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ABSTRACT In this paper we describe a novel method for frequency-
DOA estimation based on ESPRIT, utilizing the separation

imati be f lated D . bl approach. It exploits the coupling between the space and
imation can be formulated as a Processing probiem Ofy;yq y5riables in the wave equation efficiently and the num-

;Ea set of choupleg 1D pcrjotblems. In ?harrow-g?ndfcases theoer of sensors can therefore be kept very low relative to the
approach can be used to remove In€ need Ior rfeqUeNCyy  yher of sources. Moreover, parameter identifiability is

E.Oﬁ‘ pairing ptr()tgedljlres tt)u_tr';]he pfrlce iﬁn ?Ea ConSIdiz]r‘rjlt’|,3/guaranteed and it is not sensitive to several sources having
igher computational cost. Therefore, the 1D approachavi-g . oo o frequency or DOA.

able alternative in many applications. This paper presents an
ESPRIT based technique using the multiple 1D approach.
It requires few sensors, guarantees identifiability of the pa- 2. SPACE-TIME ARRAY GEOMETRY
rameters and admits several sources on the same frequen
or DOA.

Simultaneous frequency and direction-of-arrival (DOA) es-

?XIe consider a plane problem withnarrow-band sources
present, lying in the far-field of the array. At each snap-
shot the array samples the wavefieldiihspace-time points

1. INTRODUCTION (z1,t1),...,(z0m,tn) € R2 x R. Assuming identical sen-

sors, the complex outpyt € CM of the array can for each

In recent years, a number of high resolution eigenstructuresnapshot be represented on the standard §ormAs + n,
based methods have been developed for the 2D narrow-bandith the steering vectors(wy, k) forming thed columns
source location problem, many of which are based on vari- of A and the signal vectar € C?, respectively, given by
ants of the ESPRIT algorithm. The ESPRIT family of meth-
ods have some well-known desirable features that motivates 2(Wk, ki) =
their popularity; they do not require array calibration, they (1, exp(j (KT (22 — 21)) — wi(ty — 1)), ..
are search free and are fairly robust against array imperfec- T T
tions. ESPRIT can be applied in frequency-DOA estimation +exp( (g (2ar = 21)) —wi(bar = 1)),
either as a 1D method in a separated approach [1]-[4], to s = (a1 exp(j(k{ z1 — wit1)), ...
yield separate estimates of the frequencies and DOAS, or as o agexp(j(rEzy — wath)))T,
a 2D method on the full problem [5],[6]. In the former case
one needs a pairing procedure to find the correct frequency-
DOA pairs, and one must also by some means ascertain thadndn € CM is the noise vector. Heréyy,, k) € (0, 00) x
the pairing problem has a unique solution. The latter canR? s the frequency-wavenumber pair of tieth signal,
be achieved e.g. with the marked subspace device [3],[4].+, is the corresponding (complex) array gain andthe
Methods for the full 2D problem, such as the recently de- (complex) source strength (which is random between snap-
veloped 2Dunitary ESPRIT [6], avoid this obstacle but the shots). The speed of propagation in the medium feence
price paid is a higher numerical cost. Typically, 2D methods ||k,|| = wy/c. The frequencies take < d distinct values
require eigendecompositions on systems of at least the sizeind for any given frequency there are at mpst d — r + 1
d?, whered is the number of sources, whereas for 1D meth- associated wavenumbers. Itis further assumed that the array
ods the size of the systems is approximatglySince the  has the following multiple invariance structure. There are
complexities involved often ar@(n*), wheren is the size  four subarrays, indexed ly= 0, 1, 2, 3, such that for some
of the system, 2D methods can give a considerably highery ,, the N'p space-time pointgz'® ¢\9), ..., (z%) ,t%))
computational cost. Moreover, in 1D methods large parts of sampled by thé:th subarray are related to the others as
the computations can often be performed in parallel, which

is important in real-time applications. 7V =20 2D =20 L A, 2P =22,
1) _ 4(0 2) _ 4(0 3) _
This work was supported by FOA project E6011, Passive Localization. t%) = t%) +7, t%) = tgz )v tn) = tgz, ), (1)



for some nonzerd € R?, 7 € (0,00). The most compact
form of this geometry is depicted schematically in fig. 1.
Directions (angles) of arrival;, are defined relative to the
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Figure 1: An example of the space-time geometry in (1).

