOWHULQJ

Lq d pruh jhqhudo vhwwlqj/ wkh fodvvlfdo sureohpv ri
vwdwlvwlfdo vljqdo surfhvvlqj duh frqfhuqhg zlwk mrlqw
vljqdo uhsuhvhqwdwlrq dqg frpsuhvvlrq1 Wkhvh sure0
ohpv duh fkdudfwhul}hg e| d Zlhqhu �owhu/ ghslfwhg lq



Ilj1 4/ zkhuh wkhuh duh wzr surfhvvhv suhvhqw1 Wkh
Q 0glphqvlrqdo surfhvv {3 lv qrz frqvlghuhg wr eh wkh
vxp ri srwhqwldoo| pdq| surfhvvhv/ zkloh g3 lv d vfdodu
surfhvv zklfk lv fruuhodwhg zlwk {31

Wkh surfhvv g3/ qrupdoo| whuphg d ghvluhg surfhvv/
lv uhsuhvhqwdwlyh ri d vljqdo ri lqwhuhvw lq vrph zd|/ dqg
wkh jrdo lv wr hvwlpdwh g3 iurp {31 Iru h{dpsoh/ lq wkh
udgdu dqg vrqdu ghwhfwlrq sureohp wkh _ghvluhg% vljqdo
lv xvxdoo| wkh rxwsxw ri d ehdpiruphu ru pdwfkhg0�hog
surfhvvru/ dqg wkh revhuyhg gdwd yhfwru {3 lv hyhu|0
wklqj ruwkrjrqdo wr wklv vljqdo lq wkh gdwd uhfhlyhg dw
d vhqvru duud|1 Lq wkh frppxqlfdwlrqv dssolfdwlrq ri
pxowlxvhu ghwhfwlrq dqg ghprgxodwlrq/ wkh surfhvv g3
pd| eh jhqhudwhg e| d nqrzq fruuhodwlrq zlwk wkh vlj0
qdo ri lqwhuhvw vxfk dv wkh frgh ri d xvhu lq d FGPD
zluhohvv qhwzrun1 Dv d �qdo h{dpsoh/ lq fodvvl�fdwlrq
iru dxwrpdwlf wdujhw uhfrjqlwlrq wkh ghvluhg vljqdo pd|
eh d whpsodwh lpdjh iurp wudlqlqj gdwd/ zkloh wkh re0
vhuyhg gdwd lv dq lpdjh uhfhlyhg e| wkh �hoghg vhqvru1
Lq jhqhudo/ wkh phfkdqlvp zklfk jhqhudwhv wkh uhihu0
hqfh vljqdo lv dssolfdwlrq vshfl�f> krzhyhu qhduo| hyhu|
sureohp lq vwdwlvwlfdo vljqdo surfhvvlqj pd| eh uhsuh0
vhqwhg xvlqj wklv prgho1

Wkh surfhvv g3 lv d vfdodu surfhvv zlwk yduldqfh �5g3
dqg {3 lv dq revhuyhg Q0glphqvlrqdo vljqdo/ zklfk lw0
vhoi pd| eh d frpsrvlwh udqgrp surfhvv/ zlwk frydul0
dqfh U{3 1 Wkh �owhu wr eh gh�qhg/ z/ surfhvvhv wkh
revhuyhg0gdwd wr irup dq hvwlpdwh ri wkh ghvluhg vljqdo
ag3 @ z

K{31 Wkh huuru surfhvv %3/

%3 @ g3 �z
K
{3> +4,

lv wkh vljqdo zklfk fkdudfwhul}hv wkh shuirupdqfh ri
wkh �owhu/ dqg wkh rswlpdo Zlhqhu �owhu plqlpl}hv wkh
phdq0vtxduh ydoxh ri wklv huuru vljqdo1 Wkh phdq0
vtxduh ydoxh ri wkh huuru lv fdofxodwhg wr eh/

H^ m%3m
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K
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K
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zkhuh wkh Q 0yhfwru u{3g3 lv wkh furvv0fruuhodwlrq eh0
wzhhq wkh surfhvvhv g3 dqg {31

