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ABSTRACT

In this paper,a high-speedparallel residue-to-binary
converteris proposedfor the recently introducedmoduli
set S'={2"-1, 2°"+1, 2°"+1, L ,2°"+1} for a general
value of k. The proposed converter replaces the
multiplications of the residue-to-binaryconversion by
simple cyclic shift and concatenatioroperationsFor the
purposeof comparisonthe individual convertersfor the
casesof k=0 and 1 are derived from the general
architectureThe converterfor S’ is twice as fast as the
previous converterusing only one-half of the hardware,
while that of S" is threetimes as fast, but requiring only
60% of the hardware.

1 INTRODUCTION

During the past decade, residue numbestem(RNS)
arithmetic has received considerable attention in
arithmetic computation and signal processapplications
due to the inherent properties of the RNS such as
parallelism, modularity, fault tolerance and carry-free
operationg6],[8],[9]. The crucial stepfor any successful
RNS application is the residue-to-binary (R/B)
conversion.In recentyears,the conversionprocesshas
been studied very extensively [1]-[5],[7],[10]-[13].

The moduli set S'={2"-1, 2°"+1, 2°"+1,
L ,2°"+1} for RNS applicationswas recently introduced
in [5]; the R/B converters for the casesksf0 and1 were
also proposedin the samearticle. These convertersare
simple and fast, since the multiplications in the R/B
conversionhavebeenreplacedby simple shift operations
of signed-digitnumbers.However,no R/B converterfor
S hasbeendesignedor k=2. Sincemorethantwo or
three moduli must be considered farge dynamicranges
[2], an introduction of the converter forgeneralk is very
essential.

In this paper,we proposea high-speedparallel R/B
converter for the general moduli s&t; this converter also
usesno multipliers. Insteadof shifting the signed-digit
numbers,we use simple cyclic shift and concatenation

operations. For the purpose of comparison, two individual

convertersfor ° and S' are derived from the general
architectureThe new converterfor S’ is twice asfastas
the onein [5] requiring only one-halfof the hardware,
while that for S is three times as fast as the

correspondingonein [5], but requiringonly 60% of the
hardware.

2. BACKGROUND MATERIAL

A residue number system is defined in terms of a set of
relatively prime moduli se{p,P,L ,R), thatis, (R,R)=1
for izj. A binary number X can be representedas
X=(x,,%,,L ,x.), where x =XmodP and 0<x <P. Sucha
representatioris unique for any integer X [J[o,M-1],
where M=EBL P is the dynamic range ¢B,B,.L ,R).

To convert (x,,x,L ,x) into the binary number X,
the Chinese Remainder Theorem (CRT) is generally
used.We define XmodR by X, and [p7| to be the

multiplicative inverse of? modP, if |Pf1|p* P=1modP.
Chinese Remainder Theorem The binary numberX is
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|Ni‘1|p is the multiplicative inverse o, modP.
Aésumingm andk to be integers,we define the
moduli set S as S'={2"-1, 2°"+1, 27741,
L,2°"+1)= (P,,R,RL ,R)andM=PPL P= 2°"-1. A
binary number X in the dynamic range [o,M-1] is
representedas (x_,x,,x,.L ,x), where x_ is an m-bit
binary numberand x and x, are (m2 +1)-bit binary

numbersfor i=0,1L ,k. The valuesof x , x and x are

computed by X=

M
, where Ni:F and

i
M

given by,
X Xa gy b XaaXo =X, =X mod@™ -1) (1a)
X pXiymal XX o =X =Xmod@” " +1) (1b)
XiznXizml XuxXio =Xx= (=X)mod@” ™" ~1) (1c)

For the moduli set S, the binary number X=
(X1, %0, %,L , %) can be computed by the following

proposition of [5], which has been derived from the CRT.
Proposition 1 [5] Fori=0,1L Kk,
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The R/B convertershasedon Proposition1 for the
moduli sets S* and S' havebeenproposedn [5] using
signed-digitnumberswithout multipliers. The following
example illustrates this method.
Example 1 Given m=2, k=1, S'={3517% and
M =255, we find the binary numbeX=(2,1,11) by X=

‘27X1 +22(x + %) + 20 (g~ Xg) = 20 + 22(X g ) + (Xy — Xo)‘zu_1

The computation oK is now carried out in thresteps
as suggestedn [5]. In Step 1, the multiplications are
performed by shiftingX_j, X, and X; into eight sections,

while the additions and subtractionsare performed by

redundantadders/subtractor®® output one signed-digit

number for each section.
Section 1: 1+0+0-1=0
Section 3: 1+0+1-0=2
Section 5: 0-1-1+0=-2 Section 6: 1-0-0=1
Section 7: 0+1-0-1=0 Section 8: 1+1+0-0=2
In Step 2, the eight signed-digiutputsare converted

Section 2: 0+1-0=1
Section 4: 0-1+1+0=0

into binary numbers by redundant adders/subtracters.

