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ABSTRACT and initial probability distributiorp; £ Pr{ri =i}, (i,j € S),

Jump Markov linear systems (JMLS) are linear systems whose pa—S ={1,2,..., s}. Consider the following JMLS:

rameters evolve with time according to a finite state Markov chain. 5.\, = A(ri1) ze + B (reg1) verr + F (reg1) werr (1)
We present three original deterministic and stochastic iterative al- — C(r) w4 D) w + G (r)u )
gorithms for optimal state estimation of JMLS whose computa- ye Lt L e
tional complexity at each iteration is linear in the data length. \wherez, € R™* is the system statey, € R™ is the observa-
The first algorithm yields conditional mean estimates. The sec- . . e S ivid.
- . . . . . tion at timet, u; € R™ is a known deterministic input, "~
ond algorithm is an algorithm that yields the marginal maximum i, N
a posteriori(MMAP) sequence estimate of the finite state Markov A (0, In,) € R™ ,w¢ "~ N (0, I.,,) € R™ andD (i) D" (i) >
chain. The third algorithm is an algorithm that yields the MMAP 0 (Vi € S). zo ~ N (2o, Po) wherePy > 0 andzo, v andw;
sequence estimate of the continuous state of the JMLS. Conver-are mutually independent for all The model parameters £
gence results for these three algorithms are obtained. Computefp:, pij, A (i), B (3),C (i), D (i), F (i) ,G (i) , &o, Po;i,j € S}

simulations are carried out to evaluate their performance. are assumed known. We denotegoy, p < q, ¥p:q aS(¥p, .-, ¥q),
Xpiq S (Tp,y ...y Tq), Tpiq &S (Tp,...,7¢) @nd finally N (m,X) as
—1/2 1. Ts—1/2
1. INTRODUCTION =] " exp (—am T m).

Jump Markov linear systems are widely used in several fields of 2 2 Estimation objectives
signal processing and include, as particular cases, common modGiveny.r and assuming that is known, any required Bayesian
els in seismic signal processing [4], [9], communications [1] and inference for JMLS can be made usipdri.r, xo.7|y1.7). We
target tracking (see [8] for many examples and references). Givenconsider the three following optimal estimation problems:
a set of observations, our aim is to estimate respectively the con-e Conditional Mean Estimates ofy.r andr;.7: compute opti-
ditional mean estimate of the states and the marginal maximmum mal (in a mean square sense) estimatesyef andri.r given by
posteriori (MMAP) sequence estimate of the finite state Markov E {ri.7|y:.7} andE {xo.7|y1.7}.
chain and of the continuous state of the JMLS. It is well known e MMAP Sequence Estimate of.: compute optimal (in a MAP
that exact computation of these three estimates for JMLS involvessense) state estimatesrafr by maximizingp (r1.7|y1.7).
a prohibitive computational cost, exponential in the number, say ¢ MMAP Sequence Estimate af,.,: compute optimal (in a MAP
T, of observations. Thus in practice, it is necessary to consider sense) state estimatessaf.r by maximizingp (xo.7| y1:7).
suboptimal estimation algorithms. A variety of such suboptimal
algorithms has already been proposed in the literature [9], [8], [12]. 3. CONDITIONAL MEAN ESTIMA.TION . .

In this paper, we present iterative deterministic and stochas- E{rur|yur} andE{xo.r|y1.r} are obtained by integration
tic algorithms to solve the three above mentioned problems. TheyWlth respect top (rir, 07| y1.7). If we were able to obtain
have a computational cost 6f(T') per iteration. Convergence re- N (N > 1) i.i.d. samples{ (ﬁ%#t%) k=1, -~-,N} dis-
sults are also obtained. The range of applicability of the proposedtributed according to the joint distribution then, using the Law of
methods is wider than the previous methods, including recent work Large Numbers, conditional mean estimates could be computed by
in [5], [8]. Moreover, it can be theoretically established that they averaging. Obtaining such i.i.d. samples from the posterior distri-
are more efficient in a specified sense. bution is not feasible. This is why we propose here a Markov chain

2. MODEL AND ESTIMATION OBJECTIVES Monte Carlo (MCMC) method [11]

2.1. Signal model 3.1. Algorithm S _
Throughout this paper, we will use. to denote the dimension of We_5|m_ulate_ samples from the posterior dlstrl_butlo_n using the fol-
an arbitrary vector. Lett € {1,2,...} denote discrete time and lowing iterative MCMC methodk denotes the iteration number.