displacement vectaA by cos(6x) = & A/(||xk||||A]),
where we assume that all wavenumbejspoint into one
of the halfplanes separated by a line through

The array geometry in (1) is physically realized by at-
taching a tapped delay line pftaps to each oV equidis-

data using 1D ESPRIT applied to (3), providad > d.
Thus, given thatV > d andEss* has full rank the two re-
maining issues that have to be solved before the frequency-
DOA pairs can be successfully estimated are the rank of
A9 and the question of frequency-DOA ambiguity. How-
ever, both these issues can be readily resolved given the ar-
ray geometry in (1). Lep™ = (¢§m), .. .,ap((im))T, define
reRbyr = (r,...,7)T and letf : [0,7]? — [-1,1]¢

be the function that gives the cosine values of the compo-
nents of a vector. Finally, put = (||A||/¢)f and let®
denote the componentwise product between vectors.

Proposition 1. Suppose that no two distinct components of
»V, p» and¢® have the same values. Then for any
threed x d permutation matrice®", P>’ andP{* there
exist threel x d permutation matrice®("), P(2) andP®),
which are unique up to a commahx d row permutation
factor Q, such that the system of equations

POPMpM = _tor
POPF® = ¢og(n) , (5
POPTGY = g0 (9in) —7)

in¢ € (0,00)%,n € [0,7]? has a solution. The permutation
matricesP(l), P® , P® are given b)P(m) — Q(P(()m))_l

tantly positioned sensors. With this space-time geometry, 51 the corresponding solution, which is unique, is given by

the phase shif,bﬁcm) experienced by thi:th signal between
the space-time pointa.’, t) and (z{™, /™) for m =
1,2, 3 is independent ofi and given by

9054;1) = —WkT,
A
o) = w:«”—c“ cos(B), 2)

A
@563) — wk(H - || COS(ek)

— 7-),
where, in order to avoid ambiguities, we assumeaﬂiﬁf €
[—m,m) for all k,m. Lety® n® ¢ CN? denote, re-
spectively, the output and noise vector for il subarray.
Then,

y©@ = A@g 4 n@  y(m) = AOMg 4 n(m) (3)

whereA(®) ¢ CNrxd js the matrix of steering vectors for
subarray number 0 and(™ is the phase factor matrix

3™ = diag(exp(jp\™),...,exp(ie™)). (&)
3. PARAMETER IDENTIFIABILITY

If the noise covariance matrix is known ad® , Fss?
both have full rank the (unordered) phase sh,'rf;‘cgl) can

be straightforwardly estimated from array output covariance

€= Qu, 71 = Q8.

The proof is straightforward and omitted. The result
says that given unordered phase shil&l' ™), there
is only one reordering of them that makes the system in
(5) solvable and the corresponding solution gives the cor-
rect frequency-DOA pairs, but possibly in a different order
(as expressed bg)). In other words, the array geometry in
(1) guarantees that no frequency-DOA ambiguity can exist
(generically). As for the rank oA(°) we can use a result
on Vandermonde matrices. Le{»? c CP*? be the set
of “unit Vandermonde” matrices with thieth row given by
(0)F ., (a)* 1) € CX, oy = -+ = Jua| = 1.

Proposition 2. LetV € V(% pe a unit Vandermonde ma-
trix with no value in the second rogw,, . . ., v4) occurring
with larger multiplicity thang and letD € C**? be a di-
agonal matrix with distinct nonzero entries on the diagonal.
Then, ifp > dand N > ¢ the matrixW € CNPxd given by

A\'%

VD
W = (6)
VDIN71

has full rank & d).

1This holds with probability one under mild assumptions.
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The proof is given in appendix. The result can be di- estimated o
rectly applied to the rank problem @) since this matrix ul e
can be written ad\ (©) = WG, whereW has the structure ¥
in (6) with D of the form (4) anda is a diagonal nonsingu-
lar matrix.? It follows that when the array has the geometry ol
(1) withp > d and N > ¢ the subarray response matrix
A has generically full rank. In other words, whenever the
tapsp attached to each of the sensors in the array is at least .
as large as the number of signd|sand the space poinfs
in each subarray is at least as large as the largest number of o
DOAs at a single frequenay the subarray response matrix
A can be expected to have full rank.