0+2'*1+22*2+0+2%*(-2)+2°*1+0+27*2=100001010
Thus, the sum is 00001010 and the carry-out bit is 1.

In Step 3, X is generatedby adding1 to the sum.
ThusX= 00001010+1=1011.

In orderto developthe R/B converterfor the general
moduli setS*, we need the following definitions.
Definition 1 We definethe variables T,, T,,, andT,.,
fori =0,LL ,k by

T2+ D@+ L 27"+ DR™)xy|  (39)
Tz = (@M@ +DL (277 + D2 (3b)
o= |(-D@ ™+ DL (27" + (22T )x| - (30)
It is

easy to see that T,=

-1
N_1|N_1|R] X,

k
Tl + (T2i+2 + T2i+3)

Toisot Toins™ ‘Ni|Ni_l|pXi . andX=

M

fori=0,LL ,k. Since M=22""-1, all the T’'s are
(m2*1)-bit binary numbers.In Section3, we will show
that eachof the T,’s can be generatedby concatenation

and cyclic shift operations, which are defined below.
Definition 2 Assumen and n, to be integerssuch that

nzn. For any  n-bit binary  number
X=Xy gL Xoon Xn-n L X0, the modulo multiplication

x*2”«|2n_1 is accomplishedby moving the highest
significant n, bits to thelowest significantposition, i.e.,
x*z”«|2"_1= Xoen 4L XoXosL X, . We callthis operation

“cyclic shift”.

Definition 3 We definethe operationof “concatenation”
of two numbersx, and x, to be <x; ><x, >=x,2™ +x,,
where x, is an m-bit number andx, an m,-bit number.
Definition 4  For any integer a>0, we denote

[0]? —leg;Q £%> and [1 —fjgb £&>. Assumingthat

nn, (nx no) and k, areintegers, and X is an ny-bit

binary number, we denote

[x] = "™ <x> forn>n,
X forn=n,
- <X > >
and [x]:gl] <X forn>n,
o X forn=n,

Therefore, from Definitions 3 and 4, we get

[*"=[glb =

k,+1 ]=
[7]k°+1 - (z(lvl)n -1) _[X]kn+1

2”‘x Xx+2"x+L 251y

3. R/B CONVERTER FOR &

An R/B converterfor the moduli set S¢ computes
k
(Taivz + Toisa)

X=|T, + . The parallelR/B converterto

1= M

be proposedlater in this section is based on the
following theorem, which presents a methafdyenerating
T, T,., and T,,; by the concatenatiorand cyclic shift

operations onx_,, x. and x, respectively.
Theorem 1

B .
T=<xgkl X402 [X—l] <Xgmal Xk

Tois2=<X L Xi,o>[xi]2kﬂ_l [O]mz‘ < % ma L % k-iva>

— T} o
Toivs :[1]k_l< X >[Xi] [1]m2 (k=

where[x_,] = x;, [%]=[0]™ " <x, >,

x]=[™ " <x >.
The proof is omitted for lack of space.

Example 2 We apply Theorem 1 to Example 1. Then
T,=1¢101010, T,=0700010/0, T,=111q1110,
T,=10000101, T,=10100111
X=[T +T, + T, +T, + 5|, =1011

It is easyto seethat the abovecalculationsbasedon
Theorem 1 are very mudimplerthanthosein Example

1. Theorem 1 also enables us to implement a parallel R/B

converterfor the generalmoduli set S without using
multipliers.
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Figurel. (a) Proposed R/B converter (b) CSA tree

The proposedparallel R/B converterfor S¢ is shown
in Fig. 1 (a). It hasthreeparts:an inverterlevel, a CSA
tree and a carry look-aheadadder (CLA) with an end-
around carry (EAC)The inverterlevel generatesx, from
x, for i=0,LL ,k. The CSA tree consistsof 2k+1

CSAs with EAC in Eogs,z(Zk; 3)% levels[7] asshown

in Fig. 1 (b); eachCSA with EAC is an (m2“*)-bit
adder.This tree reduces the modulo addition of the
(2k+3) T’s to a sumanda carry. Thenthe CLA with
EAC addsthe sum and carry togetherto generatethe
binary numbek.

k

The inverterlevel has (m2' +1)= m(2%? -1)+(k+1)
inverters. Each ofhe CSAs consistsof m2*** full adders
or half adders(FAs/HAs). The CLA with EAC usedis
the one proposedin [3] and approximately has the
complexity of m2“** FAs. Thus, the converter has
(2k+2)m2%"t FAs/HAs and m(2** - 1) + (k +1) inverters.
The delayof the inverterlevel is that of oneinverter,
ty - The CSA treehas [ 093/2(2k2+ 3

which hasa delayof an FA, t.,. The delayof the CLA
with EAC is approximatelym2“*'t., [3]. Thus, the total

2k2+ 3)E+ m2k+l) tFA .

