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ABSTRACT 2. LINEAR PREDICTION

We begin with the following signal model:

This paper deals with frequency estimation in the 2-D case when y(m,n) = z(m,n) + b(m, n),
one has only few data points. We propose a method to estimate 0<m<M-—1, (1)
the frequencies of a sum of exponentials. This method is based on 0<n<N-1,

an original set of 2-D linear prediction models with new regions _ ) )
of support derived from the standard quarter plane support region.where the noiseless signals defined by

These models define various spectra which are finally combined X

by computing their harmonic mean. This method benefits from _ . .
the subspace decomposition of the covariance matrix to perform z(m,n) = Z”k expl2m(fism + faen) + 504] - (2)
well. It is demonstrated that the new regions of support improve k=1

the spectrum geometry and the estimation accuracy compared tQ,,4 the noisé is white gaussian with varianeé .
the classical quarter plane (QP) support regions.

The data covariance matrR is defined as follows:

Ry By o Rpyy
R Ry Ri-pi)
1. INTRODUCTION R= . . . , ?3)
Rip-1) Rip—z) R
Linear prediction is a powerful and interesting tool in spectral anal-
ysis. In the 1-D case, Kumaresan and Tufts [3] proposed to esti-Where
mate the signal frequencies from a subspace decomposition of the r(m, 0) e r(m, —Q 4 1)
covariance matrix which leads to good results in comparison with ' '
the nonparametric methods. For 2-D signals, various linear predic- Rim) = : : - @)
tion models have been developed. Four classical regions of support r(m,@—1) --- r(m,0)
(quarter plane, nonsymmetric half plane, symmetric half plane and
full plane) are referenced in litterature [4]. The matrixR is Toeplitz - block Toeplitz with elements
Recently new regions of support based on a modification of the *
standard quarter plane have been proposed and combined in [1] ripg) = r(=p—9)
by Alata. These multiple models developed for a multichannel ap- = E{y(m,n)y*(m —p,n—q)}
proach improve the estimation accuracy and the shape of the spec- K
trum. — Z aie[ﬂ27r(flkp+f2k 9l 4 025(]37 q) (5)
In this paper we propose a modification of this method to locate =1

the frequencies of a 2-D signal modeled by a sum of complex ) ) o
exponentials in noise. We first present the signal model and the€onsider now the 2-D linear prediction problem for the data (1).

corresponding covariance matrix. We write the normal equations 1his takes the form

related to the new regions of support defined from the classical §(m,n) = — Z Z Voay(m — p,m — q) ©)
quarter plane. The harmonic mean of the corresponding spectra 4 - Py P, 4
provides a new spectrum. We then develop a method to solve the (pa) €9

normal equations in order to compute the spectral estimate. ThiSyhereg represents the predicted value of the signal from points
method is based on the subspace decomposition of the covariancg;ithin some region of suppof?. A typical region of support is
matrix and presents a low computational cost. We finally provide the quarter plane shown in Fig. 1. For this support region, the

some simulation results to illustrate the improvemeiuight by coefficients are the solution to the normal equations:
the multiple sipport regions-based approach as compared to the

classical QP one. Ry, =¢,. (7)



Figure 1: First Quarter Plane

The coefficient vector, is given by the following relation:

W ) ) B

Yy = Yoo+ Vg1 VP10 VP g1
wherer, (1) = u(()lg = 1, and the vectoe, is defined by
21:[03707"'70]T (9)
with o2 denoting the variance of the prediction error. The lin-

ear prediction filter can be used to locate complex exponentials by
forming the following spectrum:

Figure 3: Region of suppoflz ;.
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1(f1, f2) sH(f1, P v, vEs(fi, f) (10)
where the vectot;; andy;;, are defined by
where
T

s = [1,...76J2Trf2(Q_1),~~~7 Vg = V((J,Igl)7""y((hjl{l)"'"VE:’H—ll)vO’”.’VEDH_ll)’Q_l} (14)
2T L cizn(fPont -] (1)

ande, = [0,-+,02,+-,0] " (15)

If a single quadrant filter is used, the spectral estimate has poor

resolution and an asymmetric form. Therefore various researchers- . 4o regior2 1.1, we have (I + 1) = v{Y = 1 and the

have been motivated to consider combined spectral estimates N o —HL ot

based on multiple regions ofipport [2] [5]. The simplest com- termo: appearsin thg corrgspgnd_lng locatioregh. The spectral

bination was proposed by Jackson and Chien [2] and is definegestimate related to this region is given by

by 52
L _1 ( 1 + 1 ) (12) PHyl(fhf2)§H(f17f2)ZHlZgz§(f17f2).

Pia(finf2) 2\ Pl f2)  Pe(fi,f2) ) o . . .

Likewise, we can define a region of suppé; as shown in

where the spectrurf: is related to the region of support shownin Fig. 4.

Fig. 2. Only two regions are necessary to compute the combined

spectrum since the’.and 2 support regions produce identical

results to the 3 and 4" quadrants respectively.

(16)

To improve this method, Alata [1] has proposed the HVHM
method where multiple upport regions are taken in the frame-
work of 2-D multichannel algorithms. In this paper weopose

a modification of this method for subspace decomposition-based
frequency estimation. This method leads to a very efficient com-
putational procedure.

