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LQWHUSRODWLRQ SUREOHPV RQ XQLRQV RI QRQ�FRPPHQVXUDWH

ODWWLFHV� 7KHVH VROXWLRQV SURYLGH LQVLJKW LQWR KRZ RQH

FDQ GHYHORS JHQHUDO VDPSOLQJ VFKHPHV RQ SURSHUO\ FKR�
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�/LQHDU� WUDQVODWLRQ LQYDULDQW V\VWHPV �H�J�� VHQVRUV�
OLQHDU nOWHUV� DUH PRGHOHG E\ WKH FRQYROXWLRQ HTXDWLRQ
V  I e x� ZKHUH I LV WKH LQSXW VLJQDO� x LV WKH V\V�
WHP LPSXOVH UHVSRQVH IXQFWLRQ �RU� PRUH JHQHUDOO\� LP�
SXOVH UHVSRQVH GLVWULEXWLRQ�� DQG V LV WKH RXWSXW VLJ�
QDO� :H UHIHU WR x DV D FRQYROYHU� ,Q PDQ\ DSSOLFD�
WLRQV� WKH RXWSXW V LV DQ LQDGHTXDWH DSSUR[LPDWLRQ RI
I � ZKLFK PRWLYDWHV VROYLQJ WKH FRQYROXWLRQ HTXDWLRQ
IRU I� L�H�� GHFRQYROYLQJ I IURP x� ,I WKH IXQFWLRQ x
LV UHDOL]DEOH� L�H�� WLPH�OLPLWHG �FRPSDFWO\ VXSSRUWHG�
DQG QRQ�VLQJXODU� ZH KDYH VKRZQ WKDW WKLV GHFRQYROX�
WLRQ SUREOHP LV LOO�SRVHG LQ WKH VHQVH RI +DGDPDUG �VHH
>�@�� $ WKHRU\ RI VROYLQJ VXFK HTXDWLRQV KDV EHHQ GH�
YHORSHG �VHH >�@^>�@�� ,W FLUFXPYHQWV LOO�SRVHGQHVV E\
XVLQJ D PXOWLFKDQQHO V\VWHP� ,I ZH RYHUGHWHUPLQH WKH
VLJQDO I E\ XVLQJ D V\VWHP RI FRQYROXWLRQ HTXDWLRQV�
VL  I e xL � L  �� � � � � Q � WKH SUREOHP RI VROYLQJ IRU I
LV ZHOO�SRVHG LI WKH VHW RI FRQYROYHUV IxLJ VDWLVnHV WKH
FRQGLWLRQ RI EHLQJ ZKDW ZH FDOO VWURQJO\ FRSULPH� 7KLV
FRQGLWLRQ� DPRQJ RWKHU WKLQJV� JLYHV WKDW WKH )RXULHU�
/DSODFH WUDQVIRUPV ExL KDYH QR FRPPRQ ]HURV� 7KXV� LQ

�)LUVW DXWKRU
V UHVHDUFK SDUWLDOO\ VXSSRUWHG E\ 215 *UDQW

1��������������� DQG %DWWHOOH *UDQW 7&1��������

D VWURQJO\ FRSULPH V\VWHP� QR VLJQDO LQIRUPDWLRQ LV ORVW�
$GGLWLRQDOO\� LW JXDUDQWHHV WKH H[LVWHQFH RI FRPSDFWO\
VXSSRUWHG GLVWULEXWLRQV �GHFRQYROYHUV� yL � L  �� � � � � Q
VXFK WKDW Fx� c Ey� � � � ��FxQ cFyQ  � � 7UDQVIRUPLQJ� ZH
JHW x� e y� � � � � � xQ e yQ  p � ZKLFK LQ WXUQ JLYHV
V� ey�� � � ��VQ eyQ  I � 7KH GHFRQYROYHUV DUH LQYHUVH
WUDQVIRUPV RI VROXWLRQV WR WKH DQDO\WLF %H]RXW HTXDWLRQ�
L�H�� IRU JLYHQ KRORPRUSKLF IL DQG � VDWLVI\LQJ FHUWDLQ
JURZWK FRQGLWLRQV� KRORPRUSKLF JL VDWLVI\LQJ WKH VDPH
JURZWK FRQGLWLRQV VXFK WKDW I� c J� � � � �� IQ c JQ  � �
)RU RXU SXUSRVHV� ZH ZDQW JURZWK FRQGLWLRQV JLYHQ E\
WKH 3DOH\�:LHQHU�6FKZDUW] 7KHRUHP DQG �  �w� ZLWK
�w � � DV w � � ��w LV WKH WUDQVIRUP RI DQ DSSUR[�
LPDWH LGHQWLW\�� 7KLV WKHRU\ LV GHYHORSHG LQ GHWDLO LQ
>�� �@�

