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ABSTRACT

This work provides conditions on the input sequence that
ensure the exponentia asymptotic stability of the inverse of
the forward prediction error filter obtained by means of the
Recursive Weighted L east Squares algorithm. Notethat this
filter isin general time varying. Thusthisresult is a natural
extension to thewell-known minimum phase property of for-
ward prediction error filters obtained by the autocorrelation
method.

1. INTRODUCTION

Linear prediction finds application in such fields as speech
modelling, differential pulse code modulation (DPCM),
high-precision analog-to-digital converters and parametric
spectrum estimation. Consider an m-order forward linear
prediction error filter as given by

(k) =ulk) + 3,k —0). (@

where u(-) isthe input data sequence, e(-) is the prediction
error, and thefilter coefficients {a,(k) } arethoseminimizing
the Weighted L east Squares (WLS) cost function

k

DA lu<i>+2aj<k>u<i—j>] N

1=0

where0 < A < 1 isthe forgetting factor.

In many applications (e.g. speech processing, [5]) the
prediction error filter (1) is used to perform data analysis.
Theinversefilter, given by

y(k) = v(k) — Zaj(/wy(k - ), €)
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where v(-) is the input and y(-) the output, is used in data
synthesis and modelling. Therefore, it is of importance
to ensure that this inverse is exponentially asymptotically
stable (e.as) (see section 4 for a definition). In the
non-recursive WLS scheme known as the autocorrelation
method, a time-invariant prediction error filter is obtained
from afinite dataregister and hasthe property of being mini-
mum phase[2]. However, in recursiveimplementations (the
Recursive Weighted Least Squares algorithm [RWLS)), the
input data sequence need not be finite in principle, and the
optimum filter is updated on a sample-by-sample basis [2].
Therefore the inver se system becomes time-varying, render-
ing its stability analysis nontrivial. The main contribution
of this paper isto show that under mild conditionsthistime
varying inverse filter is ea.s. Our solution emphasizes the
case where theinput «(+) is not perfectly predictable by an
m-order predictor, i. e. there do not exist constants a; for
which e(-) in (1) isidentically zero.

Section 2 reviews the RWLS algorithm and the normal
equations that solve the WLS problem. Section 3 givesthe
state-space description of the inverse of the forward pre-
diction error filter. Sufficient conditions guaranteeing its
asymptotic stability are givenin section 4. Conclusions are
in section 5.

2. RWLSAND THE NORMAL EQUATIONS

The RWLS agorithm uses theinformation contained in each
new datasample u(k) to obtain thefilter coefficientsa(k) =
[ a1 (k) am (k) ]" a time k recursively from those
at time k — 1. The algorithm is summarized in Table 1,
where a soft-constrained initialization has been assumed.
This starting procedure is commonly found in practice; it
setstheinitial value of the inverse autocorrelation matrix at
P(0) = 671, with0 < § < 1. See[3] for adiscussion on
the choice of §. Dueto thisinitial condition, which is used
to avoid asingular autocorrel ation matrix, RWL S yieldsthe
coefficient vector a(k) that minimizes the following cost



function [6]:
k
T(k) == Aeoa'a+ > N u() + (i), (4)
=0

with u(j) defined asin entry 3 of Table 1.

Table 1: RWLS algorithm for linear prediction.

Initialization:
P(0) =07'1,
1. Coefficient update: a(k) = a(k — 1)

P(k — 1)u(k — 1)[u(k) + a(k — 1)'u(k — 1)]
A+ u(k—1)P(k - Du(k—1)

2. Inverse autocorrelation matrix update:

Pk)=A""T—-gk—Dulk—1)]P(k—1).

3. Tapvector: u(k) = [ u(k) u(k—m) ].

Let us introduce, for j > 0, the autocorrelation coeffi-

cients
k

ri(k) = > N tu(iu(i - j),

=0

the m x m positive semidefinite autocorrelation matrix

R(k) :=
To(k) Tl(k) ’I"mfl(k')
Tl(k) ’I"o(k'— ].) ’I"mfz(k—].)
o a () Toa(k — 1) ro(k —m + 1)
and the m x 1 autocorrelation vector
r(k):=[ ri(k) ra(k) rm (k) 1.

The RWLS algorithm provides at every time instant & the
vector a(k) minimizing J(k) as given in (4), which is the
solution of the following normal equations[2]:

Q(k)a(k) = —r(k), (5)

with Q(k) := A\¥6T + R(k — 1).

