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ABSTRACT are parametrised by amknownparametei. For example in dig-

o . . " ital modulation the actual signal levels are determined by a single
Estimation of the state levels of a discrete-time, finite-state Markov parameter related to signal amplification. We wish to estimate

chai_n hidde_n in c_oloqred Ga_ussian noise and s_ubjecte_d to gnknowr‘from the observationéy(k)} in (1). The main idea in this paper is
nonlinear distortion is considered. If the nonlinear distortion has 4 show that extreme value theory for HMMs yields three possible
almost linear behaviour for small values near zero or for large val- ;. ariant distributions for the extremes of a sequence of HMM ob-
ues, extreme value theory can be applied to the level estimationggyations. The unknown level paramexaran be estimated from
problem, resulting in simple estimation algorithms. The extreme {heaqe distributions by simple curve fitting with a unique global so-
value-based level estimator is computationally inexpensive and has ;iony unlike the ML estimation of HMMs. which can be plagued
potential applications in data measurement systems where inaccuby local stationary solutions. '

racies are introduced by dead zones or saturation in sensor char-" tha hidden Markov model in (1) is encountered in signal pro-

acteristics. The effectiveness_ of the_ new level estimator is demon'cessing and control applications where sensors used for data mea-

strated by way of computer simulations. surement may have dead zones or nonlinear response for small
input signals, and exhibit saturation for large input signals, result-

1. INTRODUCTION ing in missing or nonlinearly distorted measurements. Extreme

value theory can be applied to all these cases to glean useful in-

A significant amount of research has been directed at the estimaformation about the underlying signal from statistical extremes of

tion of hidden Markov models (HMM) using maximum likelihood —nonlinearly distorted observations.

(ML) estimation methods. In this paper we explore the use of ~ The paper is organised as follows. Section 2 provides an over-

statistical extremes in estimating the levels of an HMM subjected view of extreme value theory. In Section 3 the level estimation

to unknown nonlinear distortion, which makes the application of problem is defined and extreme value-based algorithms for level

ML methods computationally infeasible. The nonlinear distortion estimation are developed. Section 4 presents simulation examples

is assumed to represent anknown nonignorable missing data  to illustrate the application of the algorithms.

mechanism If the missing data mechanism produces left or right

censored observations, which implies that either the right or left 2. EXTREME VALUE THEORY

tail of the data distribution can be observed without distortion, re-

spectively, extreme value theory can be applied to the level estima-2.1. Maxima of i.i.d. Sequences

tion problem. Likewise, if the observed data are subject to double

censoring, such as truncation, the minima of the absolute values

of observations can be used to estimate the levels of an HMM by : . o Ve g

invoking extreme value theory. y(IN)} with common cumulative distribution function (c.d.#)(z)

Suppose that the observations available to us are generated by Pr{y(i) <z} i=1,2,...,N.ie,
the functional My = max(y(1),y(2),...,y(N)). 2

Let M denote themaximumin a sequence ofV independent

identically distributed (i.i.d.) random variabldg(1), y(2),...,

y(k) = ‘7:(<$(k)7g/\> + n(k)) (1) Classical extreme value theory is concerned with the asymptotic
distribution of My asN — oo. If F(z) is known, the c.d.f. of
whereF : R — R is an unknown nonlinear function with lin- My is given by
ear behaviour either for large positive and/or negative values or for _
small values of its argument near ze{q,) denotes inner product, Pr{My <} =Pr{y(l) S o,y <w,...,y(N) S}
x (k) is a discrete-time, finite-state Markov chain with level vec- = F" (). 3)
tor g, , andn(k) is a possibly coloured noise process with known

marginal distribution. Assume that the levels of the Markov chain According to extreme value theory, the asymptotic nondegen-

erate c.d.f. ofMy must belong to one of three possible distribu-
This work was supported by the Australian Research Council (ARC) tiONS if it exists. The particular asymptotic distribution can be de-
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Processing (CSSIP). y(7), thereby making knowledge @t (z) for all z unnecessary.




We are interested in determining the limiting c.df(z) that
F(x) converges to a® — oo under appropriate choices of nor-
malising constantay > 0 andby

Pr{an(My ©by) <z} < G(z), N — o0 4
where s denotes convergence at continuity pointsGiz). If
such a nondegenerate distributi@ir) exists, then it must belong
to the class ofmax-stablaistributions that satisfy the relationship
G" (anz+by) = G(z) for agivenN and some constantsy and

bn. All possible max-stable distributions have one of the follow-

ing three parametric types, which are also known asettieeme
value distributions

Type | (Gumbel distribution):
G(z) = exp(&e™™), oo < < oo.
Type Il (Fr échet distribution):

G(z) 0 r<0
~exp(ez®) a>0,2>0.

Type Il (Weibull distribution):

Glz) = {exp(@(«::)ﬁc)a) a>0,z<0
1 x> 0.

