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ABSTRACT

This paper studies analytically the steady-state convergence
behavior of adaptive algorithms that approximate the Wiener so-
lution when operating in continuous adaptation to reduce acoustic
feedback in hearing aids. A bias is found in the adaptive filter’s
estimate of the hearing-aid feedback path when the input signal
is not white. Delays in the forward and cancellation paths are
shown to reduce the magnitude of the bias. Equations for the bias
transfer function are obtained. A discussion about properties of
the bias when delays are placed in the forward and cancellation
paths follows.

1. INTRODUCTION

A major complaint of hearing-aid users is acoustic feedback which
is perceived as whistling or howling (at oscillation) or distortion (at
sub-oscillatory intervals). This feedback occurs, typically at high
gains, because of leakage from the receiver to the microphone (Fig.
1). Acoustic feedback suppression in hearing-aids is important
since it can increase the maximum insertion gain of the aid. The
acoustic path transfer function can vary significantly depending on
the acoustic environment [1]. Hence, effective acoustic feedback
cancellers must be adaptive.

This paper analyzes the performance of adaptive filtering al-
gorithms [2] when correlated inputs are used in continuous adap-
tation systems for hearing aids. It will be shown that any algorithm
that attempts to approximate the Wiener solution in continuous
adaptation systems will obtain a biased estimate of the feedback
path due to the cross-correlation between input and output sig-
nals in the hearing aid. Although previous works have addressed
the necessity of decorrelation mechanisms for a better estimate of
the feedback path by using delays in the cancellation and forward
paths [3], [4], none of these works have proposed an analysis for
the bias. This work proposes analytical expressions to predict the
bias; properties of continuous adaptation systems based on these
analytical expressions are then discussed.

2. THE BIAS IN THE WIENER ESTIMATE

A Wiener filter estimates a system transfer functionH(z) given
the input signal to the systems(n) and a corrupted system output
signald(n). The corrupted signal is assumed to be the convolution
between the system impulse response and the input signal [s(n) �
h(n)] added to a noisy componentr(n). It can be written as
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Figure 1: Acoustic feedback in a hearing aid coupled with a human
ear.

d(n) = s(n) � h(n) + r(n): (1)

In most cases,r(n) is assumed to be white noise. The Wiener
filter estimate [5] forH(z) is a vector̂h with the impulse response
coefficients given by

ĥ = R
�1
psd (2)

where

R
�
= Efs(n)sT (n)g (3)

psd
�
= Efs(n)d(n)g (4)

s(n)
�
= [s(n) s(n� 1) � � � s(n�N)]T (5)

andN is the order of the Wiener estimate.
Now consider the case where the interference signalr(n) is

not white and is derived from the input signals(n) by a linear
system. It is easy to prove that (2) will not lead to a proper estimate
of the impulse response ofH(z). Suppose thatr(n) is derived
from

r(n) = s(n) � q(n) (6)

whereq(n) is the impulse response of an unknown system that
derives the noisy signalr(n) from the input signals(n). It is pos-
sible to show that the Wiener estimate impulse response vectorĥ

deviates from the impulse response ofH(z) by

" = R�1psr (7)

where" is defined as



" = ĥ� h (8)

andh is a vector with the impulse response ofH(z). It should be
noted that the entries of the vector" contain a Wiener estimate for
the impulse responseq(n).

3. APPLICATION TO A FEEDBACK REDUCTION
SYSTEM

In this section, expressions for the bias are derived for the cases
of delays in the forward or cancellation paths. Superscripts f and
c will be used to indicate delays in the forward and cancellation
paths, respectivelly. It is assumed that the forward path transfer
function isG(z) = Gcz

�1 [4]. The used feedback path was ob-
tained from measurements [1] and is shown in Fig. 2. All the
vectors are assumed to have the Wiener Filter length (N + 1 taps
- N th-order estimate) except where indicated with subscripts.
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Figure 2: Impulse response of a hearing-aid feedback path for a
human subject.

In the analysis, the bias in the feedback reduction system will
be defined as

" = w � f (9)

wherew is a vector with the Wiener estimate for a hearing aid
plant based on the signalsx(n) andd(n) andf is a vector with the
feedback path impulse response.

