
Abstract

In this paper, a new two-step implementation of the
GLRT is proposed. A disadvantage of the GLRT detector is
that it is more computationally complex than the simple
AMF detector. Our two-step implementation of the GLRT
significantly reduces the computational load with a negli-
gible loss in detection performance.

1. Introduction
The Adaptive Matched Filter (AMF) [1], Generalized

Likelihood Ratio Test (GLRT) [2], and Adaptive Coher-
ency Estimator (ACE) [3,4] are well known CFAR detec-
tion schemes. The GLRT is known to be the benchmark
detector for a multivariate complex-Gaussian noise
environment. More recently, the Adaptive Sidelobe
Blanker (ASB), a two stage test was proposed [5,6],
consisting of an AMF test followed by an ACE test on
anything that passes the AMF test. Here we propose a
similar two stage implementation of the GLRT, i.e. an
AMF test followed by a GLRT test.

In this paper we show that a two stage implementation
of the GLRT achieves significant computational savings
with a minimal loss in detector performance. The paper is
organized as follows. In section 2 we describe the various
detectors and their computational requirements, followed
by an analysis of the two-step GLRT’s performance in
section 3. In section 4 we present simulation results that
confirm the validity of our analysis, and draw conclusions
in section 5.

2. Adaptive Detection 
In this paper the radar signal processing model is used,

where the NxN sample noise covariance matrix, , isR̂
estimated from K snapshots of secondary data, i.e. data
other than x, the data vector under test.  The usual multi-
variate complex-Gaussian model for the noise is assumed.
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Three one-step detectors which have been proposed are
the AMF

,t AMF =
vHŜ−1x

2

vHŜ−1v
� � AMF

(1)
the GLRT,

,tGLRT = t AMF

1 + xHŜ−1x
� �GLRT

(2)
and the ACE

,t ACE = t AMF

xHŜ−1x
� �ACE

(3)
where .Ŝ = KR̂

The relationship between the AMF and the other detec-
tors is clear from the equations above. The GLRT is
considered to be the benchmark detector for the multivari-
ate complex-Gaussian signal model. While the ACE detec-
tor does not performs as well at high SINRs [3], for some
non-Gaussian noise models the ACE detector is a large
dimension approximation of the AMF [4].

Typically the AMF weight vector, , isw = R̂−1v
computed by performing a QR decomposition on the data
(8N2(K-N/3) flops) and two back-substitutions (8N2 flops).
Applying the weights to each snapshot under test (a vector
inner product) takes 8N flops. By comparison the GLRT
and ACE require an additional two back-substitutions and
an additional inner product for each snapshot under test.

The two step ASB first performs an AMF test on the
data, followed by an ACE test on those snapshots which
pass the AMF. Thus the additional back-substitutions and
vector inner product are only required for a much smaller
number of snapshots. Furthermore, the ASB can provide
detection performance better than either the AMF or ACE
detectors alone by careful choice of the thresholds [5]. The
optimal choice of thresholds provides GLRT like perform-
ance, but depends on the unknown target signal-to-
interference noise ratio (SINR).

In a similar fashion, the two-step GLRT detector
proposed here follows an AMF test on all the data with a
GLRT test on those snapshots which pass the AMF test.
This vastly reduces the number of back-substitutions and
complex multiplies required. Furthermore, we show in the
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next sections that the two step detector has detection
performance commensurate to the one-step GLRT for
practically all useful scenarios, and in contrast to the ASB,
the optimum choice of thresholds is not a function of the
target SINR.

3. Theoretical Performance Evaluation
In this section we derive expressions for the probabil-

ity of detection and the probability of false alarm for the
two-step GLRT detector. To simplify the analysis we use
the following form of the GLRT detector

   ,t̃ GLRT = 1 + xHŜ−1x

1 + xHŜ−1x −
vHŜ−1x

2

vHŜ−1v

y �̃GLRT

i.e.  and    ,t̃ GLRT = 1
1 − tGLRT

�̃GLRT = 1
1 − �GLRT

(4)
which is statistically equivalent to the test given in (2).