3. THE INVERSE SYSTEM

A state-space representation of the inverse prediction error
filter (3) is

x(k+1) = F(k)x(k)+ ev(k), (6)
y(k) = H(k)'x(k) + v(k), )
where the matrices F (), e; and H(k) are given by
F(k) :=
—a1(k)  —az(k) —m-1(k) —an(k)
1 0 0 0
0 1 0 0 ,
0 0 1 0
ee = [1 00 --- 0],
H(k) = [ —ai(k) —as(k) —am (k) .

In this representation, the state vector simply comprises de-
lays of the system outpuit:

x(k) =[ y(k—=1) y(k—m) |

4. STABILITY ANALYSIS

We areinterested in the eas (definition 1) of (6).

Definition 1 The linear time-varying system x(k + 1) =
A(k)x(k) iseas. if thereexist 0 < 8 < 1 and « such that
for all ko and finiteinitial condition ||x(ko)||,

IIx(k)|| < aBF||x(ko)|]  forall k> ko,

In other words, for zero input state response decays to zero
at arate faster than 3*.

Our approachisto obtainaLyapunov equationinvolving
F(k) from which sufficient conditions for stability can be
derived. The cost function (4) can be rewritten as

J(k) = ro(k) + 2a'r(k) + a'[\*61 + Q(k)]a.

Itsminimum, J..(k), (obtainedwhena = a(k) satisfies(5)),
takesthe value
J.(k) = ro(k) + a(k)'r(k). (8)

Making use of (8) and of the normal equations (5), direct
verification shows that

Q(k +1) = F(k)Q(K)F (k) =
T (k) 4 GAkF
SAF(A = 1)
©)

SAF(N — 1)



If 0 < A < 1, the right-hand side of (9) is not positive
semidefinite and thus (9) is not a Lyapunov equation in the
usual sense. However, it is still useful. Let us define the
dual variables

Q(k) = Q(_k+1)7 ﬁ‘(k) = F(_k)lv *(k) = J*(_k)
Then (9) reads as

Q(k) —F (k) Q(k + 1)F(k) =
[J.(k) + A +1]eje] +6AF(A —1)D,  (10)

withD :=diag( 0 1 1 ). By the duality theorem
[1], the system x(k + 1) = F(k)x(k) iseas. if and only
if the system %(k + 1) = F(k)x(k) is eas,; therefore it
suffices to study the Lyapunov-like equation (10). At this
point, we need the following result:

Lemma 1 Suppose that the pair [Aj, ck] is uniformly de-
tectable and bounded, and that there is a bounded nonneg-
ative definite symmetric matrix sequence P, satisfying for
al k

A;Pk_HAk - P, = —ckcﬁe + arB,

where a;, is scalar sequence such that |ax| < afBl*l for
somea > 0,0 < 5 < 1; and B isa symmetric nonnegative
definite matrix. Then the systemx;+1 = Axxy iseas.

The proof closely resembles that of Theorem 4.2in [1] (the
extended lemmaof Lyapunov), andisgivenin[4]. The pre-
cise definition of uniform detectability is not needed for the
proof but canbefoundin[1]. Loosely speaking, atimevary-
ing system is uniformly detectable if state trgjectories that
are not observable at the output are exponentially decaying.

Thus, defining v (k) := [J.(k) + 6A~*t1]ze;, we see
that this result can be readily applied to the system x(k +
1) = F(k)x(k) (since the matrix sequence F(-) satisfies
(10)), provided that:

1. The matrix sequence Q(-) is bounded,
2. F(-), ¥(-) are bounded, and
3. Thepair [F(-),v(-)] is uniformly detectable.

Note that by the Cauchy-Schwarz inequality, |r; (k)|* <
ro(k)ro(k — j). Thereforethe sequence Q(-) is bounded if
and only if ro(+) is bounded. Thiswill hold provided that
0 < A < 1andu(-) isbounded in magnitude by M:

k} . . M2
ro(k) = > A iu(i) < —
=0

Under these conditions, the vector sequencer(-) is bounded
as well; therefore, the weights a(-) obtained as solutions of
(5), and J(-) (in view of (8)), remain also bounded. Thus
conditions 1 and 2 above hold.