Equation (4) can be rewritten as
FN(uN) & G(r), unv 2z/an +bn. (5)

If the convergence in (5) hold€(z) is said to be in thelomain

of attractionof G(z). The necessary and sufficient conditions for
convergence of'(z) to one of the extreme value distributions have

been documented in [1]. In general Ffz) has a finite right end-
point, i.e.,sup{z : F(z) < 1} < oo, and a jump discontinuity at
it, thenG(x) is degenerate. For continuof¥z), G(x) is usually
of Type I. If the right endpoint of(z) is finite with no jump at it,
G(z) will have the Type IlI limit.

2.2. Maxima of HMM Observations

We are interested in extending the classical extreme value theory

Definition (The Condition D(ux)). For a given sequendg: }
and any positive integels < i1 <2 < --- < ip < J1 < J2 <
- < Jg < N with ji <, > [, if we have

|le Vipailsriq (uN, . ,uN)

<:>Fi1,...,ip (uN,... ,uN)Fjl,___,jq (uN,... ,uN)| < an,

wherean,, — 0asN — oo for some sequendey = o(NN),
the conditionD(ux) is said to hold.

Let{¢(i)} denote thessociated independent sequentech
has the same marginal c.d.f. &§g(7)}, but with i.i.d. elements.
Defining My 2 max(§(1),5(2),...,§(N)), the relationship
between the dependent sequefigéi)} and the associated inde-
pendent sequendgj(7)} is given by theextremal indeX:

Pr{MN <un} & Gz) & Pr{My <uvn} S G(z) (7)
wherevy = z/ay + by and0 < 6 < 1. The c.d.f.sG(z) and
GY (x) are of the same type sin€4z) is a max-stable distribution.
2.3. Distribution of Minima

Let my denote theminimumterm in the sequencéy(1), y(2),
S y(N)}ie,

The distribution ofm v is given by
Pr{imy <z} =
1ePr{y(l) > z,y(2) > z,... ,y(N) >z}
N

=1e(leF(v))

whereF(z) is the marginal c.d.f. ofy(i)}. The possible nonde-
generate limiting distributionf (z) satisfying

Pr{cy(my <dy) <z} <> H(z) 9)

for suitable linear normalisation constants > 0 anddy are
Type | (Gumbel distribution):

H(z) =exp(&e™™), oo << oo.

results for i.i.d. sequences to dependent sequences such as HMMSpre Il (Fr échet distribution):

Letus assume thdy (1), y(2), ... ,y(IN)} is a stationary and de-

pendent sequence, e.g., an HMM. In this case (3) takes the form

Pr{My <z} =Pr{y(1) <z,y(2) <=,...,y(N) <z}
2P, nz,... )

where Fi»,... n(z,z,... ,x) is the joint distribution of the de-
pendent sequendg(:) }, which may be unknown or hard to com-

pute. The advantage of extreme value theory in this case is that
it provides an asymptotic result for extreme order statistics that

depends only on the marginal distribution{af(¢)} under some
weak conditions on the dependent sequence.

The existence of a nondegenerate distributitf) such that
for a suitably chosen linear normalisatiey > 0 andby

Fio,.. v(un,un,... un) € G(z) (6)
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Type Il (Weibull distribution):

0 r <0
H =
() {1 @exp(mﬁ) B8>0,2>0.

The three distributions listed above amén-stabledistribu-

tions defined b)(l@H(ch+dN))N = 1<H (z) for appropriate
constantgy anddy .

3. HMM LEVEL ESTIMATION

hinges on the rapid decay of dependence between the successivé/e will first state the model assumptions for the estimation prob-
elements of y(¢)} [1], which is assured by the satisfaction of the lem and then propose estimation procedures for two general forms
conditionD(un ). of nonlinearity.
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Figure 1: Observation model.

3.1. Observation Model Assumptions

The generic observation model of (1) is schematically shown in
Fig. 1. Letz (i), i € Z™, define anM-state (4 < oco) homoge-
neous Markov chain with state spape, es, . .. , e } Wheree;

is theith unit vector inR™ with zero entries except for itgh en-

try which is one. LetP denote thel\/ x M transition probability
matrix with its (¢, j)th entry given byp;; = Pr{z(k + 1) = e; |
z(k) =e;} andy M pi; =1Vie {1,2,...,M} (e, Pisa
stochastic matrix).

The stationary Markov chain distribution= [s1,... ,sm
is given by thePerron-Frobenius(PF) eigenvector ofP?, where
s; = Pr{x(k) = e;} ask — oo. The PF eigenvector is defined
by

]T

We assume that is known. In most cases of intereswill have
the forms = [1/M, ... ,1/M]7,i.e., equally likely Markov states
ask — oo.

The output of the Markov chain is given by the inner product
u(k) = (z(k), g,) whereg, = [g1(\), 9>(N), ... , g (V)] is
the vector of Markov chain levels parametrised byuwknown
parameter\. The functionsg;(\) are assumed to have a known
explicit form. For example, in the case of a binary Markov chain,
we will haveg, = [e\, \]T.

The noise process(k) in which the Markov chain is embed-

ded is assumed to be stationary and possibly coloured, to have a

known marginal distribution, to be in the domain of attraction of

a nondegenerate extreme value distribution, and to satisfy the dis-

tributional mixing conditionD(uy). Hidden in additive station-

ary noise, the Markov chain outputs can be regarded as a chain

dependent process [2, 3].
Below we outline two algorithms for estimating based on
the invariant distribution of the extremes of an HMM.

