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DEVWUDFW

Lq wklv zrun/ zh ghyhors dq htxlydohqw �owhu edqn vwuxf0
wxuh iru wkh frpsxwdwlrq ri wkh iudfwlrqdo Irxulhu wudqv0
irup +IuIW,1 Wkh sxusrvh ri wklv zrun lv wr surylgh dq
xql�hg dssurdfk wr wkh frpsxwdwlrq ri wkh IuIW yld
wkh �owhu edqn dssurdfk1

41 LQWURGXFWLRQ

Wkh frqfhswv ri Irxulhu dqdo|vlv dqg v|qwkhvlv duh ixq0
gdphqwdo iru vljqdo surfhvvlqj1 Uhfhqwo|/ wkh iudfwlrqdo
Irxulhu wudqvirup/ d jhqhudol}dwlrq ri wkh Irxulhu wudqv0
irup zlwk d wudqvirup sdudphwhu dulvhv pdq| dssolfd0
wlrqv vxfk dv skdvh uhwulhydo/ vljqdo ghwhfwlrq/ udgdu/
wrprjudsk|/ dqg gdwd frpsuhvvlrq ^4`1 Dqg lw lv nqrzq
dv rqh ri wkh prvw lpsruwdqw wrrov iru wlph0ydu|lqj ru
qrqvwdwlrqdu| vljqdo surfhvvlqj ^5`1

Wkh iudfwlrqdo Irxulhu wudqvirup zdv lpsohphqwhg
e| wkh rswlfdo v|vwhp/ vhh ^6`1 Wkhuh duh dovr vhyhudo
qxphulfdo dojrulwkpv iru frpsxwdwlrq ri wkh frqwlq0
xrxv iudfwlrqdo Irxulhu wudqvirup +FIIW,/ hvshfldoo|
hohjdqwo| ghyhorshg e| R}dnwdv hw do1 lq ^4`1 Zh vkrz
doo wkhvh dojrulwkpv fdq eh lpsohphqwhg e| d pxowludwh
�owhu edqn v|vwhp1

Wkhuh duh vhyhudo glvfuhwh irupv ri wkh iudfwlrqdo
Irxulhu wudqvirup/ iru h{dpsoh/ ^4` surylghg dq dojr0
ulwkp iru wkh frpsxwdwlrq ri wkh glvfuhwh wudqvirupd0
wlrq e| vdpsolqj wkh iudfwlrqdo Irxulhu0wudqviruphg vlj0
qdo1 Wklv dssurdfk lv vlplodu wr wkh ghulydwlrq ri wkh
glvfuhwh Irxulhu wudqvirup +GIW,1 Wkh vhfrqg dssurdfk
sursrvhg lq ^7`/ frqvlghuhg wkh glvfuhwh urwdwlrq Irxulhu
wudqvirup +GUIW, dv dq rshudwru iurp FP wr FP =

Dqg wkh GUIW ri d �qlwh vljqdo fdq eh hdvlo| frp0
sxwhg gluhfwo|1 Lq wklv zrun zh vkrz wkh htxlydohqw
vwuxfwxuh wr wkh wudglwlrqdo �owhu edqn vwuxfwxuh1

Iurp wkh wzr vhfwlrqv/ zh kdyh wkh vlplodu vwuxfwxuh
wr lpsohphqw wkh frpsxwdwlrq ri wkh iudfwlrqdo Irxulhu
wudqvirup/ zh gh�qh wzr vwuxfwxuhv iru ixuwkhu vwxg| ri
wklv dssurdfk1