Wkh plqlpxpphdq0vtxduh huuru +PPVH, rswlpl}d0
wlrq fulwhulrq lv irupdoo| vwdwhg dv iroorzv=

plq
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Wkh zhoo0nqrzq vroxwlrq wr +6, lv wkh Zlhqhu �owhu/
zklfk lv frpsxwhg dv iroorzv=

z @ U�4{3 u{3g3 = +7,

61 RSWLPDO VLJQDO UHSUHVHQWDWLRQ

IRU VWDWLVWLFDO VLJQDO SURFHVVLQJ

Lq wklv vhfwlrq/ dq rswlpdo udqn0rughuhg dqg jhqhudo0
l}hg vljqdo uhsuhvhqdwlrq lv ghyhorshg edvhg rq d pxo0

wlvwdjh Zlhqhu �owhu ghfrpsrvlwlrq ^4`0^5`1 Wkh qdw0
xudo rswlpl}dwlrq fulwhuld dw hdfk vwdjh lv wkh plql0
pl}dwlrq ri wkh phdq0vtxduhg huuru +PVH,1 Frqvlghu
wkh pxowlvwdjh Zlhqhu �owhu ghslfwhg lq Ilj1 51 Vljqdo
frpsuhvvlrq lv dfklhyhg e| vxffhvvlyh udqn0rqh vhohf0
wlrqv zklfk duh fkrvhq wr plqlpl}h wkh PVH dw hdfk
vwdjh/ ru/ htxlydohqwo|/ _zklwhq% wkh huuru uhvlgxh +lq0
qrydwlrq,1 Iru h{dpsoh/ wkh �uvw udqn0rqh vxevsdfh
+k4 5 FQ, lv rewdlqhg e| fkrrvlqj wkh yhfwru lq wkh
vsdfh vsdqqhg e| wkh froxpqv ri wkh fryduldqfh pd0
wul{ U{

3
5 FQ�Q zklfk lv pd{lpdoo| fruuhodwhg zlwk

wkh ghvluhg surfhvv g31 Wkh rswlpdo fkrlfh lv wkxv
k4 @ u{3g3@nu{3g3n1 Wklv vhohfwlrq uhvxowv lq dq hu0

uru uhvlgxh %4 @ g3 � zK
4 g4> zkhuh g4

�
@ kK4 {3/ dqg

z4 5 F lv wkh rswlpdo Zlhqhu zhljkw iru wkh vhohfwhg
vljqdo g41 Qrwh wkdw/ lq jhqhudo/ k4 zloo qrw fruuhvsrqg
wr wkh hljhqyhfwru zlwk odujhvw dvvrfldwhg hljhqydoxh/
dv zrxog eh wkh fdvh lq d NOW uhsuhvhqwdwlrq1 Frq0
vhtxhqwo|/ d sulqflsdo frpsrqhqwv edvhg uhgxfhg udqn
Zlhqhu �owhu zloo/ lq jhqhudo/ surgxfh vxerswlpdo frp0
suhvvlrq ^4`1

Vlqfh wkh vxevsdfh zklfk fdq frqwulexwh wr uhgxf0
lqj wkh PVH lv olnho| juhdwhu wkdq udqn rqh/ dgglwlrqdo
vwdjhv zloo eh uhtxluhg wr dfklhyh d ghvluhg ohyho ri
PVH1 Wkxv dw wkh l0wk vwdjh/ d qhz udqn0rqh vxe0
vsdfh +kl 5 FQ�l.4, lv vhohfwhg zklfk lv pd{lpdoo|
fruuhodwhg zlwk wkh hqwluh rswlpdo Zlhqhu uhvlgxh %l
iurp wkh suhylrxv vwdjhv1 Wkxv/ uhihuulqj wr Ilj1 5/
kl @ u{l%l@nu{l%ln/ zkhuh u{l%l 5 FQ�l.4 lv wkh furvv0
fruuhodwlrq ehwzhhq {l dqg %l1 Krzhyhu/ d vlpsol�0
fdwlrq uhvxowv zklfk holplqdwhv wkh qhhg wr h{solflwo|
fdofxodwh wkh rswlpdo Zlhqhu zhljkw yhfwru lq rughu

wr irup kl/ vshfl�fdoo|/ u{l%l @
lS

m@3

�mu{lgm @ �lu{lgl /

iurp zklfk wkh iroorzlqj vlpsol�fdwlrq uhvxowv/ kl @
u{lgl@nu{lgln1

Lw lv lpsruwdqw wr qrwh wkdw wkh deryh ghfrpsrvl0
wlrq ohdgv wr d wulgldjrqdol}dwlrq ri wkh mrlqw surfhvv
fryduldqfh pdwul{ ^5`1 Wklv lv lq frqwudvw wr wkh vwdq0
gdug NOW ru sulqflsdo frpsrqhqwv edvhg ghfrpsrvl0
wlrqv zklfk lpsrvh d xqlwdu| frqvwudlqw/ uhvxowlqj lq gl0
djrqdol}dwlrq +exw zlwk d jhqhudoo| juhdwhu PVH,1 Zh
wkxv uhihu wr wkh deryh pxowlvwdjh Zlhqhu0edvhg vljqdo
uhsuhvhqdwlrq dv d jhqhudol}hg NOW +JNOW,1

