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DUELWUDU\ IUHTXHQF\ UHVROXWLRQ SURILOHV WR PDWFK VXFK DXGLWRU\

IHDWXUHV� 7KLV JHQHUDOL]HG IUDPHZRUN LV H[WHQGHG WR DOORZ

PDSSLQJ RI VXFK VPRRWKLQJ VSHFWUD LQWR WLPH GRPDLQ�
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7KH ODVW GHFDGHV KDYH VHHQ DQ LPSUHVVLYH UHVHDUFK DFWLYLW\ LQ WKH

HYROXWLRQ RI DOWHUQDWLYH WLPH�IUHTXHQF\ DQDO\VLV >�@ DQG

PXOWLUHVROXWLRQ VLJQDO UHSUHVHQWDWLRQ PHWKRGV >�@�

+RZHYHU� DOWKRXJK WKH WRROV HVWDEOLVKHG WKURXJK VXFK ZRUN

�)RXULHU DQG UHODWHG 7UDQVIRUPV� 67)7� WKH :DYHOHW WUDQVIRUP�

HWF�� DUH VXLWDEOH IRU PDQ\ DSSOLFDWLRQV� WKHUH VWLOO H[LVWV D ODUJH

FODVV RI FDVHV IRU ZKLFK QHLWKHU RI WKH H[LVWLQJ MRLQW WLPH�

IUHTXHQF\ QRU RI WKH WLPH�VFDOH DQDO\VLV PHWKRGV DUH DSSURSULDWH

DQG QHZ� IOH[LEOH SURFHVVLQJ WRROV PXVW EH GHYHORSHG >�@� 7KH

SUREOHP RI WKH QRQ�XQLIRUP IUHTXHQF\ UHVROXWLRQ RI WKH DXGLWRU\

PHFKDQLVP KDV DOUHDG\ DWWUDFWHG VLJQLILFDQW ZRUN IRU VXFK

DOWHUQDWLYH WLPH�IUHTXHQF\ PHWKRGV� DOORZLQJ DQDO\VLV RI

DXGLR�DFRXVWLF VLJQDOV LQ ZDUSHG�IUHTXHQF\ VFDOHV YLD ))7 DQG ]�

7UDQVIRUP >�@�>�@� WLPH�GHSHQGHQW IUHTXHQF\ ZDUSLQJ YLD

:DYHOHWV >�@� QRQ�XQLIRUP ILOWHU %DQNV� DQG IUDFWLRQDO RFWDYH

7UDQVIRUPV >�@� 7KH SULQFLSOH PRWLYDWLRQ EHKLQG VXFK ZRUN LV

WKDW WKH DXGLWRU\ PHFKDQLVP LQWHUSUHWV VLJQDOV DW UHGXFHG

IUHTXHQF\ UHVROXWLRQ ZLWK LQFUHDVLQJ IUHTXHQF\ DQG GXH WR WKLV

IRU RYHU KDOI FHQWXU\ QRZ� HQJLQHHUV UHSUHVHQW WKH IUHTXHQF\

UHVSRQVH RI DXGLR�DFRXVWLF V\VWHPV LQ ORJ IUHTXHQF\ VFDOH� RIWHQ

DW D IUDFWLRQDO RFWDYH UHVROXWLRQ �H�J� DV ��� RFWDYH DYHUDJH�� 6XFK

UHSUHVHQWDWLRQ LV PRUH UHFHQWO\ VXSSOHPHQWHG E\ PRUH DGYDQFHG
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RI DXGLR �H�J� ORXGVSHDNHU� DQG DFRXVWLF �H�J� URRP� UHVSRQVHV LQ

RUGHU WR DFFRPPRGDWH VXFK DXGLWRU\ IHDWXUHV� (VSHFLDOO\ LQ VXFK

KLJKO\ GLVSHUVLYH PXOWLSDWK V\VWHPV DV URRPV� WKH HDU WHQGV WR

ODUJHO\ LJQRUH WKH KLJK IUHTXHQF\ FRPSRQHQWV RI ODWH UHIOHFWLRQV�

ZKLOVW UHJLVWHULQJ PRUH PLG DQG ORZ IUHTXHQF\ UHJLRQV RI VXFK

ODWH UHVSRQVH FRPSRQHQWV� 7KLV IHDWXUH LV LPSOHPHQWHG DV D

PDJQLWXGH VSHFWUXP PRGLILFDWLRQ LQ WKH 0/66$ PHDVXUHPHQW
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SV\FKRDFRXVWLF VSHFWUDO UHVROXWLRQ SURILOH DQG WR PDS VXFK

