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ABSTRACT

This paper addresses the problem of motion estimation and selec-
tive reconstruction of objects undergoing rotational motion com-
posed with translational motion. The goal is to derive the motion
parameters belonging to the multiple moving objects, i.e. the an-
gular velocities and the translational velocities and identify their
locations at each time instance by selective reconstruction. These
parameters and locations can be used for various purpose such as
trajectory tracking, focus/shift attention of robot, etc. The innova-
tive algorithm we have developed is based on angular velocity and
translational velocity tuned 2D+T filters. One of the important fact
about our algorithm is that it is effective for both spinning motion
and orbiting motion, thus unifies the treatment of the two kinds of
rotational motion. Also by tuning of the filters, we can derive the
translational motion parameters and the rotational motion param-
eters separately, which has the advantage of making motion esti-
mation faster and more robust comparing to estimating all of them
simultaneously. The algorithm is simulated using synthesized im-
age sequences corrupted by noise and shows to be accurate and
robust against noise and occlusion.

1. INTRODUCTION

The motion we have studied here is rotational motion composed
with translational motion. The rotational motion has been classi-
fied into two types according to their rotational axis. If the axis
is the center of gravity on the object, it is called spinning. If the
axis is outside of the object, it is called orbiting. The signal we
wrked on is 2D+T digital image sequences [1].We extend our pre-
vious work [9] such that it works fine for both spinning motion
and orbiting motion, thus makes no difference in dealing with the
two kinds of rotational motion. Besides, it can estimate motion
parameters for not only rotational motion, but also rotational and
translational motion.

In order to identify motion parameters, we tune the 2D+T fil-
ter to angular velocity, translational velocity, spatial scale, spa-
tial orientation, spatial and temporal translations. These matched
filters can perform minimum-mean-square error (MMSE) estima-
tion of motion parameters. This approach doesn’t involve any
point-to-point corresponding problems and doesn’t need any sta-
tistical models. It is fundamentally different from other techniques

This material is based upon work supported in part by DOE under
grant #DE � FG02� 90ER14140

proposed in the literature such as those based on gradient-based
optical flow, block matching, pel-recursive, Bayesian model and
Markov random field (MRF) model [2][3] [4][5] [6]. The angu-
lar and translational velocities can be robustly obtained for all the
moving objects even after they occlude each other for some time
and the sensor is corrupted by noise. It is effective for motion es-
timation of several moving objects, even when they have the same
size, shape and intensity but different motion parameters, which
may cause some difficulty for corresponding based algorithms.

The algorithm we proposed separate the translational velocity
estimation and the angular velocity estimation, thus requires much
less computing time than estimating the angular and translational
velocities simultaneously. Also by separating them, the result is
more accurate since the peaks are more easy to identify than the
simultaneous estimation case, where the true peaks may be dis-
guised by those large valued non peaks close to the other peaks.

The 2D+T digital image sequences we generated in this pa-
per simulated the case when a fixed camera without tilt was di-
rectly above several rotating and translating objects. The noise was
added to be more close to reality. We have two image sequences,
one is two objects with different spinning angular velocities and
traveling with different translational velocities, the other is two
moving objects with different orbiting angular velocities and dif-
ferent translational velocities. We used our algorithm on both of
the image sequences and can correctly derive their motion param-
eters and perform reconstruction at each time instance.

2. ROTATIONAL AND TRANSLATIONAL VELOCITY
TUNED FILTERS

Let (~x; t) be the 2D+T filter in space and time domain, the trans-
lational velocity tuned filters can be written as:

 g1 = [Tg1] (~x; t) = a�1 (a�1R(�0)(~x� ~v(t� � )�~b)) (1)

where the parameters of interest in our case are the spatial transla-
tion~b 2 R2, the temporal translation� 2 R, the translational ve-
locity ~v 2 R2, the scalea 2 R+nf0g, the spatial orientation�0 2

[0; 2�), R(�0) =

�
cos �0 � sin �0
sin �0 cos �0

�
, g1 = f~b; �; ~v; a; �0g.

We have studied this type of filter and its applications [7][8].
In this paper we introduce the rotational and translational ve-



locity tuned filters which can be expressed as:

 g2 = [Tg2] (~x; t)

= a�1 (a�1R(�0 + �1t)(~x� ~v(t� �)�~b)) (2)

Where�1 is the angular velocity andg2 = f~b; �; ~v; a; �0; �1g.
When�1 = 0;  g2 =  g1 :

The (~x; t) we chose is the Morlet function which behaves as
an bandpass filter, its 2D+T version in frequency domain is given
by:
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where the hat ˆ stands for Fourier transform.~K = (~k; !)T 2

R
2 � R, ~k; ! are spatial and temporal coordinates in frequency

domain. ~K0 = (k0x; k0y; !0)
T , D is a positive definite matrix.

