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Wklv sdshu dgguhvvhv wkh sureohp ri hvwlpdwlqj vlqxvrlgdo
iuhtxhqflhv lq dgglwlyh dqg pxowlsolfdwlyh froruhg qrlvhv1
Vshfl�f \xoh0Zdonhu htxdwlrqv |lhog vhfrqg0rughu vwdwlvwlf0
edvhg hvwlpdwhv1 Wkh iuhtxhqf| hvwlpdwhv duh vkrzq wr eh
dv|pswrwlfdoo| qrupdoo| glvwulexwhg1 Wkhlu dv|pswrwlf fr0
yduldqfh lv ghulyhg1

41 LQWURGXFWLRQ DQG SUREOHP IRUPXODWLRQ

Dgglwlyh qrlvh prghov kdyh ehhq lqwhqvlyho| frqvlghuhg lq
pdq| vljqdo surfhvvlqj dssolfdwlrqv1 Lqghhg/ wkhvh prg0
hov doorz wr dssur{lpdwh d odujh fodvv ri sk|vlfdo phfkd0
qlvpv frqwdplqdwhg e| phdvxuhphqw qrlvh1 Lq sduwlfxodu/
wkh sureohp ri hvwlpdwlqj wkh iuhtxhqflhv ri vlqjoh ru pxo0
wlsoh vlqxvrlgv frqwdplqdwhg e| Jdxvvldq ru qrq0Jdxvvldq
dgglwlyh qrlvh kdv uhfhlyhg pxfk dwwhqwlrq lq wkh olwhud0
wxuh ^8` ^9`1 Xqiruwxqdwho|/ prvw hvwlpdwlrq surfhgxuhv
fdq idlo gudpdwlfdoo|/ zkhq wkh vljqdo lv frqwdplqdwhg e|
qrq0dgglwlyh qrlvh frpsrqhqwv1 Pxowlsolfdwlyh qrlvh +PQ,
kdv ehhq vkrzq wr eh d vxlwdeoh prghoolqj iru vrph qrq0
olqhdu qrlvh h�hfwv1 Iru lqvwdqfh/ pdq| sureohpv hqfrxq0
whuhg lq udqgrp frppxqlfdwlrq prghov +idglqj fkdqqhov,/
Vrqdu/ ru Grssohu v|vwhpv frqfhuq kduprqlf vljqdov fru0
uxswhg e| pxowlsolfdwlyh dqg2ru dgglwlyh qrlvh1 Iuhtxhqf|
hvwlpdwlrq lq PQ frqwh{w kdv wkhq ehhq lqwhqvlyho| vwxg0
lhg xqghu pdq| gl�huhqw k|srwkhvhv1 Iru h{dpsoh/ wkh iuh0
txhqf| hvwlpdwlrq sureohp iru d vlqjoh vlqxvrlg lq PQ zdv
dgguhvvhg lq ^4`/ ^:`1 Lq ^4`/ wkh PQ zdv prghohg dv d sdud0
phwulf prgho/ zkrvh sdudphwhuv fdq eh hvwlpdwhg iurp wkh
revhuydwlrq dxwrfruuhodwlrq ixqfwlrq1 Lq ^:`/ wkh dxwkruv
sursrvhg wr xvh f|folf vwdwlvwlfv iru wkh vlqjoh iuhtxhqf| hv0
wlpdwlrq sureohp1 Wkh iuhtxhqf| hvwlpdwlrq iru pxowlsoh
vlqxvrlgv lv ri frxuvh pruh frpsolfdwhg1 Vwdwlrqdu| ru f|0
forvwdwlrqdu| dssurdfkhv zhuh ghyhorshg iru wklv nlqg ri
sureohp ^7` ^;`1 Wklv sdshu vwxglhv d qhz iuhtxhqf| hvwlpd0
wlrq dojrulwkp iru d vxp ri udqgrp vlqxvrlgv hpehgghg lq
pxowlsolfdwlyh dqg dgglwlyh froruhg qrlvhv1 Wkh qrlvh sure0
delolw| ghqvlw| ixqfwlrqv +sgi, dqg sdudphwhuv duh dvvxphg
xqnqrzq1 Zh frqvlghu wkh iroorzlqj prgho=
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�� ULtE/�?nx�� n �E?� +4,