What remains to be addressed is how to actually perform T L
the frequency-DOA pairing. By the geometry of the array T T
the phase-difference vectors satisfy the linear relation Figure 2: Example A, 200 snapshots, SNR = 20dB.

oM + ¢ = ¢, @) - .

estimated ¢
true +

omega

and this suggests the following simple procedure, given the ur
unordered components ¢f™: 1) List the components of

#(™) in an input table and set up an empty output table. 2)
Find indicesk,,, such thatﬁi? + dﬁ) = ¢§€33). 3) Store the T
ordered triple(¢, ¢{>', 6°)) in the output table and re-

moves;), ¢”), ¢\ from the input table. 4) Proceed from B
2) until the input table is exhausted. 5) Finally, calculate the
frequency-DOA pairs using (2). In practice, relation (7) is or
never exactly fulfilled and one has to complement the pair-
ing procedure with some sort of error criterion and fitting
procedure to determine when a best match resembling (7) is “r

found (such as a mean square error criterion, which is what 0w w2 o w0 a
is used in the simulations below).
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Figure 3: Example A, 200 snapshots, SNR = 6dB.

4. SIMULATIONS DOAs are measured in degrees, frequencies are given di-

) . mensionless in multiples &fr and estimates of the phase
In all examples the signal magnitudes:| are constantand  gjferencess™ are computed by TLS-ESPRIT.

equal, and the phases éig) are random with statistically Example AThree sources present, located in the-
independent between signals and snapshots) uniformly dispjane ag0.8 - 27, —55°), (1.7 - 2, 10°) and(1.3 - 27, 33°),
tributed phases. The noise vectors have independent comgggpectively. The number of tapsand sensord in each
ponents with independent Gaussian real and imaginary Partsyparray are = 5, N = 2, the value of- is 0.25, which is a
Estimates of the array output correlation matrix are calcu- qarter of a period at nominal frequency 1, djal| equals
lated by standard averaging of outer products of data vectors; quarter of wavelength at nominal frequency. Scatter plots
and the ‘noise cleaning’ process to obtain the signal outputgpained from 10 runs of 200 samples each are given in
correlation matrix from the array output correlation matrix figs 2,3 for SNR=20dB and SNR=6dB, respectively.

is done by subtraction of a multiple of the identity matrix. Example BSame setting as examplebut with one ad-
The minimal dimension of the composite array output cor- gitional source atl.3 - 2m, —30°) (thusq = 2) andp =
relation matrix has always been used (i.e. matrix sizes haveﬁ’ N = 3. Scatter plots for SNR=20dB and SNR=6dB, re-
been reduced due to overlapping space-time points Wher'spectively, are shown in figs 4,5.

ever possible). The signal-to-noise ratio (SNR) is defined

as SNR= 101log,(d E|s1|?/E|n1|?), wheres;,n, are the

first component of the signal and noise vectors, respectively. 5. CONCLUSIONS

2Als0in the condition thab in this case has distinct components holds 1 € method prgsented can be viewed as an alg?braic fre-
with probability one under mild assumptions. quency separation of the frequency-DOA estimation prob-
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Figure 4: Example B, 200 snapshots, SNR = 20dB.

12 T T

estimated ¢
true +

RS
Il

omega

. . . . . .
-80 -60 -40 -20 0 2 40 60 80
theta (degrees)

Figure 5: Example B, 200 snapshots, SNR = 6dB.

matrices we could form a Vandermonde matrix with distinct
generating elements, which has full rank, so @ik = r
andR(V) = @;_, R(Vi). Now, if Wu = 0 we have

0=Viu, =V Dpu =-.-= VkDiﬁviluk, (8)

fork =1,...,r, whereD; € C™ *" is the submatrix of
D corresponding t&/, in the productVD andu, € C**
is the subvector ofi corresponding td;, in the product
Du. The equalities in (8) can be written compactly as

9)

whereU, € C™* *"* is a diagonal matrix with the compo-
nents ofuy, along the diagonal andi,(c”) € C" is the vector
obtained by stacking the entries on the diagonaDgfon
top of each other. lfy;, # 0 we have rankV,Uy) = 1 and
since(1,d\",...,d\"™") is a (transposed) Vandermonde
matrix with distinct generating elements it has full rank so
(9) impliesny, — 1 > min{N,nt}, i.e. N < np — 1. On
the other handy > nj, andN > ¢ SON > nyg, which is a
contradiction. Henceay;, = 0 for all £ and N (V) = {0}.

0=ViUg1,a",...,d¥y k=1,...r
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