We consider a set of regions of supp@i;, I =0,1,...,Q@—1,

as represented in Fig. 3. For these support regions, the normal
equations of linear prediction take the following form:

Ry, =eq, (13) Figure 4: Region of suppofty,;.



We consider the corresponding linear prediction problem and spec-In addition, the knowledge of the prediction error variance is re-
tral estimate in a same way as previously. In that case we have  quired to computé’z ;. For the region of suppoftz ;, we have

H
v (1Q+1) =v¥0 = 1. ) 0l = v Regy, (26)

Finally, the combined spectral estimate computed from the supportfrom (13). Combined with (25) this relation becomes

regionsQz; andf2y,; is given by the following realtion: , T UNRUyT, @
0, = — —, 27
1 1 ||Il+1 II*
= X
Pav(fi,fo) P+Q which can be written as

2
. =it 28
(Z:; PHl f1,f2 Z:: PVl f1,f2 ) (18) 7 ||7'z.|.1||2 (28)

if the eigenvectors are orthonormal. This equation shows the
3. SUBSPACE DECOMPOSITION BASED-SOLUTION OF relation between the prediction error variance and the noise one.
NORMAL EQUATIONS This latter can easily be estimated by the mean of the eigenvalues
of R corresponding to the noise subspace.
For the signal model (1), it is well known that the correlation ma-

trix has the form The solution for the coefficient vecter,,, is found in a similar
R =S¥S” 1 5°1, (19) way to be
. . . . . 5 h UNTZQ+1
wherel is the identity matrix andl = diag{a;}. Thek" col- vy = (29)
umn ofS is s( fix, f2x) and calleds,, . ||TZQ+1||
The first and second terms of the decompositiocRo8 ¥ S and and the variance of the prediction error corresponding to the sup-

021, respectively represent the noiseless signal and the noise coportQv, is estimated as follows:

variance matrices. IK < P andK < @, the firstone hasrank'. R

The signal subspace is spanned by the columpref S, as well as o2 = _7 (30)
by the eigenvectors, corresponding to th& largest eigenvalues lTig4all?

dy of R. The noise subspace is spanned by the remaining eigen-

vectors which are orthogonal to those of the signal subspace. The 4. SPECTRAL ESTIMATION RESULTS

data covariance matrix can therefore be written as
In order to estimate the covariance maf®x we define a Hankel

R = UsDsU¥Y + 0°UyUY, (20) - block Hankel data matri% as
and its inverse is given by the following relation: Yo Yo - Yw-p
Y Yo - Yw_pp
v - &) &) (M—P+1) 31)
R™!' =UsD;'UY + = UNUN (21) - : : :
— _ Y-y Yy o0 Y-y
Let us consider first the regions of supp@rt ;. The correspond- ) )
ing normal equations (13) are equivalent to whereY () is the following block:
—_ y(m,O) y(m,l) e y(m,N— Q)
Vg = (UstlUs + UNUN) Em1- (22) y(m, 1) y(m,2) - ymN-Q+1)
By left multiplying (22) by U y U, we obtain : : :
UnURy,, =UNUR %UNUﬁng (23) The corresponding estimated covariance matrix is given by
a
. . . A 1 H
since the signal vectors are orthogonal to the noise vectors. There- R = YY©. (32)
fore we havge ’ (M=P+1D(N-Q+1)
_ ol We first consider a signal with two components as described in

Vi, = UNT (24) X :

—Hl —i+l Table 1. We estimated the specffa, and Pz v which are re-
wherer, | denotes th¢l + 1) column of U, spectively represented in Figs. 5 and 6. The multiple regions of
The reTatiomHl(l + 1) = 1 finally implies that the vectar ,;, is support improve significantly the geometry of the spectrum which
given by - - presents spurious peaks with a very small magnitude compared to

Vi Untpyy those of the spectrum generated from the standard quarter plane
Ym = = (25) models.
”Hl( + 1) ||Tl+1||

We also performed some Monte-Carlo simulations. The simula-
with ||z, > = rl+1rl+1 The solution for the coefficient vector  tion conditions are given in Table 2. The Root Mean Square Error
vy, is a scaled projection afy;, onto the noise subspace. Since (RMSE) on the frequencyi; is plotted in Fig. 7 as a function of
vy, is orthogonal to all signal vector®; gives a clear peak at  the Signal to Noise Ratio. The multiple regions opgortimprove

the signal values. the estimation accuracy for all values of SNR.



5. CONCLUSION

In this paper, we propose new models of 2-D linear prediction.
The corresponding regions of support are based on a modification
of the standard quarter plane. They provide a spectral estimate 05

with better geometry than the classical QP support regions. In
addition the frequency estimati@tcuracy is increased. To solve
the normal equations, we take advantage of the data exponentia
model by using the subspace decomposition of the data covariance
matrix .
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Frequencieg:x | 0.2 | 0.3
Frequencieg.x | 0.2 | 0.3
Magnitudes:, 1 1
Phasesg 0 0
(M,N)=(15,15)
(P.Q)=(6.6)
SNR=10dB

Table 1: Signal parameters.

Frequencieg:x | 0.22 | 0.28
Frequencieg.x | 0.24 | 0.25

Magnitudes:, 1 1
Phases, 0 0
(MN)=(12,12)
(P.Q)=(4.4) R R T B e
SNR: 10to 20 dB by step of 1 dB SNR (dB)

Number of Monte-Carlo runs: 400

Figure 7: Estimation of: .

Table 2: Simulation conditions.



