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ABSTRACT algorithm behavior and the achievable level of cancellation. The
theoretical predictions show excellent agreement with Monte

This paper presents a statistical analysis of the Least MeanCarlo simulations

Square (LMS) algorithm when a zero-memory nonlinearity

appears at the adaptive filter output. The nonlinearity is modelled

by a scaled error function. Deterministic nonlinear recursions are 2. ANALYSIS
derived for the mean weight and mean square error (MSE)2 1. The Analysis Model

behavior for white gaussian inputs and slow adaptation. Monte

Carlo simulations show excellent agreement with the behavior o _[ ]T : .
W° =|wg -
predicted by the theoretical models. The analytical results show 6w WK-1| is the impulse responsel(
that a small nonlinear effect has a significant impact on the dimensional) to be identified in Fig.1;
converged MSE. w(n)=[wo(n) w(n ... wy-o r)]T is the adaptive weight
vector; d(n) is the primary signal;x(n) is stationary, white,
1. INTRODUCTION 2

zero mean and gaussian with varianceos ;

The LMS algorithm is the most popular algorithm for real- T .
time adaptive system implementations. It has been employed inx(“):[x(“) (1) .. fn N+1)] is the observed data
many areas, such as modelling, control, beamforming andyector; z(n) is the measurement noise, which is stationary,
equalization. In recent years, this algorithm and its variants have _ _ )
often been applied to active noise and vibration control (ANC) White, gaussian, zero mean with variarcg and uncorrelated to
[1]. The behavior of the LMS algorithm in ANC sytems can be any other signal; ane(n) is the error signal. The nonlinearity is
affected by distortions caused by the power amplifiers (including odelled by the function
saturation) and the nonlinear behavior of the loudspeakers and” y

transducers. y 2
2
Several researchers have studied the statistical behavior of g(y)=J’e 20" dz
the LMS algorithm with nonlinearities applied to the error or 0

data signals [2], [3], [4]. These results, however, do not explain p
the behavior of the algorithm with a nonlinearity at the adaptive Note that lim g(y) =y and lim g(y) =0 \/: sgr()) . Hence,
filter output. 0o 0-0 2

This paper investigates the statistical behavior of the systemthe behavior ofg(y) can be varied between that of a linear
in Fig.1. g(y) is a zero-memory saturation-type nonlinearity. device and that of a hard limiter by changing

This block diagram could model the nonlinear effects of wide- The LMS weight update equation is:
band acoustical transducers in ANC systems, for example.
Deterministic nonlinear recursions are derived for the mean W(n+2)=W () +p )X (1 @)

weight and MSE behaviors for white gaussian inputs, slow

adaptation and the degree of nonlinearity (DN) for the saturationwhere:

nonlinearity. Here DN is defined as the ratio of the power at the

input to the nonlinearity divided hy?, the saturation parameter e(n) = d(f')— )ﬁ( f)

of .
w | = WX () + 41) - g T (3] @
As DN approaches zero, the well-known linear system

identification equations are obtained from the new recursions.

The results show that very small DN can substantially affect the

" This work was supported in part by CAPES (Brazilian Ministry of Education) under Grant No. PICDT 0129/97-9, and by CNian (Bliaistry of
Science and Technology) under Grant No. 352084/92-8.
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x(n) . ) d(n) B 2o O (7
w - cE{w(n)}
A \/oﬁ E{WT(n)} Ew(n)} +02
.
> W(rV o 9y) 5, _o2wowe ;
y(n) Now DN = n —T ( a.)
r Recursion (7) reduces to the well-known LMS mean weight
M LMS e(n) recursion [7 - Ch. 6], [8] as the DN approaches zelging the
orthogonality principle (im E{enx(n)} =0), (2) and (5),
n- oo
Figure 1. Block diagram of the system analyzed. it can be shown that
resulting in: lim E{W(n)} - L wo-we
n-e Vi-n? (8)
W(n+1) =W (n)+ {WOTX +4n- _ .
(n ) (n) H (n) 4r) Hence, the mean weights converge to a scaled version of

3
the unknown system response. AF - 1, the mean

converged weights will grow without bound. Eg. (7) is

(o™ (X (] }x (1

x(n) is assumed white and gaussiﬁ{x(n)XT(n)}:c)z(l . unstable and has no stationary points figf >1. As
0-w,n?-0andk - 1 as expected for the linear case.
2.2. Mean Weight Behavior If w(0)=0, the solution of (7) is given by
Taking the expectation of (3) conditioned Wi(n) yields:
g P ) )y E{w(n)} = Kw® forall n ©)
E{w(n+1) |w ()} =w (q+noiwe - _ _ _ o
Thus, using (9) in (7), a family of recursions in the scale