71 D FRPSDUDWLYH H[DPSOH

Lqwhuhvwlqjo|/ pdmru lqvljkw lqwr wkh uhodwlyh ehkdylru
dqg shuirupdqfh ri wkh ydulrxv dssurdfkhv wr uhgxfhg0
udqn vljqdo prgholqj fdq eh jdlqhg zlwk uhodwlyho| vlp0
soh h{dpsohv1 Iru lqvwdqfh/frqvlghu dq h{dpsoh lq ?5/
zkhuh wkhuh lv d 50glphqvlrqdo revhuyhg0gdwd yhfwru {3
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dqg d ghvluhg vljqdo g3 zlwk d yduldqfh �5
g3

@ 431 Wkh
wzr surfhvvhv/ g3 dqg {3/ duh dvvxphg wr eh }hur0
phdq/ mrlqwo| vwdwlrqdu|/ dqg fruuhodwhg1 Wkh furvv0
fruuhodwlrq ehwzhhq wkh wzr surfhvvhv lv jlyhq e| wkh
yhfwru u{3g3 /
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Wkh NOW surylghv wkh hljhqghfrpsrvlwlrq ri wkh
pdwul{ U{3 =
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zklfk ghprqvwudwhv wkdw rqh hljhqydoxh lv vljql�fdqwo|
juhdwhu wkdq wkh rwkhu1 Wkh NOW wdnhv lqwr dffrxqw
wkh vhoi0gluhfwlrqdo suhihuhqfh ri wkh vljqdo dqg surylghv
wkh prvw h�flhqw uhsuhvhqwdwlrq ri wkh dxwrfruuhodwlrq
hqhuj| lq wkh vljqdo1

Wkh txhvwlrq dw kdqg/ krzhyhu/ lv wkh ghwhuplqd0
wlrq ri wkh ehvw edvlv uhsuhvhqwdwlrq iru {3 lq whupv
ri hvwlpdwlqj g31 Wkh NOW edvlv lv vwloo wkrxjkw ri dv
ehlqj rswlpdo iru ghwhfwlrq dqg hvwlpdwlrq e| pdq|
uhvhdufkhuv1 Wr h{soruh zkhwkhu wkh NOW dqg wkh sulq0
flsdo frpsrqhqwv duh vwloo wkh ehvw edvlv fkrlfh/ frq0
vlghu suhsurfhvvlqj wkh revhuyhg surfhvv {3 zlwk d �owhu
frpsrvhg ri wkh hljhqyhfwruv ri U{3 1 Wkh qhz surfhvv
}3 @ YK{3/ kdv d gldjrqdo fryduldqfh pdwul{ jlyhq e|
�1 Dovr/ wkh furvv0fruuhodwlrq ehwzhhq }3 dqg g3 lv qrz
jlyhq e|/ u}3g3 @ Y

K
u{3g3 1

Wkh PPVH shuirupdqfh ri wkh hljhqyhfwru0edvlv dv
d ixqfwlrq ri udqn lv qrz hydoxdwhg1 Wkh ixoo0udqn
vroxwlrq lv lghqwlfdo uhjdugohvv ri edvlv uhsuhvhqwdwlrq
vlqfh wkh shuirupdqfh phdvxuh lv lqyduldqw wr lqyhuw0
leoh wudqvirupdwlrqv ri wkh revhuyhg vljqdo {31

Krzhyhu wkh uhvxowv duh gl�huhqw lq wkh udqn04 fdvh/
zkhuh rqh ri wkh wzr hljhqyhfwruv zklfk frpsrvh Y lv
glvfdughg1 Wkh sulqflsdo0frpsrqhqwv dojrulwkp vwdwhv
wkdw wkh hljhqyhfwru fruuhvsrqglqj zlwk wkh odujhvw hljhq0
ydoxh vkrxog eh uhwdlqhg1 Khuh/ wkh odujhvw hljhqydoxh
pdjqlwxgh fruuhvsrqgv zlwk wkh vhfrqg hljhqyhfwru/
dqg wkh PPVH iru wklv fdvh lv jlyhq e|/
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Wkh PPVH shuirupdqfh/ frqyhuwhg wr ghflehov/ iru wkh
ixoo0udqn Zlhqhu �owhu lv 3=6<84 gE dqg wkdw iru wkh
udqn04 sulqflsdo0frpsrqhqwv Zlhqhu �owhu lv ;=3;44 gE1

