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ABSTRACT 2. DATA MODEL AND DEFINITIONS
Subspace based methods for frequency estimation rely on a low- )
rank system model that is obtained by collecting the observed scalaf "€ N samples of the scalar-valued signdt) are assumed to
valued data samples into vectors. Estimators such as MUSIC and® the sum ofl complex-valued sinusoids in additive zero-mean
ESPRIT have for some time been applied to this vector model. White Gaussian noise

Also, a statistically attractive Markov-like procedure [1] for this () = (Wi t+dr) E—1 d (1)
class of methods has been proposed in the literature. Herein, the Trll) = ke ’ Theend

Markov estimator is re-investigated. Several results regarding rank, d

performance, and structure are given in a compact manner. The y(t) = ka(t) +n(t), t=1,...,N. (2
results are used to establish the large sample equivalence of the k=1

Markov estimator and the Approximate Maximum Likelihood Here,a;, > 0 is the real-valued amplitude. The frequencies=

(AML) algorithm proposed by Stoica et. al.. [wi,-..,wq]” are assumed to be distinct deterministic parameters,
and the phase§p, } are assumed to be uniformly distributed on
1. INTRODUCTION [0, 27) and mutually independent. The noisgt), is assumed to

be independent of the phases and to satisfy
Model based parameter estimation using subspace based methods

can be an attractive alternative to maximum likelihood estimation. . o 7=0,
In order to apply subspace methods, a low rank signal model at E{n(t)n"(t — 1)} = 0 r#0 @)
hand must be available. In some cases, like in array signal process- ’
ing, this structure is present directly in the received data vectors. In E{n(t)n(t — 1)} =0, (4)

other cases, e.qg., sinusoidal frequency estimation, subspace systemh ¢ denot | ‘ugate. Al K matri
identification and blind channel identification, the low rank vector W ere_(~) feEO es E(I)mp_ex gomu%abe' ”ow_ran C;na nx recyjare-
valued data structure can be obtained by applying a temporal Win_sentaltlon'o t elpro em LS obtained by collectmg> d receive
dow to the received data. Vector valued data models obtained fromS@MPI€S 1N a column vector
an underlying scalar valued process are in this paper referred to as T

ying P pap y(t):[y(t) y(t+1) ... y(t—l—m—l)] . (5

windowed data models.
Intuitively, the statistical properties of subspace methods when Here,(-)” denotes the transpose afjf will be used to denote the
complex conjugate transpose. To establish the widely used matrix

applied to windowed data models are different from models where
the low rank structure is physically present in the system. In this model for the vector valued system in (5) we introduce the notation

paper, the statistical properties of subspace based estimators ap-

plied to windowed data models are examined using a subspace x(t) = [ z1(t) x2(t) ... zalt) ]T. )

based sinusoidal frequency estimator as an example. The focus is

thusnoton obtaining a new estimator, but rather on gaining insight This results in the matrix formulation

on the behavior of the studied class of methods. The estimator that

is analyzed here is close to the algorithm presented in [1]. y(t) = Ap(w)x(t) +n(t), t=1,....N-m+1, (7)
Here, we extend the analysis in [1] and show that, by carefully - . . ) _

exploiting the structure, compact expressions for the estimation yvhere the additive noise vectat(¢), is d_eflned sn_mllgrly oy (t)

error covariance can in fact be obtained. In addition, these ex- in (5) and them x d Vandermonde matriA . (w) is given by

pressions enable further analysis of the rank properties of certain 1 o 1

weighting and residual covariance matrices. These rank proper- e e

ties were left as an open question in [1], but they are in fact es- A, (w) = ) ) ) ©)

sential when determining optimal weighting matrices. The results : :

presented here also make it possible to establish the large sample eilm=1w1  Ji(m=T)wg

equivalence of the Markov estimator and the approximate maxi-

mum likelihood approach (AML) in [6]. The equivalence implies The argumentv is omitted in the sequel when not required. The

that the subspace approach provides the minimum asymptotic er-covariance matrixR., of the received windowed sequence is

ror covariance in the class of all estimators based on a given set of . .
covariance estimates. R =E{y(t)y"(t)} = AnSA,, + ol 9)

iwy iwg



where the covariance matr& of x(t) is diagonal with the ele-  whereL is a simple transformation matrix containibg@nd+iI.

mentsa = [af, . . ., a2]” on the main diagonal. The subscript on  The investigated class of estimators can now be written
the identity matrixI,,, indicates the dimension of the matrix. The
eigendecomposition of the covariance matrix is central in subspace w = argmin V, (w) (16)

based estimation methods and is given by -
- Vo (w) = €] (@)W, €, (w), an

R = Z/\kukuz = UsAsU: + UnAnU:L (10)