For2D+T signals,D =
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introduce anisotropy in the filter shape.
To match filters with the signal, take inner product of the tuned

filters  g2 and the 2D+T signal s, which can be written in fre-
quency domain as:
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where the overbar�stands for the complex conjugate. When�1 =

0; the above equation becomes<  ̂g1 j ŝ >.

3. MOTION ESTIMATION AND SELECTIVE
RECONSTRUCTION ALGORITHM

The algorithm is based on three steps. It allows us to derive the
motion parameters and performs selective reconstruction robustly,
accurately and quickly. we treat the spinning and the orbiting the
same except considering that they may have different scale.

The first step consist in applying g1 to the 2D+T signals(~x; t).
Let we fix the scalea = an, the estimated translational velocity
can be obtained as

~v� = arg max
~v

X
�0

X
~b

X
�

j <  ̂~b;�;~v;a=an;�0 jŝ > j2 (5)

If there are multiple objects, their translational velocities are the
velocities corresponding to those several maxima.

At the second step, in order to derive the angular velocity, we
use g2 as the tuning filters and each time fixv = v�, wherev� is
obtained in step one.

h(�1) =
X
�0

X
~b

X
�

j <  ̂~b;�;~v=~v�;a=an;�0;�1 jŝ > j2 (6)

Fromh(�1) we get a series of peaks corresponding to the multiples
of the actual angular velocity��1 , which aren��1 ; n = 0; 1; :::M:

M =
h
2�
��1

i
� 1, where[ ] means taking the integer part. We can

obtain the��1 by taking n=1, i.e, the angular velocity corresponding
to the second peak.

Finally, to reconstruct image at a selected time instance� =
�n, with rotational and translational motion~v�; ��1 ; the algorithm
is as followed:

I(~b) =
X
�0

j <  ̂~b;�=�n;~v=~v�;a=an;�0;�1=��1
j ŝ > j2 (7)

The location of the object corresponds to the peaks inI(~b).

4. ROTATIONAL AND TRANSLATIONAL MOTION
ANALYSIS

Let s(~x) be the still 2D signal, its Fourier transform iŝs(~k). Its
rotating and translating version can be expressed as~s(~x; t) =

s(R(��1t)(~x � ~b� � ~v�t)); where��1 is the angular velocity,~v�

is the translational velocity and~b� is the position of the rotational
axis, it determines whether the rotation is a spinning or an orbiting.
If ~b� lies outside the object, it is orbiting, if it is on the object, it is
spinning.

The Fourier transform of the~s(~x; t) is

~̂s(~k; !) =
R
R2�R
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We can see no matter it is spinning or orbiting motion, the expres-
sion is the same for both cases in our algorithm. Also,ŝ(R(��1t)~k)
is the Fourier transform of the 2D still signal rotating with an-
gular velocity��1 . A special case is when��1 = 0; ~̂s(~k; !) =

e�i
~k�~b� ŝ(~k)�(~k �~v�+!); ~k �~v�+! = 0 is the velocity plane. For

general��1 , in order to integrate out with respect to t, we can use
polar coordinate in frequency domain. i.e, let~k = (� cos �; � sin�)T ,
and denotês(~k) = f(�; �);
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5. SIMULATION RESULT AND ANALYSIS

We have tested our algorithm for both spinning translating motion
(Figures 1 and 2) and orbiting translating motion(Figures 7 and 8)
corrupted by noise. Occlusion also occurs for some time in both
image sequences.

Using our algorithm, we can first derive the translational ve-
locities. For spinning and translating motion, the two peaks locate



at~v = (1; 0) and (0,1) (Figure 3). For orbiting and translating mo-
tion,the two peaks locate at~v = (1; 0) and (1,1) (Figure 9), which
are exactly the translational velocities of the objects.