Wkxv/ wkhuh lv d orvv ri :=9;93 gE lq uhgxflqj wkh udqn
iurp 5 wr 41 Qrwh wkdw wkh PPVH zklfk uhvxowv li wkh
vpdoohu hljhqyhfwru lv uhwdlqhg lv 9=9<34 gE1 Khuh wkh
PPVH orvv lv dssur{lpdwho| 4=7 gE ohvv wkdq wkdw h{0
shulhqfhg e| wkh sulqflsdo0frpsrqhqwv vhohfwlrq> wkdw
lv/ d shuirupdqfh hqkdqfhphqw lv rewdlqhg e| vhohfw0
lqj d gl�huhqw hljhqyhfwru wkdq wkdw lqglfdwhg e| wkh
sulqflsdo0frpsrqhqwv1 Wklv revhuydwlrq ohg wr wkh gh0
yhorsphqw ri wkh furvv0vshfwudo phwulf +FVP, edvhg
NOW SF udqn uhgxfwlrq phwkrg ^4`1 Lq wkh FVP0NOW
dssurdfk/ hljhqyhfwruv duh rughuhg edvhg rq erwk hq0
huj| dqg wkh dprxqw ri furvv0fruuhodwlrq zlwk wkh gh0
vluhg surfhvv1 Wkh FVP0NOW zrxog kdyh vhohfwhg wkh
vpdoohu hljhqyhfwru lq wklv h{dpsoh1

Li/ krzhyhu/ wkh udqn rqh vxevsdfh lv vhohfwhg edvhg
rq wkh JNOW dssurdfk +Vhfwlrq 6,/ wkh uhvxowlqj PVH
lv 61<45: gE/ dq lpsuryhphqw ri qhduo| 6 gE ryhu wkh
FVP0NOW dssurdfk/ dqg voljkwo| ryhu 7 gE frpsduhg
wr sulqflsdo frpsrqhqwv1 Ilj1 6 vkrzv wkh uhodwlyh
shuirupdfh ri wkh wkuhh dssurdfkhv dv wkh furvv fruuh0
odwlrq yhfwru u{3g3 lv urwdwhg wkurxjk 693r1 Qrwh wkdw
wkh JNOW xqlirupo| rxwshuirupv wkh sulqflsdo frpsr0
qhqwv +SF, phwkrg h{fhsw lq wkrvh uduh lqvwdqfhv zkhq
u{3g3 dqg y4 duh frolqhdu1 Dovr qrwh wkdw wkhuh lv dg0
glwlrqdo frlqflghqfh zlwk wkh FVP zkhq u{3g3 dqg y5
duh frolqhdu1

81 FRQFOXVLRQ

D qhz jhqhudol}hg vwdwlvwlfdo vljqdo surfhvvlqj iudph0
zrun zdv lqwurgxfhg iru rswlpdo vljqdo uhsuhvhqwdwlrq
dqg frpsuhvvlrq iru wkh pxowlsoh vljqdo fdvh1 Wkh vr0
oxwlrq wr wklv pxowl0vljqdo uhsuhvhqwdwlrq sureohp zdv
vkrzq wr |lhog d jhqhudol}dwlrq ri wkh NOW +JNOW,
zklfk jhqhudwhv d edvlv vhohfwlrq zklfk lv rswlpdo iru
pxowlsoh vljqdov dqg froruhg0qrlvh xqghu wkh PPVH ful0
whulrq1

91 UHIHUHQFHV

^4` M1 V1 Jrogvwhlq dqg L1 V1 Uhhg1 _Uhgxfhg udqn
dgdswlyh �owhulqj/% LHHH Wudqvdfwlrqv rq Vljqdo

Surfhvvlqj/ yro1 78/ qr1 5/ ss1 7<507<9/ Iheuxdu|
4<<:1

^5` M1 V1 Jrogvwhlq/ L1 V1 Uhhg dqg O1 O1 Vfkdui1 _D
pxowlvwdjh uhsuhvhqwdwlrq ri wkh Zlhqhu �owhu edvhg
rq ruwkrjrqdo surmhfwlrqv/% LHHH Wudqvdfwlrqv rq

Lqirupdwlrq Wkhru|/ +wr dsshdu, Qryhpehu 4<<;1
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Fig. 2 Multistage Wiener filter structure.

Fig. 1 General Wiener filter structure.
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Fig. 3 Relative MMSE performance of the various rank-reduction methods.
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