Pt whereW, > 0 is a symmetric weighting matrix. The subscript

on a quantity indicates that it is real-valued. The method proposed

where the eigenvalues are indexed in descending order and in [1] is a member in the class described in this section.
U, = [ u ... uq ], U, = [ Ugy1 ... Up ],
A =diag[Ai ... Ad], A, =0lp_q4. (12) 4. PRELIMINARIES
The matrixU., spans the same space As,, which is often de- | what follows we discuss different alternatives for how to es-

noted the signal subspace. The maldy spans the orthogonal  (imate the covariance matriR. from which U, in (14) can be
complement, often referred to as the noise subspace. When workyptained. The most commonly used estimat®at
ing with subspace methods, it is in many cases advantageous to

use a parameterization of the noise subspace instead of the signal 1 N-m+1
subspace. In this problem, one noise subspace parameterization is R=— Z y(k)y* (k). (18)
given by them x (m — d) matrix N-m+1 &
T
go - ga 0 ... 0 However, contrary tR, the sample estimatR is not Toeplitz.
0 go ... ga - It turns out that from an analysis point of view it is beneficial to
Gn(g)=| , (12) work with sample estimates that are Toeplitz. A sample covariance
S 0 matrix that is Toeplitz can be obtained as follows. First, estimate
0 ... 0 go ... ga the scalar-valued autocorrelation function by, e.g.,
T .
where the parametegs= [ go, ..., ga | are defined by ) = {NI_T ZiV:TH YOy E—7) T=0,...,m—1,
d ' 7 (—1) T=-1,...,—m+1,
got+giz 4. 4+gazt =ga[[(z—e" %) (13) (19)

k

ThatG,A,, = 0is easy to verify using (12) and (13). The map- then form the Toeplitz structured estimate
ping fromw to g is unique up to a complex scalar multiplication.

1

Since the roots of (13) lie on the unit circle, the polynomial can f(O) f(—m +1)

be written such that its coefficients satisfy the complex conjugate . 1) ... PA(-m+2)

symmetry constrainjy = g5_,, fork =0,...,d. Rr = ; : ; : (20)
Am—1) ...  #0)

3. SUBSPACE BASED ESTIMATOR
] ) ) The difference between the two sample covariance matrices intro-
Subspace based estimators exploit the orthogonality petween thyuced above is only due to “edge” effects. In particular, we have
noise and the signal subspaces. With a sample estiftateof
U, calculated from the collected data samples, the orthogonality R = Rr + O(1/N) (21)
can be expressed according to

(14) whereO(1/N) is the statistical counterpart of the corresponding
deterministic quantity. As is well known, the asymptotic covari-
Here,vec[] is the vectorization operator. The notatios used to ance of the estimates is only dependeni(fi/+/N) terms and
denote estimated quantities. In the noiseless case, the mdfiices the two sample covariance matrices in (21) thus yield estimates of
andG,, are exactly orthogonal, and setting the above residual to the same accuracy when the number of samples is large. Observe
zero yields the true frequencies. When the estimaf® pfs not that, in the finite sample casR, may yield better estimates than
exact but computed from the received data samples, then the freRy, this despite they are asymptotically equivalent. Since the sta-
quency estimates obtained by minimizing the norm of the residual tistical analysis is simplified considerably if the Toeplitz structure
vector are consistent. Note that, for simplicity, the noise subspacecan be used, we assume in the analysis Fhats used in the es-

parameterization is considered to be a functiorwofather than  timator. However, note that the analysis is still valid for bt
g. The approach of [1] is to estimade by minimizing a weighted andR

norm of particular linear combinations of the real and imaginary
parts ofe(w) in (14). To describe this mathematically, we first
define the real valued residual vector

_ | Re{e(w)} | _ | €(w)
er(w) = { Im{e(w)} ] _L[ €(w) ] (15) r=[r(-m+1) r(-m+2) ... r(m-1) ]T. (22)

e(w) = vec[U:G,, (w)] ~ 0.