We can now state our main result asfollows:

Theorem 1 Suppose that 0 < A < 1, the input sequence
u(-) isbounded and there exist an integer S and a constant
€ > 0 such that for all k, there exists n;, satisfying:

1. ng >k,

22 np+m—-1<k+S,

3. J.(lng+i) >efori=0,1,...m—1.
Then the inverse prediction error filter (6) ise.a.s.

The proof is given in the appendix. The conditions 1-
3 of the theorem say that in any time window of size S
it is possible to find m consecutive time instants in which
theforward prediction error variance J..(-) is bounded away
from zero. Thisis the case if for example J.(k) > ¢ for
some constant ¢ > 0 and for al k.

To understand this result, suppose first that the data se-
quenceu(-) is perfectly predictableby an m-order predictor.
Then u(-) must be alinear combination of sinusoids. In that
casetheidesal predictor that renderse(k) = Oforall k,in (1),
has zeros with magnitude 1, i.e. theinverse predictor is not
e.a.s. Hence, indeed one must preclude perfect predictabil-
ity to achieve an eass. inverse predictor. The satisfaction
of conditions of this Theoremin effect is a strong statement
on the lack of perfect predictability. In practice such perfect
predictability isin any case unlikely. There are inevitable
modeling and measurement errors that persistently prevent
the prediction error from becoming zero.

5. CONCLUSIONS

It has been shown that the RWLS algorithm in the forward
linear prediction setting yieldsa system whoseinverseis ex-
ponentially asymptotically stable, under the following con-
ditions: i) the input signal is bounded, ii) the forgetting
factor is strictly between zero and one, and iii) the minimum
of the WL Scost function (the sum of weighted error squares)
is bounded away from zero during m consecutive time in-
stants, m being the predictor order, in any time window of
arbitrary but fixed size.

6. APPENDIX

Proof of theorem 1: It just remainsto show that under the
conditions of the theorem, the pair [F(-), v(+)] is uniformly
detectable. Introduce the following gain sequence:

. ._{ [J.(k) + 6AF 1 ~za(—k), if J.(k)>e,
' 0, if J.(k) <e.

Observe that the sequence h(-) is bounded. Thus, with

F(k) := F(k) + h(k)v (k)



the uniform detectability of [F(-), ¥(-)] is equivalent to the
uniform detectability of [F(-),v(-)] [1]. We will show that
thesystemx(k+1) = F(k)x(k) iseas,; thisinturnimplies
uniform detectability of [F(-), v(-)] [1], thereby proving the
Theorem.

Let Z bethem x m shift matrix with onesinthe positions

(Z);.:11 and zeroselsewhere. It turnsout that F (k) satisfies

i Z, if
Hm:{ﬁw:Fpmgﬁ

¢

j*(k) Z €,
J.(k) < e.

Now let ®(k, 1) be the state transition matrix for the system

x(k + 1) = F(k)x(k).
I k=1,
Mh”z{ﬁw_nﬁw_muﬁm,k>L

Now the hypotheses of theorem 1 guarantee that the time
window [k, k + S] contains at least m consecutive time
instants at which F reduces to Z. To see this, we proceed
asfollows: Sincefor any j there exists n; asin theorem 1,
then in particular for j = —(k + S) onehasn_ ;s such

that
n_gtsy = —(k+5),
_(kys) Tm—1 <k,
J*(n,(k+s) +1i) > e
fori =0,1,...m — 1.
Now definen;, = —(n_(x45)+m—1). Then J.(—nj —

i) = J.(n},+1) > efori =0,1,...m— 1, and accordingly

F(nj,+i)=2%, i=0,1,...m—1.

Alsonotethat nj, > kandk + S > nj, + m — 1. Thestate
transition matrix satisfies then

F(nj, +i—1)---F(n})®(n}, k)
Z'®(n}, k), i=0,1,...m

b(n), +1i,k) =

(with the convention Z° = I). Since Z™ = 0, it turns out
that ®(n,k) =0foraln >k + S:

d(n, k) = ®(n,n), +m)®(n), +m,k)
= ®(n,nj, + m)Z"®(n}, k)
0.

Thereforefor dl n > k&,

x(n) =
- 0, n>k+S,
o(n, )x(k) = {ﬁm—1) F(k)x(k), n<k+S
Taking norms,
I1%(n)]] < 0 if n>k+S5,
S\ AEE)|] i n<k+S

with v existing because F(-) is bounded. Thus the system
x(k + 1) = F(k)x(k) iseas., and therefore [F(k), v(k)]
is uniformly detectable, which concludes our proof.
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