3.1. The bias with delays in the forward path

In the hearing aid plant shown in Fig. 3, it can be seen that the
reference signald(n) is
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Figure 3: Model of a hearing aid plant with a delay in the forward
path.

d(n) = y(n) + x(n) (10)

wherey(n) is the output of the feedback path. By using (7) and
(10), it follows that the bias in the Wiener estimate of the feedback
pathF (z) is

"
f = R

�1
p
f
1 (11)

where

p
f
1 = Efs(n)x(n)g: (12)

Supposing that the bias vector is sufficiently small, it can be as-
sumed that

s(n) � Gcx(n��� 1): (13)

Using the above approximation in (11), it is possible to obtain

"
f � 1

Gc

R�1
xxpx;�+1 (14)

where

px;�+1 = Efx(n��� 1)x(n)g (15)

Simulations with the NLMS algorithm [2] using speech-shaped
noise as input, a normalized convergence factor of�0 = 10�4, a
total of 5 million points, an impulse response with the first 20 sam-
ples of Fig. 2 were run to determine the value ofk"fk for various
values of delays in the forward path. The results with gainGc = 2
shown in Fig. 4. which illustrates that the predicted and simulated
results are in good agreement. Simulations with different gains
ranging betweenGc = 3 to 12 were also run, and there was good
agreement between simulated and predicted results.
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Figure 4:k"fk as a function of forward path delay

3.2. The bias with delays in the cancellation path

In the case of the hearing aid plant shown in Fig. 5, the Wiener
filter will be able to estimate the lastN + 1 terms of the impulse
response, since the first� samples of the impulse response will be
approximated by zeroes.
It is also assumed thatF (z) can be divided into two components

F1(z) = f
T
1;�T�(z

�1) (16)

F2(z) = f
T
2 T(z�1) (17)

where f1;� is a vector with the first� samples of the impulse
response,f2 is a vector with the remainingN + 1 samples, and
T�(z) andT(z) are defined as
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Figure 5: Model of a hearing aid plant with a delay in the cancel-
lation path

T�(z)
�
= [1 z � � � z�]T (18)

T(z)
�
= [1 z � � � zN ]T : (19)

Consequently, the reference signal can thus be written as

d(n) = y1(n) + y2(n) + x(n) (20)

where

y1(n)
�
= f

T
1;�s�(n) (21)

y2(n)
�
= f

T
2 s(n): (22)

The componentsy1(n) andy2(n) are illustrated in Fig. 6.
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Figure 6: Model of a hearing aid plant with a delay in the cancella-
tion path and with the feedback path divided into two components.

It is clear that the bias will contain two components in this case;
one, due to the transfer function betweenx(n) ands(n), and a
second bias term due to the output ofF1(z). The bias can then be
written as

"
c
2 = R

�1
p
c
1 +R

�1
p
c
2 (23)

where

p
c
1

�
= Efs(n��)x(n)g = Efs(n)x(n+�)g (24)

p
c
2

�
= Efs(n��)y1(n)g = Efs(n)sT�(n+�)gf1;�:(25)

There is, however, another term in the bias vector due to approxi-
mating the first� samples ofF (z) with zeroes. This term can be
written as

"
c
1;� = 0� f1;� = �f1;�: (26)

Thus, the total bias should be equal to

"
c =

�
"
c
1;�

"
c
2

�
=

�
�f1;�

R�1pc1 +R�1pc2

�
: (27)

If the bias vectors"c2 and"c1 are sufficiently small, the following
approximation fors(n) holds

s(n) � Gcx(n� 1): (28)

Substituting the above approximation into (23), it is possible to
obtain the following approximation for"c2

"
c
2 �

1

Gc

R
�1
xxpx;�+1 +R

�1
xxEfx(n)x

T (n+�)gf1: (29)

Thus, the approximation for total bias in this case is

"
c �

�
�f1;�

R�1
xx

�
px;�+1

Gc

+E[x(n)xT (n+�)]f1
	 � : (30)

Simulations with the NLMS algorithm [2] using the same param-
eters described in the previous section were run to determine the
value of"c for various values of delays in the cancellation path.
The results are shown in Fig. 7 which illustrate the accuracy of the
predictions.
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Figure 7:k"ck as a function of cancellation path delay.