Toeplitz matrices are completely determined by their first row
and column. These elements in the Toeplitz covariance m&r;x,
are for notational convenience collected in the vector



The Toeplitz structure dR and the noise subspace parameteriza- where we have definel, = A, — ¢I. For a proof of the second
tion matrix, G,,, imply that also the product of these two matrices equality in (31) see, e.g., [1]. The third equality follows from the
is Toeplitz with the k, [)-element equal to large sample equivalence & and Rr. By making use of the

formulavec[ABC] = (C” ® A) vec[B] for any matricesA, B,
23) andC of compatible dimensions we can rewrite (31) as

d
6k—l = [RGm]k,l = ngT'(k' — l —p). .
p=0 €= (In-q® A, 'U?) vec[RrG,,] + O(1/N)

Thus, the product can be written =(Inog ® K;le)QG’gm,lf + O(1/N), (32)

do 01 0_(m—d-1) where the sample counterpart to (30) has been used in the second

01 do 0 (m—da) step. This relation shows that it is only necessary to study the
RGn = : : (24) statistical properties o€35,,_: % in the sequel. Before studying

5 : 6- these statistical properties we introduce the notation
m—1 d ~_
_ T L (L,_,0A; U)Q. (33)
Analogous to (22), the elemenisare collected in the vector ] ) o ) ) )
With this definition the residual vector is compactly written
6=1[0 5 Sm-1 |7, (25) .

=[ 0-m-da-1) O—(m-a-2) m-1 ] €= UGS, i+ O(1/N). (34)

The reason for collecting the elements in the Toeplitz matrices in This formula separates the residual in a product with two factors.
vectors is that it facilitates tracking of single elements. This turns The first factor ¥, describes the structure in the residual originat-
out to be most useful in the statistical analysis in the sequel. It ing from the Toeplitz structured covariance estimate. The second
follows from (23), (12), and the complex conjugate symmetry of factor,G3,,_;#, contains the “statistical kernel” of the residual.

gk that a short hand formula f@r is given by
0= G;m—lr' (26)

Now, define then x (2m — d — 1) matrices

Qk:[ 0 L. On,xk ], k=0,1,...,m—d—1. (27)
Placed on top of each oth&),. define the new matrix
T
Q=[Q Qf ... Q.. ] - (28)

Itis now easily verified that
RGp =[ Qb Qid

and, hence,

Qu-a—16 ] (29

vec[RGn] = QG3,, 1t (30)

Theorem 1. Let wo denote the true frequencies aad= e(wo)
the corresponding residuals defined in (14). Then

¥ = lim NE{ee'} =0’¥G3,,_Gop 1¥*
N—> oo

S = lim NE{ee'} = (I @ D")
N—>oo

%, = lim NE{e-€ }
N—oo

:L[U;D

2LYL".

)]2[1 @eD") |L°

Here,D = UTJU, is a unitary diagonal matrix and thém —
d) x (m — d) matrixJ is the exchange matrix with ones along the
anti-diagonal and zeros elsewhere.

Equation (30) is used extensively in the statistical analysis of the pyoot: gee 13].

estimator. Given a Toeplitz estimate Bf, e.g.,Rt, we can in an

obvious fashion define sample versions of the above quantities.

5. STATISTICAL PROPERTIES OF THE RESIDUAL

When using the results in Theorem 1 to determine optimal
weighting matrices for the class of subspace estimators described
in Section 3, the rank and range properties of the residual covari-
ances are important. From Theorem 1 it is clear Bais rank
deficient if and only if® is not full row rank. This observation is

To analyze the performance of the frequency estimators as in (16),the reason for writing the residual on the special form in (34). The
it is necessary to determine the second order moments of the residfollowing theorem, proved in [3], specifies the rank®f

ual in the cost function. This has been accomplished previously +1.orem 2. Consider thel
in [1]. However, the complicated expression for the residual co-
variance matrix in that contribution obstructs the analysis. In this
section, compact matrix expressions are derived for the covariance
matrix of the residual and the rank properties of this matrix are
established. The explicit determination of the rank and the null
space of the residual covariance matrix were left as open question

in [1].

(m —d) x (2m — d — 1) matrix ¥
defined in (33). If the number of sinusoids is equal to ehe (1),

or if the columns inA,, (w) are orthogonal, themank{¥} =

m — 1. Otherwise, when the number of sinusoids is strictly greater
than one, { > 1), and the columns i ,,, (w) are not orthogonal,
thenrank{¥} = 2m — d — 2.

S

For the case of only one sinusoid or orthogonal colummsif{w),

We obtain the large sample covariance of the residual by re- the result of Theorem 2 together with the observation that
lating the statistical properties of the residual vector in (14) to the G2m-1Gam—1 is a full rank matrix yield that the dimension of

properties of the sample covariance matrix via
€ = vec[U:G,,] = vec[A, ' UIRG,,] + O(1/N)
= vec[A, U:R:G,,] + O(1/N) (31)

the null space o is: dim N (X) = (d — 1)(m — d — 1).