4) ,
factor k(n) can be defined as

R (X (3]x (9w (4

The expectation of the nonlinear term can be evaluated E{ 2 é{
using Bussgang'’s theorem [5], yielding: n+1 pox p——7 (10)
; 5 ﬂr] k +1E
{ w T ( (3] x (9w (9] - o
olo Eq. (10) has stationary points &= ! > If
w(n) 1-n
Yoi WT(m)w (n)+o” ) |
. _ n° =1, (10) is unstable an#(n) does not converge. The
Substituting (3) in (4) we have: behavior of (10) is parametrized an and is essentially
E{W(n+1) |W(n)} = uolwo+ independent ofv°.
6
E 02 o 0 ) ©) 2.3. Mean Square Error
Q \/0 wT W( )+02 A Sqularing (2) and taking its expectation conditioned on
w(n) yields:

Assumingp sufficiently small so that the weights change
slowly, the fluctuations of W(n) about E{W(n)} have a E{e2 rﬂw }:0'§WOTWO+022

negligible effect on the average behavior of the weights over time .
[6]. Thus, (6) can be approximated by: -2w° EH g[W rj]x n ‘W

R [ (o

The first expectation is given by (5). The second one can be
evaluated following the steps in [9-Appendix 1] as:

11)



asymptotes (derived from (8)) are 0.679, 0.554 and 0.481, in
(12) agreement with the curves in Fig. 2.
0 o2wT(n)w(n) O

agreement. The behavior of the other weights are similar. The
oot -
2
X Q Fig. 3 shows the MSE behavior fof = 2, 15 and 1000

52
arcsu@ji W (n)w(n)+o?

(r]2 =0.5, 0.067 and 0.001). Again, there is excellent agreement
Using (5) and (12), (11) becomes: between theory (Eq. (14)) and simulation results (averaged over
100 runs). Note the dramatic reduction in converged
E{ez(n) ‘W(n)} = G)Z(WOTW o +0Z2 cancellation performance for the nonlinear cases (a) and (b) as
compared to the nearly linear case (c)
2
oy O
-2 = X WOTW(n) (13) .
\/0 W T (n) wW(n)+ g? ﬁdw% @
O o2w'(njw(n) O 0°
+0% arcsirtd——— '(n) ()zﬂ /_i,_.rﬁf (b)
2w T (n)w(n)+o?H 0s s
3 _ V28 ©
For p sufficiently small (slow adaptation), (13) reduces to: 04
Yn)= E{ ez(n)} =02 WTW° + g2 03 %
2 \p/0T
oy W ] /
T WOl g “f
Joi ew (n)} Hw(n)} +o
O [ ] w( O
q } B OO 200 400 600 800 1000 1200 1400
g

n

+02 arcsi
)] v+
) o Fig. 2. Mean behavior of the third coefficient. (g = 0.5; (b)n?
where E{W(n)} can be evaluated using (7). Here again, it can = 0.25 and (cJy? = 0.001.

be easily verified that (11) reduces to the conventional LMS
MSE recursion for slow adaptation as — «. Also, for

W(0)=0, (9) can be used in (14) leading to

dB w0

H 2k2n+ 101 | ‘ '

-20

-l—l arcsi . rl2k2(n) +02 -

-50 .

-60

3. SIMULATIONS 70

This section presents simulations which verify the accuracy

of the analytical models (7) and (14), as well as (9), (10) and Figyre 3. Mean square error. (& = 0.5; (b)n? = 0.067 and (c)
(15). Consider the system in Fig. 1 with the following n? = 0.001.

parameters:
W°=[04130 04627 04803 .04627 .o4ﬂ§o

T TR
TR i 4

H
0 200 400 600 800 1000 1200

n

Fig. 4 shows the function g(y) and the amplitude
histograms ofy(n) obtained from the simulations for all 1200

Fig. 2 shows the mean behavior of the third weight jterations and averaged over 10 runs. Fig. 4 clearly shows that
for 02 =2, 4 and 1000 QZ =05, 0.25 and 0.001). These cases the system was driven into nonlinear operation. Small DN can
correspond to a large DN, a small DN and nearly linear SyStem_have a significant effect on the achievable cancellation level as

The theoretical curves using (7) (continuous curves) and MonteSnOWn by Figures 2-4 (> 20 dB from curves (c) to (b) in Fig. 3).

Carlo simulations (10 runs) (ragged curves) show excellent1€nce, the present analysis is quite important for design
purposes.

weTw°=1, w(0)=0, p=001, 62=1ando2 =10"°
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Figure 4. Functions g(y) and respective histograms of
y(n) obtained from simulation. (&)? = 0.001, (b)
n%=0.067, (cn?=0.25 and (d)? = 0.5.

4. CONCLUSIONS

This paper presented a statistical analysis of the LMS
algorithm with a zero-memory nonlinearity at the adaptive filter
output. Recursive equations have been derived for the mean
weight and mean square error behaviors for white gaussian inputs
and slow adaptation. These expression were shown to be a simple
function of the system’s DN.

The theoretical expressions predict the statistical behavior
of the algorithm during all phases of the adaptation process for
all values of DN. The analytical results show that small DN has
a significant impact on the achievable cancellation level.
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