4. PROPERTIES OF FEEDBACK REDUCTION SYSTEMS

4.1. Performance in Steady-State

Simulations were carried out to compare the performance of the
NLMS adaptive filter [5] with and without delayed forward and
cancellation paths. The inputs were white gaussian noise and speech-
shaped noise [6] with a low-pass magnitude transfer function. The
used convergence metric is defined byC(n)

C(n) = 20 log10 kw(n)� fk: (31)

Figure 8 shows the convergence of the NLMS adaptive filter
with convergence factor�0 = 0:1, orderN = 100 andGc = 2.
As expected, when a white noise input signal is used, the hearing-
aid input and output signals are reasonably well decorrelated, thus
reducing the adaptive filter bias. Figure 8 also shows that if the in-
put is correlated noise and delays are included in the forward path
the performance improves by 20 dB resulting inC(n) � �10 dB
in steady state. The used delay was 10 samples at 8KHz. When
the same delay is used in the cancellation path, the adaptive filter
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Figure 8: Adaptive filter convergence using either white or speech-
shaped noises. The used delay of 10 samples was used in the for-
ward and cancellation paths

also converges, but with a higher bias. This can be explained by
the fact that delays in the cancellation path approximate the first
� samples of the feedback impulse response with zeros, a bad ap-
proximation for the feedback path used here, thus causing a higher
bias.

4.2. The Dependency on the Feedback Path Characteristics
and on the GainGc

Equation (14) shows that the bias vector is dependent on the input
signal characteristics, the forward path gainGc and the number of
delays in the forward path. Hence, there is no dependency on the
feedback path impulse response for the delayed forward path case.
On the other hand, by inspecting (30) it is clear that the bias is a
function of the first� samples of the feedback path (f1;�) when
delays are placed in the cancellation path.

Equation (14) also shows that the magnitude of the bias vector
is inversely propotional to the gainGc, while equation (30) indi-
cates that only one of the terms is inversely proportinal toGc.

4.3. The System Transfer Function

In the case that the forward path delay is�, the overall transfer
function betweenS(z) andX(z) can be written as below

Hsx(z) =
S(z)

X(z)
=

Gcz
���1

1 +
PN

i=0
Gc"iz�i���1

(32)

where"i are the elements of the vector". It is possible to obtain
an approximation forS(z) in the case that the coefficients"i are
sufficiently small

S(z) � GcX(z)z���1

"
1�

NX
i=0

Gc"iz
�i���1

#
(33)

The factorsGc"i are given approximately by (14) that are the co-
efficients of a predictor with lag�+1. Thus, (33) is the multipli-
cation ofX(z) with the inverse of the LPC transfer function [7].
The inverse of the LPC transfer function is known to remove the
peaks associated with formants in a voiced segment of speech [7].
This explains the whitening of voiced signals observed by other
investigators [3], [4] when continuous adaptation is performed.

5. CONCLUSIONS

Unlike most adaptive filtering applications [2], [5], the LMS al-
gorithm and any algorithm that attempts to approximate a Wiener
solution in continuous feedback reduction systems for hearing aids
has a bias in its estimate when correlated inputs, such as speech,
are used. This bias is due to non-zero cross-correlation of the in-
put and output signals in the hearing aid plant. It was shown that it
is possible to derive analytical approximations that lead to closed-
form equations for the bias when delays are placed in the forward
or cancellation paths.

The derived equations indicate that the bias decreases with in-
creasing values of the forward gainGc. The analysis showed that
the bias in the adaptive filter’s estimate is a function of the feed-
back path characteristics only in the case where a delay is placed in
the cancellation path. On the other hand, when a delay is placed in
the forward path, the bias is independent of the feedback path. In
addition, the derived equations showed that when a delay is placed
in the cancellation path, the minimum bias will be limited by the
first� samples of the feedback path impulse response. Such limit
does not exist when a delay is placed in the forward path. This
might explain why Estermann and Kaelin [4], who used a de-
layed forward path, obtained better results than other works [8],
[3] which used a delayed cancellation path to decorrelate the input
and output signals.
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