The next step is to obtain the angular velocity for fixed trans-
lational velocity. For example, in spinning and translating case,
fix velocity ~v� = (1; 0) in the filter g2 ; we can estimate the an-
gular velocity�1. From Figure 4, we can derive a series of peaks
corresponding ton � �

4
within [0; 2�); n=0,1,2,...7. The actual an-

gular velocity corresponds to the 2nd peak, i.e,��1 = �=4. If fix
translational velocity~v� = (0; 1), from Figure 5, we derive the
the peaks corresponding ton � �

3
between[0; 2�), n=0,1,2,...5. So

��1 = �=3. It is the same with the orbiting and translating motion.
Tune g2 to ~v� = (1; 0); the peaks in Figure 10 aren � �

4
within

[0; 2�); n=0,1,...7. The angular velocity��1 can be derived as�
4
:

If tune the filter to~v� = (1; 1); the peaks in Figure 11 aren � �
6

within [0; 2�); where n=0,1,...11. the angular velocity��1 can be
obtained as�

6
:

In order to obtain the location of the objects at each time in-
stance, we can reconstruct the objects undergoing the motions (Fig-
ures 6 and 12), thus enable us to obtain its location by detecting the
peaks of the intensity in the reconstructed images. This step can
be performed for all the� , which enable us to derive a trajectory of
the moving objects. It can be used for tracking and other purpose.

6. CONCLUSION

In this paper, we are developing a new method to achieve motion
estimation for rotational motion composed with translational mo-
tion. The method is original in the sense that it is based on spatio-
temporal angular and translational velocity tuned filters that pro-
vide angular and translational velocities, location and orientation
of all the discontinuities embedded in the digital image sequences.
It is effective for both orbiting and spinning motion. The tech-
nique has been shown to be robust against image noise, tempo-
rary occlusion. Further studies will develop matched filter method
to optimally estimate, track, segment and reconstruct moving ob-
ject according to their actual motion parameters in 3-D+T made of
translational and rotational components from their projections on
the 2D+T image sequences.
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the 1st image from the image sequences with spinning and translating motion
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Figure 1:The first image from image sequences with two ob-
jects undergoing spinning and translating motion. One ob-
ject with initial spinning axis at(8,33) its translational velocity
~v� = (1; 0) and angular velocity ��1 = �=4, the other’s initial
spinning axis is at (33,10), it has ~v� = (0; 1) and ��1 = �=3:
Noise is added.
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Figure 2:The 30th image of the spinning and translating mo-
tion image sequences
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Figure 3:The translational velocity estimation, the two peaks
correspond to ~v� = (1; 0) and ~v� = (0; 1)
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Figure 4:The angular velocity �1 corresponding to ~v� = (1; 0)
for the image sequences. The unit of the x-axis is de-
gree. The eight peaks correspond to n��=4(i.e, 45�n) within
[0; 2�),n=0,1,...7.

0 50 100 150 200 250 300 350 400
1.5

2

2.5

3

3.5

4
x 10

14 angular velocity detection for rotation and spinning motion, v=(10,1)

Figure 5:The angular velocity �1 corresponding to ~v� = (0; 1)
for the image sequences. The unit of the x-axis is de-
gree. The six peaks correspond to n � �=3(i.e, 60�n) within
[0; 2�),n=0,1,...5.

Reconstruction for translation and spinning motion 30th image,
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Figure 6: The reconstructed image for the 30th image from
the image sequences

the 1st image of orbiting and translating
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Figure 7:The first image from the image sequences with two
objects undergoing orbiting and translating motion. One has
initial orbiting center at(16,33), its translational velocity ~v� =
(1; 0); and its angular velocity ��1 = �=4: The other’s initial
orbiting center is at (10,10), its ~v� = (1; 1) and its ��1 = �=6:
Noise is added.
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Figure 8: The 26th image of the orbiting and translational
motion image sequences .

−2
−1

0
1

2
3

−2

−1

0

1

2

3
1

1.1

1.2

1.3

1.4

1.5

1.6

1.7

1.8

x 10
14
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Figure 9:The translational velocity estimation.The two peaks
correspond to ~v� = (1; 1) and ~v� = (1; 0)
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Figure 10: The angular velocity �1 corresponding to ~v� =
(1; 0); The unit of the x-axis is degree. The eight peaks cor-
respond to �=4 � n(i.e, 45�n) within [0; 2�), n=0,1,...,7.
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Figure 11: The angular velocity �1 corresponding to ~v� =
(1; 1); The unit of the x-axis is degree. The twelve peaks
correspond to �=6 � n(i.e, 30�n) within [0; 2�), n=0,1,...,11.

Reconstruction for translation and orbiting motion 26nd image,
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Figure 12: The reconstructed 26th image for orbiting and
translating motion from the image sequences.