letr; be a discrete-time, homogeneossstate, first-order Markov - - — -
chain with transition probabilitiep;; £ Pr{r,+1 = j|r; = i} MCMC algorithm to obtain the conditional mean estimates

Authorship based on reversed alphabetical order 1. Initialization. Set randomly riO)T



2. lterationk, k> 1

(k)

e Fort=1,...,T, sample rt(k> ~p (n| yl;T,r_t>.

e Optional step. Sample x ~p (xo r|lyir, rgk%)

Wherer(k) (rik), rgk)l, T.t(ill)7 e ) Note that if

one is not interested in estimating.r, then it is not necessary
to sample fronp (xo |y T,rg T) The obtained samples are
used to compute conditional mean estimates of the stateand
xo.7 Using the following ergodic averages.r = L rl®)

N kOlT

rgc_l)

— A N-1_(k
andxo.T = % k=0 X(()%
3.2. Implementation issues

This algorithm requires to be able to sample frpl@rq yi.T,r r* ))
fort = 1,...,T and optionally fromp (xo:T|y1:T,r§'f%). A
direct evaluation of these distributions would have a complexity
O (T?). We develop here an algorithm of complexiy(T),
which relies on the following lemmas and proposition.

Lemmal Foranyt=2,....,T —1

p(yur|rir) =p(yue—1|rie—1) D (Ye| Yie—1,T1:)
X [p(yerrr|verrr, @) p (@] yie, ve) dae
p(yt:TI rt:T,l't—l) = fp(Yt+1:T| I‘t+1:T,$t)

Xp (Yo, Te| e, Te—1) dy

Lemma?2 Foranyt = 1,...,T, p(yur|rer, 1) is @ Gaus-
sian distribution of mead/; (r¢.v) x:—1 + E [N (r+.7)] and co-
variancecov [L¢ (rs.r)] > Owith Ly (r¢r) 2 Ny (ve.r) NF (ve.r)
where

;*ll\t (rer)
P,t—l\t (rear) mlt—l\t (rt:T)

£ M} (rer) Lt_l (re.r) My (rer)
M{ (ver) LY (vor) yer

are given by the following backward information filter recursion.

1. Initialization

Pipyp (rr) = C (rr) (D (re) D* (r1)) ™" C (rr)
-1 _
Plpyp (rr) mpyp (rr) = C7 (rr) (D (rr) D (rr)) + ()
x (yr — G (rr) ur)
2. Backward recursion. Fot =T -1, ...,1,
Plpy (verrr) = AT (rs1) P::;—ll\t+17(lrt+l:T) (In,
B (res1) Apa (ve1.r) BT (re41) Pipyjiq (tegrr)
XAT (T’t+1)
Herr (Cer1:m) MYy (Pevnir) = AT (re41) (Tn, — B (Te41)

-1
X Apyi (ver1:7) BT (reg1) Piyyjepn (Cegrer)

F (req1) Ut+1)

XPt+1|t+1 (tet+1.7) (m,t+1|t+1 (te+1.7) —
A = [Inv + B (ri11) Py (vegr) B (Tt+1)]
Py, (ver) = C7 (re) (D (re) D (re)) ™ C (ro)
+P;\_titl (Cet1.7)

Py (ver) m'y, (ver) = C7 (re) (D (re) D" (ro)) ™
X (y¢ — G (re) we) + PQ\_;H (terr:m) My p (Cesrir)

(4)

Proposition 3 Foranyt = 2,...,T — 1 we havé

p (’rt| YI:Tarft) X pri_lrtprtri+1N (gt\t—l (rl:t)l’ St (rl:t))
_1 -1 ~
)| 2 ‘P;”H (reg1.m) + Pt|tl (Pl:t)‘
-1
X exp (_% I:m-l;‘t (rl:t) P;|t+1 (rtJrl:T) mt\t (rl:t)
-1
—2mYy; (r1:6) Py (veprr) mlyyy (vegrr)
T

— (m’t\t+1 (regr:r) — mt‘t (rl:t)) P;‘t+1 (req1er)
=1 p- -1 P’_l
t]t+1 (req1r) + He (rl:t) A (Tes1er)

(m’t\tJrl (Cer1) — Moy (v1:0))])

X | Py (riae ’

®)

where myi_q (r1:¢), Pyt (t1:), My (v1:6), Pyje (v1:e),
Yijt—1 (r1:¢) andS; (r1.+) are respectively the one-step ahead pre-
diction and covariance af;, the filtered estimate and covariance
of z;, the innovation at time¢ and the covariance of this innova-
tion, these quantities are given by the Kalman filter, (1)-(2) being
linear Gaussian until asr;.; is known. To sum up, the algorithm
proceeds as follows at iteratidn