' eE?�%E?� n �E?�

zkhuh=

4, %E?� lv wkh vxp ri R udqgrp kduprqlfv1 Wkh dqjx0
odu srvlwlrqv /� duh ghwhuplqlvwlf frqvwdqwv lq wkh lqwhuydo
dfc 2Z�1Wkh x�*v duh xqlirupo| glvwulexwhg udqgrp yduldeohv
lq dfc 2Z�/ zklfk duh lqghshqghqw ri eE?� dqg �E?�1 Wkh
dpsolwxghv �� duh xqnqrzq dqg ghwhuplqlvwlf frqvwdqwv1

5, wkh PQ eE?� lv prghoohg e| dq PD+^, surfhvv gulyhq
e| dq l1l1g1 vhtxhqfh zlwk xqnqrzq sgi=

6, wkh dgglwlyh qrlvh �E?� lv dq PD+^�, surfhvv zlwk xq0
nqrzq sgi +qrwh wkdw wkh dgglwlyh qrlvh lv zklwh li ^� ' f,1

Wkh prgholqj ri wkh dgglwlyh dqg pxowlsolfdwlyh qrlvhv
�E?� dqg eE?� e| d sdudphwulf PD prgho fdq eh mxvwl�hg
e| wkh idfw wkdw iru dq| frqwlqxrxv vshfwudo ghqvlw| 7Es �/ dq
PD surfhvv fdq eh irxqg zlwk d vshfwudo ghqvlw| duelwudu|
forvh wr 7Es � +^6`/ s1 465,1 Wkh dojrulwkp ghyhorshg lq wklv
sdshu lv edvhg rq vhfrqg0rughu vwdwlvwlfv1 Krzhyhu/ lw lv lq0
whuhvwlqj wr qrwh wkdw lw fdq eh jhqhudol}hg wr kljkhu0rughu
vwdwlvwlfv +KRV,1 Lqghhg/ wkh KRV0edvhg dojrulwkp fdq eh
xvhg zkhq wkh dgglwlyh qrlvh lv Jdxvvldq/ zlwkrxw vshfl�f
vwuxfwxuh +qrw qhfhvvdu| PD,1 Zh hpskdvl}h wkdw wkh sur0
srvhg hvwlpdwru grhv qrw uhtxluh dq| nqrzohgjh uhjduglqj
wkh glvwulexwlrq ri wkh surfhvvhv eE?�/ %E?� dqg �E?�1 Krz0
hyhu/ wkh PQ eE?� lv dvvxphg wr kdyh qrq0}hur phdq1
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Ohw >r ' . drE?�o ghqrwh wkh phdq ri wkh vwdwlrqqdu| udq0
grp surfhvv rE?�/ �r

&E4� dqg �r
&E4� lwv &|�0rughu prphqw

dqg fxpxodqw frpsxwhg dw odj 4 ' E4
�
c 4

2
� � � c 4&3��1 Wklv

sdshu dvvxphv wkdw wkh pxowlsolfdwlyh qrlvh eE?� kdv qrq0
}hur phdq/ l1h1 >e �' f1 Lq wklv fdvh/ wkh �- sdudphwhuv
duh hvwlpdwhg iurp wkh gdwd xvlqj dssursuldwh vhfrqg0 ru
kljkhu0rughu vwdwlvwlfv1

Iru euhylw|/ wkh vwxg| lv frqgxfwhg zlwk fryduldqfhv/
dvvxplqj wkdw dgglwlyh qrlvh �E?� lv d +Jdxvvldq ru qrq0
Jdxvvldq, ��E^�� surfhvv1 Krzhyhu/ lw frxog eh jhqhudo0
l}hg wr kljkhu0rughu fxpxodqwv zlwk wkh vdph dvvxpswlrqv
rq �E?�/ dv zhoo dv iru dq| srvvleo| qrq0�� Jdxvvldq fro0
ruhg dgglwlyh qrlvh1

