ROBUST SIGNAL DETECTION USING THE BOOTSTRAP
Hwa-Tung Ong and Abdelhak M. Zoubir

Communications and Information Processing Group, CRC for Satellite Systems
Queensland University of Technology, GPO Box 2434 Brisbane QLD 4001, Australia
Email: h.ong@qut.edu.au, a.zoubir@qut.edu.au

ABSTRACT e A constant false alarm rate is maintained without re-
quiring the noise variance to be known. Hence, the

This paper presents a CFAR detector based on the bootstrap detector is CFAR

for detecting signals with unknown amplitude, phase and
frequency such as found in conventional pulsed radar and e The detector is robust against non-Gaussian noise such
sonar systems. The detector is robust against non-Gaussian as noise with heavy-tailed distributions.

noise, and can still maintain the false alarm rate without
much modification if consistent estimates are substituted for
unknown parameters. Preliminary asymptotic results are
given on the performance of the detector, and simulations
are used to study the performance for small samples sizes.

e Estimates of the unknown amplitude, frequency and
phase are by-products of the detector. In addition,
bootstrap confidence intervals for these estimators can
be computed at little extra computational cost.

e When the frequency is known, amplitude-modulated
1. INTRODUCTION signals can also be detected.

] ] o The paper is organised as follows. In the next section,
In this paper, we address the problem of signal detection inyhe hroplem is formulated. Section 3 presents the detector
conventional pulsed radar or sonar systems. To deal withpaged on the bootstrap. In section 4, the performance anal-

non-Gaussian interference, one approach in the literature isysis is given. Simulation results and conclusions appear in
to use general parametric models [4]. Another approach isgections 5 and 6 respectively.

to use nonparametric techniques such as rank-based tests
[2]. While this latter approach offers many advantages over
parametric techniques, the great difficulty of the correct set-
ting of the threshold to maintain a constant false alarm rate
(CFAR) has remained largely unresolved. Typically, the

threshold is set according to asymptotic results or derived

2. PROBLEM FORMULATION

The problem of detecting a signal return can be expressed
by the following model and hypotheses:

through tedious Monte Carlo simulations and the detector  x, = Asin(wt + ¢) + W;, t=0,...,N—1, (1)
does not perform well for the small-sample case.
We present here a nonparametric method based on the Hy:A=0 versus Hy: A >0, @)

bootstrap [10] which is able to maintain a constant false

alarm rate even for sample sizes as small as 100. The deteGyhere 4, w, ¢ are the unknown amplitude, frequency and
tor is noncoherent and is readily extended to the case wherg)hase of the signal with the following rangds> 0, w €

the signal frequency is unknown. A bootstrap detector for o 7] ¢ € [—r, 7). The noise{W,} are independent and
the deterministic signal case has already been reported ingentically-distributed noise with zero mean and variance
[9, 5], and although simulation results there indicate that its ;2

performance is not better than the CFAR matched filter's  \yhen the frequency is known, and the noise distribution
[8], they did show that the detector is robust against distri- js known to be Gaussian, the non-CFAR optimum detector

butional deviations from the Gaussian noise assumption. Injs applicable. Its test function for a nominal false alarm rate
this contribution, the detector is for the signal with unknown of , js [6],

parameters case and is attractive for the following reasons:
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wherer = /22 + 22, ., = ) ,z;cos(wt), andz, =
>, xesin(wt), andx = (zo,...,2ny_1)" are the observed
samples. This test is derived by treating the phase as uni-

formly distributed in[—m, 7) in the likelihood ratio. Its conduet compue
probability of detection is given by Experiment | ™ osasic | T

Figure 1: The Bootstrap Procedure
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wherel is the zeroth-order modified Bessel function of the
first kind, = \/—2log(a) andb? = N A?/(202). Q(b,7)
is the so-called Marcum® function. X
When the noise distribution is unknown, a better detec- —»—» Compute |74
tor is the one based on least-squares regression and the F- Fr (=)
—> —>

Bootstrap Data

—=p| Generate

test. The modelin (1) is expressed as Compute T3

Statistic Bootstrap
X;=mpB+W,, t=0,...,N—1, (5) enter
whereB = (A cos ¢, Asin ¢)’, andh; = (sin(wt), cos(wt))’. r . :
. . A Compute B
The least-squares estimator @fis 3 = (H'H) 'H'X, - _’ Statisic |

whereH = (hg,...,hy_1) andX = (Xy,..., Xn_1)".
Under Hy, we test3 = 0 with the following test function

[1],

§5(x) = i if F i T, (6) 3.1. Frequency Known
0 < To derive a test for known frequency, we use the least-squares
where estimators of4 and ¢, which areA = /32 + 32 and
N-2 3 H'HB ¢ = tan~'(B2//1), whereB; andj, are the entries of

F =

2 X'(I-HHH)'H)X’ @

andr is the threshold found from inverting the central F-
distribution with2 and N — 2 degrees of freedom for a prob-
ability of 1 — a.

Although robust against non-Gaussian noise, the F-test .
is not applicable when the frequency is replaced with an es- Pr (A/UA < 5'3‘ HO) ‘ —a.s. 0, (9)
timated frequency because the uncertainty in the frequenc . .
estimator ig not tZ\ken into account by theytest. In th?a next)%‘Dr some constant < 0, arld for c<3n3|stent est|mator§24*
section, we propose a bootstrap-based detector that does a@ndé?, of the variance ofi* and A respectively. This then
tomatically take this uncertainty into account when a fre- motivates the following test function.
guency estimate is plugged in for the unknown frequency. 1 >

S)y=3 v if A/o; = T, (10)
3. BOOTSTRAP-BASED DETECTOR 0 <

given in the previous section. We then make the following
conjecture.