3.2. Algorithm 1: Estimation of Levels from Maxima of Mix-
tures

In most practical cases the additive noisg:) will have a Gaus-
sian marginal distribution with zero mean and varianégi.e.,

1 . u?
If the conditionD(ux) is satisfied byn(k), then the maxima of
{y(k)} will be in the domain of attraction of the Type | distribu-

tion [3]. The estimation procedure consists of segmenting the ob-

servation sequencfy(k)} into L subsequences of lengfti and

then fitting the maxima of individual subsequences to the Gumbel

distribution in accordance with (7)
PI‘{MN,i SUN} 4%-)(;'9(1‘), 7

=1,...,L

where My ; is the maximum of theéth subsequence. Sing¢e is
finite, an exact fit is not possible. The parameterndb of the
Gumbel distributionG'(a(z + b)) = exp(«e *(**)) are given
bya = 1/any andb = an(by + Inf). Maxima of the Markov
chain hidden in coloured noise will have the following marginal
mixture distribution

<% ;F(x <:>gz()\))> & G(a(z +1)). (10)

Once the estimates af andb have been obtained, the parameter
A can be estimated by minimising a distance measure, such as the
squared’» norm, between the left and right sides of (10).

The maximum likelihood estimatesandd are given by the
solution of the following system of equations

L
6ab§ :efaMN_i =L
i=1

1 S0, Myge “Mvi -
i= 5 —— M .
L

-+
L —aMpy ;
L Y€ *

3.3. Algorithm 2: Estimation of Levels from Truncated Data

The procedure for level estimation from minima is similar to the
procedure in the previous subsection. Assuming that the values
of y(k) near zero are not distorted nonlinearly, we will divide
{|y(k)|} into L subsequences of lengfi and then fit the min-
ima of subsequences to the Type Il distribution (i.e., the Weibull
distribution):

Pr{cN(mN,i <dy) < x} & H(z), i=1,...,L
wherem y; is the minimum of theth subsequence. The parame-
tersa andg3 of the Weibull distributionH (z) = 1 <exp(«<z® /a)

are estimated from thex v; with marginal mixture distribution

M/2

2 Z (F(z ©gi(\) &F (e <:>gi()\)))

lelle—
(romr>

& H(z) (11)

‘where the left-hand side reflects the folding effect of absolute value

operation. The level parametaris estimated by minimising a
distance measure between the left and right sides of (11).

The maximum likelihood estimatesand 3 are obtained by
solving the following system of equations ferandg

1 5
a=— mly
L2 "

L

B

L 8 L
_LZizlmN,ilnmNi<:> 0w s
S 2 lumws

i=1 TN i=1

4. SIMULATION EXAMPLES

Consider an HMM with transition probability matrix

0.3 02 02 03
pP— 02 04 0.2 02
102 02 04 0.2
03 02 02 03
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Figure 2: Markov chain outputu(k)} and its noisy and distorted
version{y(k)}.

and levelsg, = [&3), <\ )\, 3)\]7. The additive noise:(k)
is Gaussian with zero mean and autocorrelafity(0) = 5.00,
Rn(1) = <2.78, R, (2) = 1.40, R,(3) = ©1.28, R,(4) =
<0.20, R, (5) = 1.00.

Suppose€{y(k)} is nonlinearly distorted for small HMM out-
puts. We can then use the maxima of subsequencég(&f} to
estimate\. For A = 1, the first 200 points ofi(k) andy(k) are
shown in Fig. 2. FotV = 50 and L = 100, the Gumbel distri-

bution and the distribution of the associated independent maxima
fitted to observed maxima are shown in Fig. 3. The Gumbel pa-

rameter estimates afe= 0.8602 andb = 6.2365, and the level
estimate is\ = 0.9943. Fig. 3 shows that the level estimation will
not be affected by nonlinear distortion fgtk) < 4.5.

If the HMM outputs go through an unknown nonlinearity caus-
ing saturation, then the minima §fy(k)|} can be used. The first
200 points ofu(k) and|y(k)| are shown in Fig. 4. The Weibull

distribution and the c.d.f. of associated minima fitted to the min-

ima of {|y(k)|} are shown in Fig. 5. The fit results dn= 0.0748,

£ = 1.0380 andA = 0.9679. According to Fig. 5, any nonlinear
distortion for|y(k)| > 0.3 will not affect the level estimate.

5. CONCLUSION

We have developed level estimation algorithms for HMMs in col-

oured noise observed through nonlinear distortion. Subject to the

nature of the nonlinearity, maxima or minima of distorted HMM

outputs are shown to be usable for the purpose of level estimation

in very small signal-to-noise ratios.
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Figure 3: Extreme value distributions fitted to maxima.
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Figure 4: Markov chain outputu(k)} and distorted HMM obser-
vations{|y(k)|}.
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Figure 5: Extreme value distributions fitted to minima.