Vlqfh wkh surfhvvhv eE?�/ %E?�/ dqg �E?� duh lqghshqghqw/
lw iroorzv wkdw
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Ohw E@&�&'fc���c2R ghqrwh wkh frh!flhqwv ri wkh sro|qrpldo

�E5� '

R\
�'�

�
�3 2 ULtE/��5

3� n 5
32
�
�

'

2R[
&'f

@&5
3&

zlwk @f ' �1 Wkh fryduldqfhv �%
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Wklv odvw htxdwlrq lv ydolg rqo| li �43 �� : 4@ E^c ^�� iru dq|
� M tfc � � � c 2R�1 Wkhuhiruh/ wkh ydolglw| frqglwlrq +ghqrwhg
frqglwlrq D, lv

frqglwlrq D= 4 : 4f
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Ht1 +7, vkrzv wkdw wkh frh!flhqw yhfwru @' E@�c � � � c @2R�
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vdwlv�hv wkh iroorzlqj htxdwlrq +surylghg wkdw frqglwlrq D
lv yhul�hg,=
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2E6c 4� lv wkh Wrhsolw} pdwul{ zkrvh
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zkhuh E��r ghqrwhv wkh Prruh0Shqurvh svhxgr0lqyhuvh1 Vhy0
hudo uhpdunv duh qrz dssursuldwh=

E�� Ht1 +8, vkrzv wkdw wkh frqglwlrq >e �' f lv uhtxluhg1
Lqghhg/ zkhq >e ' f/ �+

2E6c 4� ' f dqg U+2E6c 4� ' f1
E2� Ht1 +8, fdq eh rewdlqhg iru rughuv & : 2/ ohdglqj

wr �+

&E6c 4�c � � � c 4&3���@ ' 3U+&E6c 4�c � � � c 4&3��/ surylglqj
wkdw dssursuldwh uhodwlrqv ehwzhhq 4�c 42/� � �/ 4&3�/ R dqg ^
duh vdwlv�hg1

E�� Ht1 +8, zdv ghulyhg dvvxplqj wkdw wkh PD rughuv ^
dqg ^� zhuh nqrzq1 Krzhyhu/ li wkhvh rughuv duh xqnqrzq/

ht1 +8, fdq eh hdvlo| prgl�hg e| uhsodflqj ^ dqg ^� e|
xsshu erxqgv ^ dqg ^�1

Lq sudfwlfh/ wkhruhwlfdo fryduldqfhv +ru fxpxodqwv, duh
xqnqrzq dqg vkrxog eh uhsodfhg e| vdpsoh fryduldqfhv +ru
fxpxodqwv,1 Rqfh wkh hvwlpdwh e@ lv rewdlqhg/ wkh dqjxodu
srvlwlrq hvwlpdwhv e/�/ � ' �c � � � c R/ duh gh�qhg dv wkh R

forvhvw }hurv ri wkh sro|qrpldo e�E5� '
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e@&53& wr wkh

xqlw flufoh1

61 DV\PSWRWLF SURSHUWLHV RI WKH
IUHTXHQF\ HVWLPDWHV

Wklv vhfwlrq vwxglhv wkh dv|pswrwlf surshuwlhv ri wkh iuh0
txhqf| hvwlpdwhv te/��1 Lw kdv ehhq vkrzq lq ^9` wkdw wkh
fryduldqfh pdwul{ ri te/�� fdq eh rewdlqhg iurp wkdw ri te@��
xvlqj wkh iroorzlqj h{suhvvlrq=

e/� 3 /� ' 8 Ee@� 3 @�� n�E�3��

zkhuh wkh pdwul{ 8 kdv d frpsolfdwhg irup zklfk ghshqgv
xsrq wkh prgho sdudphwhuv1 Wkhuhiruh/ zh fdq uhvwulfw dw0
whqwlrq wr wkh sureohp ri wkh dv|pswrwlf ehkdylru ri e@ '