\/ﬁsup‘Pr (A*/6A* < l"Hg) -

The bootstrap is a statistical method for estimating the sam-wherer is found from the bootstrap distribution af e
pling distribution of a statistic from the sample data itself Pr{fl*/&A* < z|H,}. The step-by-step procedure to com-
(see Figure 1). In this way, modelling assumptions about thepyter is given in Table 1.

noise and signal are relaxed. It has been shown that, under The variancesi? _ ands?, are estimated using a nested
some regularity conditions, bootstrap methods are Seco”dbootstrap. Apply gteps 3%nd 4 dm,} and each set of
order accurate as compared to the usual normal approxima{m;}b, b=1,...B,t=0,...,.N—1,1t0 obtain{fl;;l}
tion [3], which is only first order accurate. For example, for and {AZf}b, b=1,...B b =1, .. By. Then calcu-

a pivotal statisticl’, L ] L N
Pr(T* <) — Pr(T < z) = O, (N~ g e 0% = By X, (4f, — B X, 45,)7 andéy, =
o r(I7 < @) = Pr(T < @) = Op( .)' (.) By, (Ap =By, A_g‘:)z. Typical values foi3 and
The* indicates the bootstrap analogue, €1d.js the statis- By are 999 and 25 respectively. For more details on the
tic based on bootstrap (resampled) datgsee Figure 1). nested bootstrap, see [10].



Table 1: Bootstrap procedure for computing the threshold.

Step 1.

Step 2.

Step 3.

Step 4.

Compute the least-squares estimateand
o, fromzg,...,xN_1.

Calculate tf)e residuals,
Wy =z — Asin(wt + ¢),t=0,...,N — 1,
and center to obtaiy; = w; — N~ Y, wy.

Resample residuals; = wy,, where{k;}
are generated from the discrete random
variableK with probability
Pr{K=t}=1/N,t=0,...,N — 1.

Compute the least-squares estimatésand

able. In this section, we state the asymptotic distribution of
T = A/¢ ; with only brief details. First, it can be shown by
applying asymptotic theory of the finite Fourier transform
[1], that the probability density ofl is

fa(@) = S exp(=(a” + A7)/ (20) o (wA/v), 7 >0,

(11)
wherev = 202/N. The variance ofi estimated using the

nested bootstrap step is asymptotically efficient and con-
verges tov’ = (4 — m)o? /N underHy,. The asymptotic

density of /4 ; is then

fr(z) = azexp(—(az® + A Jv)/2)Io(0 24 /v), = > 0,

¢* fromazg, ..., x5 _,, and the bootstrap
statisticsT™* = A*/ ;..

12)

wherea = 2 — 7/2. The probability of detection is asymp-
totically given byP,; = ffo fr(x) dz, wherer is the thresh-
old satisfying[~™ fr(z|4 = 0) dz = a.

Step 5. Repeat Steps 3—4 many times to obt&in
bootstrap statisticg}’, . .., 5.

Step 6. Sort theB bootstrap statistics to get

Ty < - < T, and set the threshold,

T =T, whereq = [(1 - a)(B +1)].

5. SIMULATIONS RESULTS

In this section, we examine the performance of the detector
and compare it with the classical ones based on uniformly-
distributed phase and based on least-squares regression us-
ing simulations. Probabilities of false alarm and detection
based on 100 simulations are tabulated in Tables 2 and 3 for
the known frequency case with Gaussian andistributed

noise respectively. Throughout the simulatidfis= 100,
A=1¢=1/4, w = 04r, a = 0.05, B = 999 and

3.2. Frequency Unknown

When the frequency is not known, we substitute a consis-
tent estimatev in its place. Table 1 applies with estimates
@ andw* included in steps 1 and 4 respectively. This ease of

incorporating unknowns into the detection scheme without o
P 9 By = 25. Fromthe tables, itis seen that the bootstrap-based

i lot of ificati highligh f th - S .
needing a lot of modifications highlights one of the advan detector maintains the false alarm rate at the nominal level,

tages of the bootstrap approach. Of course, however, the .
performance of the detector will depend on the accuracy Ofalthough itis not as powerful as the other detectors. Tables 4

the estimators and 5 give the results for the unknown frequency case. Only
L . . . the bootstrap-based detector is applicable in this case, high-
For estimating the frequency of a single tone, we investi- lighti : , ;
- N) (N) - ighting once again the ease with which the bootstrap can
gated the use @f = arg max,, |dy ' (w)| (Wheredy, ' (w) =

- i e ) handle plug-in estimates in place of unknowns with little
2, rrexp(—jwt/N) is the finite Fourier transform), and o gification required. The classical detectors do not work
a computationally faster method from [7] which also use

() _ _ in this case even if the unknown frequency is replaced with
dy ' (w). Estimators ford and¢ are also conveniently found  gp estimate.

from the finite Fourier transformd = %|d§év) (w)| and

b= 1d§v) (w)+m/2, without recoursing to least squares. A
simulation study shows that these estimators are consistent
although we do not report the results here.

6. CONCLUSIONS

This paper has presented a CFAR detector based on the
bootstrap for signals with unknown amplitude, phase and
frequency. The detector is robust against non-Gaussian noise,
and can still maintain the false alarm rate without much
As the performance of the bootstrap-based procedure is hightyodification if consistent estimates are substituted for un-
dependent on the estimators chosen as well as the nois&nown parameters. Preliminary asymptotic results were given
distribution, closed-form expressions for the probability of on the performance of the detector, and simulations were
false alarm and the probability of detection are not avail- used to study the performance for small samples of size 100.

4. PERFORMANCE ANALYSIS
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