7KH PXOWLFKDQQHO WKHRU\ RI GHFRQYROXWLRQ LV LQWL�
PDWHO\ WLHG WR WKH WKHRU\ RI VDPSOLQJ� 7KLV FRQQHFWLRQ
LV QRW VXUSULVLQJ� %DVLF VDPSOLQJ WKHRU\ DOORZV XV WR
DSSO\ GHFRQYROXWLRQ WR VDPSOHG EDQG�OLPLWHG VLJQDOV�
SHUIRUPLQJ D GHFRQYROXWLRQ DQG D VLJQDO UHFRQVWUXFWLRQ
LQ RQH SURFHVVLQJ VWHS �VHH >�@�� 0RUHRYHU� WKH KHDUW RI
WKH PXOWLFKDQQHO WKHRU\ LQYROYHV VROYLQJ DQ LQWHUSR�
ODWLRQ SUREOHP� UHFRQVWUXFWLQJ �JHQHUDOL]HG� IXQFWLRQV

�WKH GHFRQYROYHUV� LQ D VSDFH RI UHVWULFWHG JURZWK � E( ��
IURP GLVFUHWH GDWD �WKHLU YDOXHV RQ WKH ]HUR VHWV RI WKH
FRQYROYHUV�� 7KLV JLYHV VROXWLRQV WR WKH %H]RXW HTXD�
WLRQ �VHH >�� �@�� 7KLV GHYHORSPHQW XWLOL]HV WKH ]HUR VHWV
RI WKH ExL DV GLmHUHQW VDPSOLQJ UDWHV�
7KH SXUSRVH RI WKLV QRWH LV WR VKRZ KRZ WKLV FRQQHF�

WLRQ EHWZHHQ VDPSOLQJ DQG PXOWLFKDQQHO GHFRQYROXWLRQ
QDWXUDOO\ OHDGV WR VDPSOLQJ VFKHPHV RQ SURSHUO\ FKR�
VHQ QRQ�FRPPHQVXUDWH ODWWLFHV� :H ZLOO WKHQ JLYH VSH�
FLnF H[DPSOHV RI QRQ�FRPPHQVXUDWH VDPSOLQJ ODWWLFHV�
DQG XVH D JHQHUDOL]DWLRQ RI %� <D� /HYLQ
V VLQH�W\SH
IXQFWLRQV WR GHYHORS LQWHUSRODWLQJ IRUPXODH RQ WKHVH
ODWWLFHV� :H FORVH E\ SUHVHQWLQJ VLPXODWLRQV RI WKHVH
UHVXOWV�



�� 6$03/,1* $1' 7+( %(=287
(48$7,21

$ NH\ VWHS LQ WKH GHYHORSPHQW RI PXOWLFKDQQHO V\V�
WHPV LV WKH VROXWLRQ RI WKH %H]RXW HTXDWLRQ Fx� c Ey� �
� � ��FxQ cFyQ  �� ZKHUH �  �w� ZLWK �w � � DV w���
7KLV LV� JLYHQ WKH GDWD �YDOXHV RI WKH ExL� HVSHFLDOO\ WKH
ORFDWLRQ RI WKH ]HURV�� D VDPSOLQJ SUREOHP� :H FDQ
HDVLO\ ZULWH GRZQ D VROXWLRQ WR %H]RXW DW WKRVH ]HURV�
7KH SUREOHP QRZ EHFRPHV RQH RI LQWHUSRODWLRQ� :H
QHHG WR LQWHUSRODWH WKH EyL EHWZHHQ WKHVH ]HURV VR WKDW
WKH\ VDWLVI\ WKH QHFHVVDU\ JURZWK FRQGLWLRQV� 7KHUH DUH
FXUUHQWO\ WZR DSSURDFKHV XVHG WR VROYH WKHVH SUREOHPV
^ FRPSOH[ PHWKRGV �-DFREL LQWHUSRODWLRQ IRUPXODH DQG
&DXFK\ UHVLGXH WKHRU\� RU UHDO PHWKRGV �VDPSOLQJ WKH�
RU\��

7KH GHYHORSPHQW RI WKH GHFRQYROYHUV yL YLD WKH -D�
FREL LQWHUSRODWLRQ IRUPXODH DQG &DXFK\ UHVLGXH WKH�
RU\ LV QRZ D ZHOO�GHYHORSHG WRRO� JLYHQ WKH WKHRUHWLFDO
EDVH HVWDEOLVKHG E\ %HUHQVWHLQ� *D\� 7D\ORU� <JHU� HW
DO� �>�@^>�@�� ,W KDV D oH[LELOLW\ LQ WKH RQH�YDULDEOH FDVH
WKDW DOORZV IRU LWV XVH LQ QRW RQO\ JHQHUDO GHFRQYROX�
WLRQ SUREOHPV� EXW DOVR LQ WKH GHYHORSPHQW RI nOWHUV�
HWF� 7KH NH\ WR WKLV LV WKH oH[LELOLW\ RI WKH &DXFK\
UHVLGXH FDOFXOXV LQ RQH�YDULDEOH� $V LV ZHOO�NQRZQ� WKH
VWRU\ LQ VHYHUDO YDULDEOHV LV GLmHUHQW� %HUHQVWHLQ� *D\�
7D\ORU� <JHU� HW DO� KDYH JLYHQ XV ZRUNLQJ IRUPXODH
IRU VSHFLnF VLWXDWLRQV� 7KHUH DUH QR JHQHUDO IRUPXODH
LQ VHYHUDO YDULDEOHV IRU WKH FRPSXWDWLRQ RI WKH QHHGHG
UHVLGXHV�

6DPSOLQJ OLHV MX[WDSRVLWLRQ WKHVH PHWKRGV� ,W GRHV
QRW KDYH WKH WUHPHQGRXV oH[LELOLW\ RI WKH FRPSOH[ PHWK�
RGV LQ RQH YDULDEOH� EXW LW DOVR GRHV QRW FDUU\ ZLWK LW
FRPSDUDEOH FRPSXWDWLRQDO GLpFXOWLHV LQ VHYHUDO YDUL�
DEOHV �>�� �� ��@�� :H ZLOO ODWHU XVH WKHVH WHFKQLTXHV WR
GHYHORS QRQ�FRPPHQVXUDWH VDPSOLQJ ODWWLFHV� ,Q WKLV
VHFWLRQ� ZH FLWH WZR FRQFUHWH H[DPSOHV LQ ZKLFK VDP�
SOLQJ WKHRU\ ZDV XVHG WR VROYH WKH %H]RXW HTXDWLRQ�
ZKLFK LQ WXUQ JDYH XV WKH GHFRQYROYHUV�

/HW W � 5� S EH D SULPH QXPEHU� DQG OHW x��W�  
�
>b���@�W� � x��W�  �

>bSS�SS@�W� PRGHO WKH LPSXOVH UH�
VSRQVH RI WKH FKDQQHOV RI D WZR�FKDQQHO V\VWHP� 7KHQ

Fx��r�  VLQ��{r�
{r � Fx��r�  VLQ��{

S
Sr�

{r � /HW =�  
jhN
�

k
�

=�  
Q
hN
�
S
S

R
� IRU N � 1 GHQRWH WKH ]HUR VHWV RI Fx��r��

Fx��r�� UHVSHFWLYHO\� $Q H[DPLQDWLRQ RI WKH )RXULHU�
/DSODFH WUDQVIRUPV ExL�r�� L  ���� JLYHV WKDW IxLJ LV
VWURQJO\ FRSULPH �VHH >�@�� :H FKRRVH DQ DUELWUDULO\
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VPRRWKQHVV DQG WKH VL]H RI WKH VXSSRUW RI � JXDUDQWHH
WKDW WKH GHFRQYROYHUV DUH FRPSDFWO\ VXSSRUWHG�

:H XVH 6KDQQRQ VDPSOLQJ WR FUHDWH WKH yL���W�� 7R
JLYH RXU IRUPXODH IRU WKH DSSUR[LPDWH GHFRQYROYHUV
y���� y���� ZH XVH WKH -DFREL LQWHUSRODWLRQ IRUPXOD WR
JHW D VROXWLRQ WR WKH PRGLnHG %H]RXW HTXDWLRQ� :H
WKHQ VKRZ WKDW WKHVH GHFRQYROYHUV VDWLVI\ FHUWDLQ 3:
JURZWK HVWLPDWHV� 7KLV LQ WXUQ DOORZV XV WR DSSO\ VDP�
SOLQJ� :H XVH WKH ]HUR VHWV RI WKH WUDQVIRUPV RI WKH
FRQYROYHUV WR JLYH XV WKH VDPSOLQJ UDWHV� 0RUH JHQHUDO
PRGLnFDWLRQV RI WKLV FRQVWUXFWLRQ GR QRW XVH -DFREL
LQWHUSRODWLRQ �VHH >��@��
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:H FDQ DOVR XVH PRGXODWLRQ WR FUHDWH D VWURQJO\ FR�
SULPH V\VWHP� 7KLV QHZ WHFKQLTXH IRU FUHDWLQJ WKHVH
V\VWHPV DOORZV IRU D JUHDWHU oH[LELOLW\ LQ WKH GHYHORS�
PHQW RI DFWXDO V\VWHPV� 7KH V\VWHP LV FUHDWHG E\ PDN�
LQJ WZR LGHQWLFDO FRSLHV RI D JLYHQ VHQVRU� VSOLWWLQJ WKH
VLJQDO LQWR WZR WKH WZR VHSDUDWH FKDQQHOV� DQG DSSUR�
SULDWH PRGXODWLRQ RI ERWK WKH LQSXW DQG RXWSXW RI RQH
RI WKH FKDQQHOV� 7KHVH WZR RXWSXWV DUH WKHQ FRQYROYHG
ZLWK WKH DSSURSULDWH GHFRQYROYLQJ nOWHUV DQG DGGHG�
UHVXOWLQJ LQ WKH UHFRQVWUXFWLRQ RI WKH LQSXW VLJQDO�
/HW x� PRGHO WKH LPSXOVH UHVSRQVH RI D JLYHQ V\VWHP�

/HW (r�  H�{Lr�W� :H ZLOO UHIHU WR (r� DV D PRGXODWLQJ
IXQFWLRQ LQ WKH WLPH GRPDLQ� 0XOWLSOLFDWLRQ E\ (r� LV
XVXDOO\ FDOOHG ?4XDGUDWXUH $PSOLWXGH 6KLIW .H\LQJ� RU
?4XDGUDWXUH $PSOLWXGH 0RGXODWLRQ�� ?4XDGUDWXUH�
UHIHUV WR WKH IDFW WKDW WKH UHDO DQG LPDJLQDU\ SDUWV RI
WKH PRGXODWLQJ IXQFWLRQ DUH {
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5HPDUN � 7KXV� JLYHQ D n[HG V\VWHP� LW LV SRVVLEOH
WR PRGLI\ WKH V\VWHP YLD VRPH HDVLO\ SHUIRUPHG WUDQV�
IRUP WR FUHDWH D VWURQJO\ FRSULPH V\VWHP� DQG FRQ�
VHTXHQWO\ UHFRYHU WKH FRPSOHWH LQSXW IXQFWLRQ� 7KLV
PRGXODWLRQ WHFKQLTXH ZRUNV IRU FUHDWLQJ VWURQJO\ FR�
SULPH V\VWHPV IRU %�VSOLQH V\VWHPV� ,Q D VLPLODU YHLQ�
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ZKHUH

6�W�  VLQ��{W� c VLQ��SS{W� � ���

)LJXUHV � ^ � JLYH D VLPXODWLRQ RI WKLV UHVXOW�
7KH UHVXOW DOVR JHQHUDOL]HV� :H FDQ FUHDWH VDPSOLQJ

VHWV RQ N � � ODWWLFHV XVLQJ � DQG WKH nUVW N SULPHV�
:H FDQ DOVR FUHDWH WKHVH DV XQLRQV RI UHJXODU ODWWLFHV
LQ KLJKHU GLPHQVLRQV�
:H FORVH E\ SRLQWLQJ RXW WZR LWHPV� )LUVW� WKH VDP�

SOLQJ JULG LV ULJLG� 3HUWXUEDWLRQ RI WKH JULG UHVXOWV LQ
D ORVV RI LQIRUPDWLRQ� 6HFRQG� WKDW EHFDXVH VDPSOLQJ
SRLQWV LQ b FDQ JHW DUELWUDULO\ FORVH WRJHWKHU� WKH LQWHU�
SRODWLQJ IRUPXOD GRHV QRW FRQYHUJH LQ QRUP� 7KH LQ�
WHUSRODWLQJ IXQFWLRQ IROORZV WKH RULJLQDO IXQFWLRQ DORQJ
H[DFWO\� H[FHSW IRU D YHU\ VXEWOH ?ULSSOH� DW WKRVH SRLQWV
ZKHUH WKH VDPSOLQJ SRLQWV JHW FORVH WRJHWKHU� :H DUH
FXUUHQWO\ H[SORULQJ ZD\V WR VWDELOL]H WKH FRQVWUXFWLRQ�
7KH nUVW LQYROYHV FRQWLQXRXVO\ EDFNLQJ Rm WKH EDQG�
ZLGWK� 7KLV ZRUNV� EXW ZH QHHG WR VHW XS H[DFW ERXQGV�
7KH VHFRQG DSSURDFK LQYROYHV UHZULWLQJ b LQ WHUPV RI
WKH VHSDUDWHG DQG ?FORVH� SRLQWV� $W WKH FORVH SRLQWV�
ZH FDQ UHZULWH WKH IRUPXODH LQ WHUPV RI I ��

�� 5()(5(1&(6

>�@ &�$� %HUHQVWHLQ DQG $� <JHU� ?/H SUREOHPH GH OD GHFRQYR�
OXWLRQ�� -� )XQFW� $QDO�� YRO� ��� SS� ���^���� �����

>�@ &�$� %HUHQVWHLQ DQG $� <JHU� ?$QDO\WLF %H]RXW LGHQWLWLHV��

$GYDQFHV LQ 0DWKHPDWLFV� YRO� ��� SS� ��^��� �����

>�@ &�$� %HUHQVWHLQ DQG $� <JHU� ?(mHFWLYH %H]RXW LGHQWLWLHV
LQ 4>]� � � � � � ]Q@�� $FWD 0DWKHPDWLFD� YRO� ���� SS� ��^����
�����

>�@ &�$� %HUHQVWHLQ DQG (�9� 3DWULFN� ?([DFW GHFRQYROXWLRQ
IRU PXOWLSOH FRQYROXWLRQ VHQVRUV�DQ RYHUYLHZ SOXV SHUIRU�

PDQFH FKDUDFWHUL]DWLRQV IRU LPDJLQJ VHQVRUV�� 3URFHHGLQJV
RI WKH ,((( �6SHFLDO ,VVXH RQ 0XOWLGLPHQVLRQDO 6LJQDO
3URFHVVLQJ�� YRO� ��� QR� �� SS� ���^���� �����

>�@ 6�'� &DVH\� ?'HFRQYROXWLRQ� DQG *DERU DQG ZDYHOHW VLJQDO

DQDO\VLV�� 3URFHHGLQJV RI WKH ()7)� SS� ���^���� �����

>�@ 6�'� &DVH\� ?0RGXODWLRQ DQG 6DPSOLQJ 7HFKQLTXHV IRU
0XOWLFKDQQHO 'HFRQYROXWLRQ�� -RXUQDO RI ,QYHUVH DQG ,OO�
3RVHG 3UREOHPV� YRO� �� QR� �� SS� ��^��� �����

>�@ 6�'� &DVH\ DQG '�)� :DOQXW� ?6\VWHPV RI FRQYROXWLRQ
HTXDWLRQV� GHFRQYROXWLRQ� 6KDQQRQ VDPSOLQJ� DQG WKH

ZDYHOHW DQG *DERU WUDQVIRUPV�� 6,$0 5HYLHZ� YRO� ��� QR�
�� SS� ���^���� �����

>�@ %� <D� /HYLQ� /HFWXUHV RQ (QWLUH )XQFWLRQV� $PHULFDQ
0DWKHPDWLFDO 6RFLHW\� 3URYLGHQFH� 5,� �����

>�@ &�(� 6KDQQRQ� ?&RPPXQLFDWLRQ LQ WKH SUHVHQFH RI QRLVH��

3URF� ,5(� YRO� ��� SS� ��^��� �����

>��@ '�)� :DOQXW� ?1RQSHULRGLF VDPSOLQJ RI EDQGOLPLWHG IXQF�
WLRQV RQ XQLRQV RI UHFWDQJXODU ODWWLFHV�� 7KH -RXUQDO RI
)RXULHU $QDO\VLV DQG $SSOLFDWLRQV� YRO� �� QR� �� SS� ���^
���� �����
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