Our derivation follows the analysis of the ASB given in
[5,6] and uses similar notation.  For convenience we relate
the distribution of the AMF test statistic tAMF given in [1]
and the GLRT test statistic tGLRT given in [2] in terms of
two related random quantities, a complex non-central
F-distributed random variable and a complex central
β-distributed random variable as follows

   ,t AMF g
F1,L ��

�L+1,N−1

(5)
   ,t̃ GLRT g F1,L �� + 1

(6)
where the symbol  denotes equality in distribution and δβg

is related to the SINR αK|a|2vHR-1v, δβ
2Kα�βL+1,N-1. We

assume that v has unit norm, i.e. vHv=1 and we introduce
the integer LKK-N+1.  Note that the two random quantities
used to describe the distributions of the test statistics are
related by βL+1,N-1 which is often referred to as the loss
factor [1,2,5,6].  The probability density function for
βL+1,N-1 is

   .fB(�) = K!
L!(N − 2)!

�L(1 − �)N−2, 0> � > 1

(7)

3.1 The Probability of Detection
The two-step GLRT detector declares a target signal

present in the data vector under test if both the AMF test
statistic and the GLRT test statistic exceed their respective
thresholds, i.e. tAMF > ηAMF and tGLRT > ηGLRT .  Consequently
the probability of detection (PD) for the two-step GLRT
detector is given by,

 .PD = Pr(t AMF > � AMF, t̃ GLRT > �̃GLRT
)

(8)
By using the random quantities given in (5) and (6) we can
express the PD given in (8) conditioned on the loss factor
β,

(9)PD = �
0

1

Pr(F1,L(��) > �AMF �, F1,L(��) > �̃GLRT − 1|�)

� fB(�) d� ,

or equivalently,

  .PD = �
0

1

Pr(F1,L(��) > max[� AMF �, �̃GLRT − 1]|�) � fB(�) d�

(10)
By defining a the parameter γ as follows

   , � K

 

 
 
 
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�AMF

otherwise

(11)
we can express the PD given in (9) as follows

   ,PD = �
0

�

PD
GLRT|� � fB(�) d� + �

�

1

PD
AMF|� � fB(�) d�

(12)
where  and  are the conditional probabilitiesPD

GLRT|� PD
AMF|�

of detection for the GLRT and the AMF tests respectively.
From [5,6] these conditional probabilities are expressible
as finite sums
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The function  Gi(x) in (13) and (14) is related to the incom-
plete Gamma function Γ(i,x) as follows

   .Gi(x) =
�(i,x)
(i − 1)! = e−x

�
n=0

i−1
xn

n!
(15)

3.2 The Probability of False Alarm
The probability of false alarm (PFA) for the two-step

implementation of the GLRT is obtained from (12) by
setting the SINR α=0.  Hence, the PFA is as follows

   ,PFA = �
0

�

PFA
GLRT|� � fB(�) d� + �

�

1

PFA
AMF|� � fB(�) d�

(16)



where   and   are the conditional probabili-PFA
GLRT|� PFA

AMF|�
ties of false alarm for the GLRT and the AMF tests respec-
tively and are expressible as the following finite sums

   ,PFA
GLRT|� = 1 − 1
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K−1 �
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L L
m

(�̃GLRT − 1)m

(17)

   .PFA
AMF|� = 1 − 1

(1 + ��AMF
)K−1 �

m=1

L L
m

(��AMF )m

(18)
Note that the PFA due to the GLRT part of the two-stage

detection algorithm, i.e. the left hand integral in (16), is
independent of β and expressible in terms of the incom-
plete beta function Ix(p,q) as shown

   .�
0

�

PFA
GLRT|� � fB(�) d� = 1

�̃GLRT

L

I �(L + 1,N − 1)

(19)
Furthermore, there are an infinite number of threshold
pairs  and  that satisfy (16) for a given PFA.�̃GLRT � AMF

4. Performance Examples
In this section we show both analytical and simulated

probabilities of detection (PD) examples for an N=4
degree of freedom (DOF) adaptive system for various
probabilities of false alarm (PFA) and  levels of sample
support (K - the number of snapshots).
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Figure 1: PD of the 2SLGRT and ASB detectors as a
function of the AMF test threshold for K=12 secondary
data samples, N=4 DOFs and an overall PFA of 10-3.

Figure 1 shows the PD of the two-step GLRT
(2SGLRT) and ASB detectors as a function of the AMF
test threshold for 12 secondary data samples and an overall
two-stage detector PFA of 10-3.  (Note that the computa-
tional savings realized by the ASB and 2SGLRT relative
to ACE and the GLRT grow as the AMF test PFA
shrinks.) If the AMF test PFA is 1 (0 dB - left hand side of
the plot), then the detector is running as a regular one-step

GLRT or ACE. If the AMF PFA is 10-3 (-30 dB - right
hand side of the plot) then the detector is running as an
AMF only detector.