Wkh pxowludwh �owhu edqn v|vwhp wr lpsohphqw wkh
FIIW iurp P vdpsohv lq wlph grpdlq wr P vdpsohv
lq wkh �wk grpdlq lv lqwurgxfhg lq vhfwlrq 51 Lq vhf0
wlrq 6/ zh �uvw uhylhz wkh gh�qlwlrq ri wkh GUIW/ dqg
lqwurgxfh wkh GUIW yld idvw Irxulhu wudqvirup +IIW,
gluhfwo|/ dqg wkhq zh ghulyh wkh GUIW ri d shulrglf
vljqdo dqg lwv htxlydohqw �owhu edqn uhsuhvhqwdwlrq1 Zh
ghyhors d vlplodu vwuxfwxuh iru wkhvh lpsohphqwdwlrqv/
erwk iru FIIW dqg GUIW lq vhfwlrq 71 Lq vhfwlrq 8/
zh kdyh d vlpsoh frpsdulvrq zlwk wkh IIW0edvhg ds0
surdfk dqg wkh sursrvhg dssurdfk1 Zh frqfoxgh dqg
lqwurgxfh ixuwkhu ghyhorsphqw lq vhfwlrq 91

51 WKH FRQWLQXRXV IUDFWLRQDO IRXULHU
WUDQVIRUP

Uhfdoo wkdw wkh FIIW ri d ixqfwlrq {+w, lv gh�qhg dv
^4`
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srvh wkhuh duh P vdpsohv zlwk vdpsoh shulrg �w> zh
fdq hydoxdwh +4, zlwk wkh gljlwdo vljqdo surfhvvlqj whfk0
qltxh zlwkrxw hpsor|lqj wkh gluhfw qxphulfdo lqwhjud0
wlrq1 Wkh iroorzlqj wzr dojrulwkpv ^4` doorzv xv wr re0
wdlq wkh vdpsohv ri wkh �wk wudqvirup grpdlq lq whupv
ri wkh ruljlqdo ixqfwlrq1

5141 Phwkrg 4=

Wkh gluhfw frpsxwdwlrq ri pxowlso| e| d fklus frqyr0
oxwlrq iroorzhg e| dqrwkhu fklus pxowlsolfdwlrq1 Wkh
FIIW iru {+w, fdq eh uhsuhvhqwhg e|
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zkhuh G dqg M duh pdwulfhv uhsuhvhqwlqj wkh ghflpd0
wlrq dqg wkh lqwhusrodwlrq rshudwlrqv1 � lv d gldjr0
qdo pdwul{ wkdw fruuhvsrqgv wr wkh fklus pxowlsolfdwlrq/
dqgKos fruuhvsrqgv wr wkh frqyroxwlrq rshudwlrq1 Qrz
zh gh�qh
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zklfk lv ylhzhg dv wkh sro|skdvh pdwul{ ri wkh v|vwhp1
Wklv rshudwlrq fdq eh hdvlo| lpsohphqwhg lq wkh �owhu
edqn vwuxfwxuh ^8`^9` vkrzq lq Ilj1 41

5151 Phwkrg 5=

Wkh FIIW fdq dovr eh h{suhvvhg dv
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zloo eh xvhg wr lpsohphqw +:,1 Wkh wzr dojrulwkpv
fdq eh hvvhqwldoo| wkh zhoo0nqrzq pxowludwh �owhu edqn
vwuxfwxuh/ wkhuhiruh/ wkh vdpsohv ri wkh iudfwlrqdo Irxulhu
wudqvirup fdq eh hdvlo| rewdlqhg e| wkh �owhu edqn
vwuxfwxuh vkrzq lq Ilj1 41

5161 Wkh FIIW �owhu edqn

Wkh frpsxwdwlrq ri wkh FIIW ri d vljqdo fdq eh re0
wdlqhg yld wkh vlplodu pxowludwh �owhu edqn +vhh Ilj1
4, zlwk sro|skdvh wudqvihu pdwul{ +8, dqg +;,/ uhvshf0
wlyho|1

61 WKH GLVFUHWH IUDFWLRQDO IRXULHU
WUDQVIRUP

Wkhuh duh wzr pdlq dssurdfkhv wr lpsohphqw wkh glv0
fuhwh iudfwlrqdo Irxulhu wudqvirup +GUIW,1