Backward-Forward procedure

For¢t = T,...,1 compute and store P;ﬁll (rgﬁ]}}) and
-1 k—1
;\t+1 (r£+1:7)’) m,t\t+1 (r£+1 T) using (3)-(4).
Fort=1,...,T

eFori=1,...,
. (k)
re = 4, Store my (ry; 4, 7Tt =

s, run one step-ahead the Kalman filter with
) and Pt‘t( lkt) LTt = z),
compute up to a normalizing constant p (rt =i|yur,r rt* ))
using (5).

e Sample ™ ~ p (n =il y1.r,r®)

k k)
Myt (rg:t)—hrwg ) Pt\t (Plt 1,7 ( ))-

Sampling fromp (xo;T| yir, rgk%) is realized using the efficient

forward filtering-backward sampling recursion described in [2].

The filtering step being realized when sampl'ﬁé%, it only re-
mains to perform the backward sampling step.

) and store only

3.3. Convergence issues
It can be proved that the simulated Markov chain is uniformly ge-

ometrically ergodic [11] so a central limit theorem holds for the
estimates ;. andXo.r.

Proposition4 Let<p ST x RT*+Ym= 5 R and the estimate

k k
Py = 2 T el X0 By Ly, [le(rrr, x0.r)]] <
oo then

Bn 2 By pyr) [p(rrr, xo07)]

If By ty,.p [lo(rrr, x0.7)|%]
such that

VN (By

< +o0, then there exists ()

- ]EP( yi.7) [‘P(rth XO:T)]) =N (0’ o’ (50))

It is possible to easily improve the asymptotic variance of the
estimates.r andXo.r using a Rao-Blackwellization method [7].

1 Pt|t+1 (r¢y1.7) exists then one can obtain a much simpler expres-
sion forp (r¢| y1.7,r—¢).



4. MMAP ESTIMATION OF Ri.r
4.1. Algorithm
Let us introduce a positive sequereg.; k € N} satisfyingye+1 >
Vi, imy st oo Y& = 400. The algorithm to obtain the MMAP es-
timate ofr;.r is a simple modification of the previous algorithm.
Thus it has a computational complexity(T’) at each iteration.

Stochastic algorithm to estimate the MMAP sequence af;.r

1. Initialization. Set randomly r(o)
2. lterationk, k >1

e Fort=1,...,T, sample r{*) ~ p (nlyl O ))

T
wherep™* (rt|y1 T, T ek )) [ (Tt|y1;T,rg“2)]

Remark 1 A deterministic version of this algorithm consists of

selectingrt( —arg max p (rt| yiuT,T r* >)

{1,...,s}

4.2. Convergence issues

The deterministic version of this algorithm converges towards (a

discrete equivalent of) a stationary point@fri.r|y:.r). The

stochastic version of it is nothing but a stochastic annealing algo-
rithm in discrete state space. The following result can be easily

obtained.

Proposition 5 There exisC > 0 ande > 0 such that fory, =

C'ln (k + ¢) and for any initial sequenceiO)T

lim Pr
i—+o0o

((l) EM(I‘lT))Zl

whereM (r1.7) is the set of MMAP estimates.

5. MMAP ESTIMATION OF Xo.r
The algorithm presented in this part requires the following addi-
tional assumption thaB (i) B* (i) > 0 foralli € {1,...,s}>.
We introduce a positive sequenfey; k € N} satisfyingyiy+1 >
Vi, limg 100 Y = 400. The proposed algorithm proceeds as
follows.

Stochastic algorithm to estimate the MMAP sequence afo.r

1. Initialization. Set randomly x(0>
lteration k, k > 1

e Fort=0,...,T, sample zi“ ~ p* (1’t|y1 7, x ))

where p* (mt|y1T, (>) o [p(mt|y1T, (>)] and

k k k k—1 k—1
@ & (o, a2k, o).

X = y L1y Teqn
Remark 2 A deterministic version of this algorithm consists of
selectingr; (k) —arg maxp (mt| yiT,X x* >>

2If B (i) BT (i) # 0, then the JMLS can be transformed to a new
system where the noise covariance matrix is positive definite.

5.1. Implementation issues

It is necessary to sample fropi* (mt| yi.T,X ) for anyt. A

direct evaluation of these distributions has a complegity7™).
We develop here an algorithm whose complexit@isI’). Condi-
tional uponxo.r, the system (1)-(2) is a standard hidden Markov
model (HMM) [10].