It has previously been reported [5,6] that there is a
single choice of AMF and ACE thresholds which
maximizes the ASB PD for a particular PFA and target
SINR. The fact that the optimal threshold depends on the
unknown target SINR is a drawback of the ASB detector.
For the most part the 2SGLRT’s PD is unaffected by the
choice of AMF threshold. Only for high AMF thresholds
does the 2SGLRT performance begin to degrade. The
ASB’s PD quickly degrades from GLRT like performance
when the AMF threshold is either higher or lower than the
optimum. As expected, both two-step detectors degrade
towards pure AMF performance for high levels of the
AMF threshold.

Figure 2 shows analytical and monte-carlo simulation
(MC) plots of detector PD as a function of target SINR for
the scenario of Figure 1. For the two-step detectors an
AMF PFA of 10-2.5 was chosen (about optimal for the ASB
with a 2.5 dB SINR target). At medium and high target
SINRs the 2SGLRT slightly outperforms the ASB
detector. The monte-carlo simulation results for the
2SGLRT agree with the theoretical results.
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Figure 2: Plots of detector PD as a function of target
SINR for the scenario of figure 1. An AMF PFA of 10-2.5

was used for both two-step detectors. The 2SGLRT slightly
outperforms the ASB at medium and high SINRs.

Figure 3 shows the PD of the 2SGLRT and ASB detec-
tors as a function of the AMF test threshold for a total PFA
of 10-6 and 8 secondary data samples. Similar to the case
of Figure 1, for each target SINR there is clearly a single
optimum choice of AMF and ACE thresholds for the ASB.
The 2SGLRT is much less sensitive to the choice of
thresholds, performance only degrading in similar fashion
to the ASB for high AMF thresholds.

Figure 4 shows analytical and monte-carlo simulation
(MC) plots of detector PD as a function of target SINR for



the scenario of Figure 3. AMF PFAs of 10-5 for the
2SGLRT and 10-5.5 for the ASB were used. The 10-5.5 AMF
PFA is optimizes the ASB performance for a 23 dB SINR.
Hence in this case the 2SGLRT slightly outperforms the
ASB detector at low and medium SINRs. Again, the
monte-carlo simulation results for the 2SGLRT agree with
the theoretical results. 
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Figure 3: PD of the 2SGLRT and ASB detectors as a
function of the AMF test threshold for K=8 secondary data

samples, N=4 DOFs and a PFA of 10-6.

In Figure 4 the 2SGLRT is providing the same PD and
PFA performance as the regular GLRT, but with only the
computation of the AMF plus an average of about 1/100000 of
the additional computation of the regular GLRT (assuming
that the number of targets is small and snapshots interro-
gated large).
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Figure 4: Plots of detector PD as a function of target
SINR for the scenario of figure 3. AMF PFAs of 10-5 for
the 2SGLRT and 10-5.5 for the ASB were used. At low and
medium SINRs the 2SGLRT slightly outperforms the ASB.

5. Summary
In this paper we have presented a new two-step imple-

mentation of the GLRT. This implementation provides
detection performance commensurate with the regular
GLRT while achieving significant computational savings.
For the multivariate complex-Gaussian signal model our
two-step GLRT has two performance advantages over the
other two-step detector examined - the ASB; 
1) The choice of threshold pairs that maximizes PD for a
given PFA does not depend on the unknown target SINR.
2) For a given PFA the two-step GLRT’s performance is
constant for a wide range of threshold pairs.
These two advantages explain the slightly improved detec-
tion performance of the two-step GLRT over the ASB in
the examples reported in this paper. 

It has been demonstrated that altering the ASB’s thresh-
olds (while keeping the PFA constant), can increase that
detector’s rejection of ‘sidelobe’ targets at the expense of
the probability of detection of ‘mainlobe’ targets [6]. This
is advantageous in the non-homogenous interference
scenarios for which the ASB was designed.  Although not
proven here, assuming the AMF threshold is not set too
high, it can be shown that the two-step GLRT provides
sidelobe target rejection commensurate with the regular
GLRT, which is less than the maximum sidelobe rejection
afforded by the ASB.
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