)E levels, eachodf

delay of the converter isN\,+(r 003, 5(

4. TWO SPECIAL CASES

4.1 TheR/B Converter for S°

By Theorem1, a binary number X basedon the
moduli sets® ={2™-1,2'" +1 is computed as follows.
X=[T 4T, +Tol

= XX myb XX oXopm-nb X1

T,=<Xq0 >[0] "< XombL Xo1>

T3: < ;(O‘m )_(O,mflL ;(0‘0 > [l "

For the moduli set S°, we obtainthe converterfrom
the general architecture of Fig. This converterconsists
of a2m-bit CSA with EAC and 2m-bit CLA with EAC.
This is shownin Fig. 2 (a). Fig. 2 (b) showsthe block
diagramof the correspondingconverterdevelopedin [5]
and is included here for the saiecomparisonlt is easy
to see thathe proposedconvertersavesone 2m-bit carry
propagation adder (CPA).

X1 X z X1
REN |

Xo Xo

2m-bit CSA
| 2m-bit CSA with EAC |
] |

2m-bit CPA
| 2m-bit CLA with EAC (2m-bit CPA) |
X 2m-bit CPA

X

(@ (b)
Figure 2. (a) Proposed converter  (b) The converter in [5]

The 2m-bit CLA needs 2m FAs [3], while ti2en-bit
CSA with EAC needs2m adders.Since T, has(m-1)
bits of “0” and T, has (m-1) bits of “1", (2m-2) of the
FAs are reduced to half adders [1Hence,the CSA has
2 FAs and gm-2) HAs. Asin [5], the inverterlevel is
not consideredin the performanceevaluation, since its
contribution is negligible. Using Table 1 of [5], the
number of transistors used is calculated to be

2*20+(2m-2)*10+2m* 20 = 60m+ 20

The delay calculation is carried out in a similar
manner.The performanceof the proposedconverterand
the one in [5] is compared in Table 1.

Table 1 Comparison of the converters fd8’

A = Delay of an HA

Transistors Delay

Proposed Converte 60m+20

(4m+2)A

Converter in [5] 120m+30 [5]

(Om+2) A [5]

Thus, the proposedconverteris twice as fast as the
converter in [5] using only one-half of the hardware.



4.2 TheR/B Converter for S
Using Theoreml, a binary numberX basedon the
moduli setS' ={2™-1,22™+1,22™+1 is computed by
X= T+ T, + T+ T, + Ty

2n-1”

_ 3
T=<X_11X_40 > [X—l] <X gm-plL XogzXogp >

_ m-1 m-1
T,=<Xg1X00 =[O0 < Xgm-Xg0 >[0]" <Xgm-Xg2 >
T3= <Woml Xoo >[1™ < XomlL Xoo >[1]™*

— 2m-1
Ty= <%0 >[0] <Xpoml XppXqq >
T5: < )_(1,2m L )_(1,1)_(1‘0 > [:I.]zm*1

For the moduli set S', we obtain the converterfrom
the general architecture of Fig. This converterconsists
of threedm-bit CSAs with EAC anda 4m-bit CLA with
EAC. This isshownin Fig. 3 (a). Fig. 3 (b) showsthe

block diagram of the corresponding converter developed in

[5] andis includedherefor the sakeof comparisonlt is
easyto seethat the proposedconvertersavesone 8m-bit
CPA while using one more 4m-bit CSA.
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Figure 3. (a) Proposed converter  (b) The converter in [5]

The performance of the proposed conveatsd that of
the correspondingne givenin [5] is comparedn Table
2.

Table 2 Comparison of the converters f&

Transistors Delay
Proposed Converte 240m+60 (8m+6)AA
Converter in [5] 400m+20 (28m+5) A [5]

Thus, the proposed converter is three times as fast, but

requiring only 60% of the hardware.

5. CONCLUSION

A high-speedparallel R/B converterfor the general
moduli setS* has been proposed. The new conveusas
no multipliers. The individual converterdor the moduli
sets 8 and S have been derived from the general
architectureThe proposedR/B converterfor S° is twice
as fast as the existing one in [5] using only one-bithe

hardware,while that for S' is three times faster, but
requiring only 60% of the hardware.
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