Lemma6 Foranyt=2,...,.7 —2

p(yl:T,Xo:T) :p(Y1:t71,X0:t71)p(yt,$t| y1:t—17X0:t—1) X
Yo P (Yerrr, Xeqrr| Te, e = 0) p (Tt = i Y1, Xo:t)
p(yer, Xer|Ti—1,me—1 =) = 37, pij ¥
p(}’t+1:T,xt+1:T| Yt, T, Tt = j)P(yt,$t| re = J, xtfl)

(6)
Proposition 7 For anyt = 2, ..., T — 2 we have
ze| (yur,x-1) ~ Zzat (4, J) N (me (i, 5) , Pe (4, 5)) (7)
where
P! (0,4) = (B() B* ()™ +C"(0) (D) D' ()™ € ()
+AT(5) (B () B"(5)) ~A>)
me i) = P (i,9) [(B ) BT (1) ™ (A () wems + F (i) wo)
+C" (i) (D (i) D" () " (ye — G (i) we)
+AT(j) (B(G) BT () (wesr = F (j) uerr)
(8)
at (i,7) = [ ; Qi (i,j)] ay (i, 7) wherea: (4, j) is given by
at (1, 5) = p (Y427, Xeto:T | Yot 1, Te1, Te1 = J) Pij
Xp(re =14 y1:4-1, Xo:t— 1)N_1 (me (4, 5) , Pt (4, 7))
Nl S G DOL () ©)
XN (A (i) 2e—1 + F (i) ue, B (i) B” (i))
XN (ze41 — F(J)ut+173( ) B" (1))
XN (ye+1 — C (j) we41 — G (§) ue+1, D (§) D' (5))
To sample fronp’* (z¢| y1.r,x—7) fort = 1,...,T, the algo-

rithm proceeds as follows at iteratién

Backward-Forward procedure

Fort =T,...,1forany r,—; = 1,...,s compute and store
p(yer, Xe:r| Ys—1, Te—1,7:—1) USiNg the backward recursion
of HMM models [10], see (6).

Fort=1,...,T

e Fori = 1,...,s, run one step-ahead the HMM one-step
ahead predictor to obtain p (r: = 4| y1:t—1, X0:t—1), compute

p($t|}’1T, k )usmg(?)to(g)
e Sample z(¥) ~ p7* (xt|y1 T, X ())

5.2. Convergence issues
The deterministic version of this algorithm converges towards a

stationary point op (xo.7|y1:7). Convergence of the stochastic
annealing process in this continuous unbounded space framework
has not yet been proved and is under study.



6. APPLICATION TO DIGITAL COMMUNICATIONS have been proposed. However, the algorithm in [3] is based on an
Code Division Multiple Access (CDMA) provides a means of sep- approximate initialization of a backward recursion and assumes
arating the signals of multiple users transmitting simultaneously that A (4) is regular for anyi. Our algorithm has a similar com-
and occupying the same bandwidth. The system performance isplexity but it does not rely on any approximation and makes no
greatly enhanced if the receiver employs some means of suppressassumption ond (i). Furthermore, its range of applicability is
ing narrowband interference prior to signal “despreading” [8]. A wider than the algorithms presented in [5], [8] as the assumption
widely used model for the sampled received sigpatonsists of B (i) B (i) > 0 is not necessary. In the case wheteis an
the spread spectrum signal from IV users, the narrowband in-  independent sequence, the stochastic version of this algorithm is
terference; and observation noise;, the interfering signal being ~ ensured to have a lower maximum correlation than the algorithm
obtained by passing white noise through an all pole filter, with both described in [5] according to [7, Th. 5.1]. The deterministic ver-

poles atz = 0.99 that is sion is ensured to have a better asymptotic convergence rate than
the EM algorithm in [8]. Indeed it is a simple coordinate ascent
Yr = Ti+is+ owwe (20) method that limits the amount of missing data [6]. The same re-
iv = 1.98i, 1 —0.980i; o + oeey (11) mark holds for the deterministic version of the proposed algorithm
to maximizep (xo.7| y1.7) compared to the EM algorithm pre-
ivi.d. sented in [8]. To sum up, the algorithms proposed here are of great

wherew; "X N (0,1) ande; “%" A (0,1) are mutually inde-
pendent. The power of the received spread sprectrum signal for
each user was held constant with amplitudel randomly se-
lected and-; was binomially distributed. The CDMA spread spec-
trum model (10) and (11) can be easily re-expressed as the JMLS 8. REFERENCES

of (1) and (2), for the state vectof = ( i¢ i¢—1 )' andu, = 1 )
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