6141 Wkh FIIW dssurdfk=

Wklv dssurdfk zdv sursrvhg e| ^4` dqg ghvfulehg lq wkh
suhfhglqj vhfwlrq1 Iru wkh uhvw ri wklv zrun/ zh glvfxvv
wkh dowhuqdwlyh phwkrg1

6151 Wkh ixqfwlrqdo srzhu ri wkh GIW pdwul{=

Lq ^:`^7`/ wkh GUIW ri d vljqdo lv gh�qhg e| wdnlqj
wkh �wk srzhu ri wkh GIW pdwul{1 Wkh rshudwru lv d
vxlwdeoh fdqglgdwh iru wkh frpsxwdwlrq ri wkh GUIW1
Ehiruh dq| pruh vxlwdeoh dssurdfk dsshduv/ zh suhvhqw
wklv dssurdfk dqg vkrz wkdw wkh �owhu edqn vwuxfwxuh
fdq dovr lpsohphqw wklv zrun1 Lq ^7`/ wkh P0srlqw

GUIW ri d vhtxhqfh ri vljqdo i{+q,jPq@4 lv gh�qhg dv
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6161 Wkh lpsohphqwdwlrq ri GUIW yld IIW

Dffruglqj wr +44,/ zh qhhg wr gh�qh wkh wlph uhyhuvdo
rshudwru Z +{+q,P , @ {++�q,P ,1 Lq idfw/
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zkhuhZ lv wkh GIWpdwul{ zlwk hqwulhvZqn @ h
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Q
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iru 3 � q>n � Q � 4= Wkh GUIW rshudwru zlwk sdud0
phwhu � gh�qhg lq +44, fdq eh zulwwhq dv

N�{ @ d3+�,{+q, . d5+�, . {+�q,
.d4+�,[+q, . d6+�,[+�q, +45,

Wklv phdqv wkdw wkh GUIW ri {+q, lv wkh olqhdu
frpelqdwlrq ri {+q,dqg {+�q,dv zhoo dv wkh GIW ri



{+q, dqg {+�q,> uhvshfwlyho|1 Zlwk vxlwdeoh duudqjh0
phqw/ wkh GUIW ri {+q, fdq eh frpsxwhg e| dq hi0
�flhqw phwkrg yld IIW1 Krzhyhu/ zlwk wkh dgydqwdjh
ri frpsxwdwlrq h!flhqf|/ wklv dssurdfk lv odfnlqj lq d
ylhz ri v|vwhp vflhqfh1 Wkh gluhfw lpsohphqwdwlrq ri
wklv dssurdfk lv vkrzq lq Ilj1 51

6171 Wkh GUIW �owhu edqn

Vxssrvh wkhuh duh P vdpsohv lq rqh shulrg ri d sh0
ulrglf vljqdo {+w,> ghqrwhg e| i{+q,jP�4q@3 = Zh jhqhu0
dwh wkh yhfwru +v3+q,> v4+q,> � � � > vP�4+q,,W e| sdvvlqj
{+q, wkurxjk d vhuldo wr sdudooho phfkdqlvp/ vr wkdw
vl+q, @ {+q� l,= Iurp +<,/ zh kdyh
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Khqfh/ wkh GUIW ri d shulrglf vljqdo lv dovr shul0
rglf1