When the sinusoids are more than one and the columds,in
are not orthogonal we géim A (X) = (d —2)(m—d —1). The
conditions for when the residual covarianeeis positive definite
(dim N (X) = 0) are summarized in Table 1.



Comment on rank

1 3 > 0 holds for allw
2 ¥ > 0 if either the sinusoids are “non-orthogonal”
orm=d+1.
>2 X>0o0nlyifm=d+1.

Table 1: Conditions for wheR is positive definite.

6. STATISTICAL ANALYSIS

In general, we assume that the weighting ma¥W% may depend

approach provides the minimum asymptotic error covariance in
the class of all estimators based on a given set of covariance esti-
mates.

Observe that the theorem is derived under the assumption that the
sinusoids are non-orthogonal. Surprisingly, the result in the the-
orem is not valid when the sinusoids are orthogonal. Numerical
investigations indicate that the subspace based estimator is in the
orthogonal case equivalent to ESPRIT and thus suboptimal! For
non-orthogonal sinusoids the equivalence of AML and the sub-
space based estimator is perhaps somehow surprising since AML
explicitly exploits the diagonal structure 8f SinceUs, is com-

on the parameters as well as on data. However, in the analysisputed without the constraint th& is diagonal R is Toeplitz),

presented below, we consid®, to be a constant parameter in-
dependent matrix. Sinae. = O(1/v/N), this is valid asymptot-
ically. The statistical analysis is separated in two parts. The first

this is not obviously the case for the subspace method discussed
in this paper. In comparison, neglecting the exploitation of a diag-
onal signal covariance matrix (uncorrelated sources) in direction

part solely treats the subspace estimator whereas the second pagstimation results in suboptimal performance [2].

establishes the large sample equivalence to AML in [6]. From the
theory presented in, e.g., Appendix C4.4 [5], it follows that the
large sample covariance for the subspace based estimate is

lim NE{(w — wo)(w —wo)”}
N—o0
=(®/W,.&,) '® W, X, W,&,.(&, W, ®,)"". (35)

Here,®, is the limiting Jacobian of the real-valued residual vector
evaluated at the true frequencies,

&, = lim 2
N—=oo Bw

(36)

w=wq

Next, we show how to choose the weighting maf¥&, so that
the estimation error covariance in (35) is minimized. It is well
known that if33, is non-singular then an optimal weighting matrix
is given byW, = 3. '. However, heres, is singular and an-
other approach is necessary. It is shown in [3] thain {®,} C
span {X,} holds. Heregspan(-) denotes the range space of the
corresponding matrix. When this relation holds it follows from
the theory for weighting with pseudo-inverses [4] tN&t, = 3
minimizes the estimation error covariance. Herg, denotes the
Moore-Penrose pseudo inverse; see, e.g., [4].

Theorem 3. Assume that the frequency estimatis given by (16)
with the weighting matrix given bW, = 3! = L®L*. Then
w is the asymptotically best consistent estimate within the class of

subspace based estimators and in large samples it converges to 42]

distribution with the covariance
Jim NE{(& — wo)(@ — wo)'} = (@l'ni®,) !
— 00

In [3] it is shown that the performance of the optimally weighted

real-valued estimator can also be obtained without separating the

residual in its real and imaginary parts.

The optimal subspace based estimator is now shown to be
equivalent to the asymptotic maximum likelihood frequency esti-
mator (AML) proposed in [6]. The AML algorithm is in principle

a weighted least squares fit of the estimated covariance and the

parameterized version thereof in (22). In [3] it is proved that:

Theorem 4. Assume that the sinusoidal frequencies are such that
not all the columns im.,,, are orthogonal, then the large sample

7. CONCLUSIONS

Herein, a Markov-like subspace based procedure for sinusoidal
frequency estimation has been re-investigated. Compact formu-
las for the covariance matrix of the residual in the criterion func-
tion have been derived. These expressions facilitated an analysis
of the estimator and with certain rank considerations optimality
claims were established. In addition, the large sample equivalence
to AML in [6] was established using these expressions.

The rank investigations show that when the number of sinu-
soids is one or two, then the residual covariance matrices are in
most cases full rank and the optimal weighting matrices can be
computed using standard matrix inversion. However, when the
number of sinusoids is strictly greater than two, then these matrices
are always rank deficient. In addition, the dimension of the null-
space of the residual covariance matrix depends on the sinusoidal
frequencies to be estimated. This complicates the computation of
the optimal weighting matrices. Some comments on implementa-
tional aspects can be found in [3].
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