te@���'�c���c2R1 Ohw e�+
2
E6c 4�/ dqg eS+

2
E6c 4� ghqrwh wkh yhf0

wru rewdlqhg e| uhsodflqj wkh wuxh fxpxodqwv lq � e| wkhlu
xvxdo hvwlpdwhv frpsxwhg iurp � vdpsohv1 Vxssrvh wkh
fxpxodqwv ri wkh surfhvvhv eE?� dqg �E?� duh devroxwho|
vrppdeoh/ l1h1
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zkhuh wkh pdwul{ P+
4 lv jlyhq e| +45, +vhh Dsshqgl{,1 Lw

iroorzv wkdw wkh yhfwru hvwlpdwh eS+2E6c 4� dqg wkh pdwul{

hvwlpdwh e�+

2E6c 4� duh dv|pswrwlfdoo| Jdxvvldq=
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zkhuh wkh pdwulfhv PU dqg P� duh lqghshqghqw ri � / dqg
fdq eh frpsxwhg xvlqj irupxod +45,1 Vlqfh wkh svhxgr0
lqyhuvh ixqfwlrq lv gl�huhqwldeoh dw �+

2E6c 4� iru odujh 6/ lw
iroorzv iurp vwdqgdug uhvxowv rq dv|pswrwlf wkhru| wkdw
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zkhuh wkh pdwul{ P�& fdq eh frpsxwhg iurp wkh pdwul{

P�1 Frqvhtxhqwo|/ ht*v +9,/ +;, dqg +<, |lhog
I
� Ee@3 @� ; � EfcP@� +43,



zkhuh wkh pdwul{ P@ lv d ixqfwlrq ri PU dqg P�& 1 Ilqdoo|/ lw
iroorzv wkdw wkh iuhtxhqf| yhfwru hvwlpdwh lv dv|pswrwlfdoo|
qrupdoo| glvwulexwhg=

I
� Ee/ 3 /� ; � EfcP/� +44,

zlwk P/ ' 8P@8
A 1 Lw lv zruwk qrwlqj wkdw wkh wkhruhw0

lfdo uhvxowv +43, dqg +44, duh vlplodu wr wkdw rewdlqhg iru
vlqxvrlgv lq dgglwlyh qrlvh +vhh ^9`/ iru lqvwdqfh,1
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Pdq| vlpxodwlrqv kdyh ehhq shuiruphg wr ydolgdwh wkh wkhr0
uhwlfdo uhvxowv1 Ohw e/�E&� ghqrwh wkh hvwlpdwh ri /� rewdlqhg
iurp wkh &|� Prqwh0Fduor uxq1 Ohw � ghqrwh wkh qxpehu
ri uxqv1 Wkh txdgudwlf huuru 0� rq wkh dqjxodu srvlwlrq /�
lv gh�qhg dv
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1 Wkh frqvwdqw whup �

eZ5
doorzv wr rewdlq d qrupdol}hg huuru

+vlqfh wkh /�*v duh lq wkh lqwhuydo dfc 2Z�,1 Ilj1� vkrzv wkh
txdgudwlf huuruv 0�*v dv d ixqfwlrq ri wkh qxpehu ri vdp0