71 WKH SRO\SKDVH UHSUHVHQWDWLRQ RI
IUIW RSHUDWRU

Lw lv zhoo nqrzq wkdw wkh vwuxfwxuh vkrzq lq Ilj1 6 lv
htxlydohqw wr wkh sro|skdvh vwuxfwxuh zklfk dsshduv lq
wkh wkhru| ri �owhu edqn iuhtxhqwo|1 Iru frqyhqlhqfh/
zh gh�qh wzr w|shv ri vwuxfwxuhv wr lpsohphqw wkh
IuIW �owhu edqn1 Wkh �uvw rqh lv wkh w|sh 4 IuIW
�owhu edqn zlwk wkh dvvrfldwhg �owhu edqn +vhh Ilj1 7,
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Hylghqwo| wkh htxlydohqw uhsuhvhqwdwlrq ri wkh wzr
w|shv ri �owhu edqnv lv dq P0lqsxw P0rxwsxw +PLPR,
olqhdu wlph0lqyduldqw+OWL, v|vwhp1 Pruh suhflvho|/ wklv
PLPR v|vwhp fdq eh fkdudfwhul}hg e| dq P � P

wudqvihu pdwul{ K�+}, @ ^N�+p>q,`3�p>q�P�4= Wkh
�eorfnlqj phfkdqlvp� +vhh Ilj1 6, iru w|sh 4 sro|skdvh
pdwul{ fdq eh frqvlghuhg wr eh d vhuldo wr sdudooho frq0
yhuwhu ri gdwd1 Vlploduo|/ wkh �xqeorfnlqj phfkdqlvp�
xvhg lq wkh w|sh 5 sro|skdvh wudqvirup lv d sdudooho wr
vhuldo frqyhuwhu1

81 SHUIRUPDQFH FRPSDULVRQ

Wkh dsshdudqfh ri odujh0vfdoh lqwhjudwhg flufxlwv kdv uh0
gxfhg wkh hpskdvlv rq plqlpl}lqj wkh qxpehu ri pxowl0
solfdwlrqv dqg lv fdxvlqj wkh frqvlghuhg vwuxfwxuh xvlqj
pdq| sdudooho ghylfhv udwkhu wkdq d ihz kljk0vshhg gh0
ylfhv1 Wkh frpsxwdwlrq ri wkh IIW0edvhg dojrulwkpv lv
derxw R+Q orjQ, iru d vdpsoh ri qxpehu Q= Krzhyhu/
wkhuh duh Q pxowlsolfdwlrqv dqg Q dgglwlrqv lq hdfk
�owhu1 Zlwk lqfuhdvlqj Q> wkh �owhu edqn vwuxfwxuh fdq
kdyh d odujh dprxqw ri frpsxwdwlrq vdylqj zlwk wkh
h{shqvh ri kdugzduh1

91 FRQFOXVLRQ

Zh kdyh suhvhqwhg dq htxlydohqw �owhu edqn vwuxfwxuh
zklfk lpsohphqwv wkh iudfwlrqdo Irxulhu wudqvirup1 Zlwk
wklv dssurdfk/ zh fdq xqli| wkh lpsohphqwdwlrq yld wkh
htxlydohqw �owhu edqn v|vwhp1 Wklv �owhu edqn vwuxfwxuh
fdq dovr eh xvhg wr surfhvv wkh vkruw wlph iudfwlrqdo
Irxulhu wudqvirup1 Wklv iudphzrun qrw rqo| surylghv
d qryho dssurdfk wr frpsxwh wkh IuIW ri d jlyhq ixqf0
wlrq/ exw dovr uhyhdo d qhz jhqhudol}dwlrq ri wkh frq0
yhqwlrqdo GIW �owhu edqn iru gljlwdo vljqdo surfhvvlqj1



Lw lv nqrzq wkdw ryhu gl�huhqw dqjohv +l1h1 �, wkh vljqdo
hqhuj| lv vtxhh}hg lqwr gl�huhqw iuhtxhqflhv/ khqfh zh
fdq �qg dssolfdwlrqv ri wkh IuIW rshudwlrq dv zhoo dv
wkh �owhu edqn1
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Ilj1 7 Wkh w|sh 4 lpsohphqwdwlrq ri wkh GUIW edqn1
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Ilj1 8 Wkh w|sh 5 lpsohphqwdwlrq ri GUIW edqn1