sohv � iru gl�huhqw vljqdo wr qrlvh udwlrv 7�-%ce '
j5
{

j5
h

1

Wkh surfhvv %E?� lv d vxp ri � vlqxvrlgv zlwk dqjxodu sr0
vlwlrqv /� ' 2Z f f��/ /2 ' 2Z f f�2/ dqg /� ' 2Z f f�eD/
dqg frqvwdqw dpsolwxghv �� ' �/ �2 ' �/ �� ' D1 Wkh
pxowlsolfdwlyh qrlvh eE?� lv dq ��E2� surfhvv zlwk sdud0
phwhuv d�( f��(3f�2o gulyhq e| dq h{srqhqwldoo| glvwulexwhg
vhtxhqfh vxfk wkdw >e ' f�D1 Wkh dgglwlyh qrlvh �E?� lv d
}hur0phdq Jdxvvldq ��E�� surfhvv1 Wkh qxpehu ri uxqv
lv � ' �ff1 Wkh kljkhu wkh 7�-%ce/ wkh ehwwhu wkh hvwl0
pdwlrq1 Lqghhg/ zkhq wkh yduldqfh j2e lv orz/ wkh PQ eE?�
lv dssur{lpdwlyho| frqvwdqw/ dqg wkh hvwlpdwlrq lv hdvlhu1
Ilj1 5 vkrzv wkh txdgudwlf huuruv 0�*v rewdlqhg iru wkh vdph
surfhvv zlwk dqjxodu srvlwlrqv /� ' 2Zff��/ /2 ' 2Zff��2/
dqg /� ' 2Z f f�eD1 Wkh hvwlpdwlrq dffxudf| fohduo| gh0
fuhdvhv zlwk uhvshfw wr �j14/ vlqfh wzr iuhtxhqflhv duh forvhu1
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Wklv sdshu vwxglhg wkh hvwlpdwlrq ri vlqxvrlgdo iuhtxhqflhv
lq pxowlsolfdwlyh dqg dgglwlyh qrlvh hqylurqphqw1 Wkh pxo0
wlsolfdwlyh qrlvh surfhvv zdv prghoohg e| dq PD surfhvv1
Vshfl�f \xoh0Zdonhu htxdwlrqv edvhg rq vhfrqg0rughu vwd0
wlvwlfv zhuh wkhq vkrzq wr eh dq h!flhqw wrro iru iuhtxhqf|
hvwlpdwlrq1 Wkh hvwlpdwlrq frxog eh jhqhudol}hg wr kljkhu0
rughu vwdwlvwlf0edvhg hvwlpdwhv/ lq suhvhqfh ri Jdxvvldq fro0
ruhg qrlvh1 Wkh iuhtxhqf| hvwlpdwhv zhuh vkrzq wr eh dv0
|pswrwlfdoo| qrupdoo| glvwulexwhg/ dqg dq h{solflw h{suhv0
vlrq ri wkh fryduldqfh zdv ghulyhg1 Pruhryhu/ lw fdq eh
qrwhg wkdw wklv sureohp fdq eh jhqhudol}hg wr wkh hvwlpd0
wlrq ri d vxp ri vlqxvrlgv fruuxswhg e| lqghshqghqw PD
pxowlsolfdwlyh qrlvhv1
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Lq rughu wr suryh wkh dv|pswrwlf qrupdoolw| ri wkh fxpx0
odqw yhfwru hvwlpdwh/ lw lv vx!flhqw wr vkrz wkdw wkh kljkhu
rughu fxpxodqwv ri dq| olqhdu frpelqdwlrq ri lwv frpsr0
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dv|psrwlfdoo| }hur ^5`/ ^8`/ iru dq| duelwudu| vfdoduv tk&�/
qrw doo }hur1 Lw lv dovr vx!flhqw wr suryh wkdw wkh kljkhu

rughu fxpxodqwv ri hf� '
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Ohw {� ghqrwh wkh 6|�0rughu fxpxodqw ri hf� 1 Xvlqj wkh
pxowl0olqhdulw| ri wkh fxpxodqwv/ lw iroorzv wkdw
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Wkh vhfrqg whup ri +46, lv jlyhq e| Eduwohww*v irupxod1
Krzhyhu/ wklv irupxod fdq qrw eh xvhg iru wkh wzr rwk0
huv whupv/ zklfk gr qrw yhuli| wkh irupxod*v dvvxpswlrqv1
Wkhvh whupv fdq eh frpsxwhg edvhg rq wkh wzr iroorzlqj
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Li wkh phdq >� lv qrq0}hur/ wkh vdpsoh phdq fdq eh vxe0
vwudfwhg iurp wkh phdvxuhphqwv +E?� wr jhw d }hur0phdq
surfhvv/ vr wkdw irupxod +45, krogv wuxh1
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^4` R1 Ehvvrq dqg S1 Vwrlfd/ �Vlqxvrlgdo Vljqdov zlwk Udq0
grp Dpsolwxgh= Ohdvw0Vtxduhv Hvwlpdwruv dqg wkhlu
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Yro1 76/ ss1 554:05554/ Vhs1 4<<81
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