RSHUDWLRQV LQWR WKH WLPH GRPDLQ YLD WKH LQWURGXFWLRQ RI D QRYHO

YDULDEOH ZLWK IUHTXHQF\ ZLQGRZ IXQFWLRQ� $OO VXEVHTXHQW DQDO\VLV

RI WKH GLVFUHWH�WLPH DXGLR�DFRXVWLF UHVSRQVH IXQFWLRQV K�Q��

VDPSOHG DW D IUHTXHQF\ sI  �+]�� ZLOO UHIHU WR ILQLWH GXUDWLRQ GDWD�
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ZLQGRZ Z�Q� RI GXUDWLRQ 1 �VDPSOHV�� ZKRVH OHQJWK ZLOO DOVR
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FRPSOH[ IUHTXHQF\ UHVSRQVH +�N�� ZLOO EH SUDFWLFDOO\ ERXQGHG

EHWZHHQ /I �+]� DQG WKH IROGLQJ IUHTXHQF\ ��IV �+]��
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)XQFWLRQ +�N� ZKHUH N LV WKH GLVFUHWH IUHTXHQF\ LQGH[
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H[SUHVVLRQV UHSUHVHQW LW DV UHDO� DVVXPLQJ LW WR EH D ]HUR�SKDVH

IXQFWLRQ� 7KLV DVVXPSWLRQ ZDV PDGH GXH WR SK\VLFDO

FRQVLGHUDWLRQV� VLQFH ZLWK VPRRWKLQJ LW LV UHTXLUHG WR DYRLG

LPSRVLQJ DQ\ XQZDQWHG HIIHFWV RQ WKH SKDVH RI WKH RULJLQDO
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DOORZLQJ WKH UHTXLUHG YDULDEOH ZLWK IUHTXHQF\ VPRRWKLQJ� *LYHQ

WKDW WKH �TXDOLW\� IDFWRU 4 I�ûI >��@� WUDGLWLRQDOO\ GHVFULEHV WKH

VPRRWKLQJ SURSHUWLHV RI ILOWHUV� WKHQ WKH GLVFUHWH�IUHTXHQF\

YHUVLRQ RI WKLV IXQFWLRQ ZLOO EH NELQ I�IN4�N� ∆⋅= � ZKHUH ELQI

JLYHV WKH ')7 ELQ VHSDUDWLRQ DQG NûI LQGLFDWHV WKH ILOWHU

EDQGZLGWK IRU DQ\ YDOXH RI WKH IUHTXHQF\ LQGH[ N� 7KHQ WKH

GLVFUHWH YDULDEOH P PD\ EH H[SUHVVHG DV D IXQFWLRQ RI N E\ WKH

IROORZLQJ HTXDWLRQ�
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ZKHUH F LV D QRUPDOL]DWLRQ IDFWRU� KHQFH DOORZLQJ D YDULDEOH GHJUHH

RI VSHFWUDO DYHUDJLQJ IRU HDFK YDOXH RI WKH GLVFUHWH IUHTXHQF\� N�

7R DOORZ N��:VP WR DFFRPPRGDWH WKH YDULDWLRQ RI P�N� LPSOLHG

E\ HT� ��� DQG JLYHQ LW PXVW DOVR GHSHQG RQ N �HT������ LW LV

QHFHVVDU\ WR H[SUHVV LW DV WKH PRUH JHQHUDO IXQFWLRQ N�P�N���:VP �

IRU P�N� ��«��1������ 6XFK DQ H[SUHVVLRQ DOORZV IOH[LEOH

DGDSWDWLRQ LQWR WKH WUDGLWLRQDO IUDFWLRQDO RFWDYH VPRRWKLQJ�

ZKHQ N�P�N���:VP KDV FRQVWDQW YDOXH RYHU D UDQJH RI YDOXHV RI N�

DQG EDQGZLGWK LQFUHDVLQJ ZLWK IUHTXHQF\ �)LJ� ���
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Figure 1� 5HVROXWLRQ YV� IUHTXHQF\ RI YDULRXV H[LVWLQJ

IUHTXHQF\ DQDO\VLV VFKHPHV�

7KH IXQFWLRQ k)m(k),(WVP � UHSUHVHQWLQJ DOO WKH SRVVLEOH FXW�RII

FRPELQDWLRQV RI N��:VP DV DUH LPSOLHG IURP WKH SUHYLRXV

H[SUHVVLRQV� FDQ EH WKHQ SUHVHQWHG DV D 0[1 PDWUL[ VP
�
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ZKHUH 0�1�� LV WKH PD[LPXP YDOXH IRU WKH IXQFWLRQ P�N�� (DFK

URZ RI WKLV PDWUL[ UHSUHVHQWV D IUHTXHQF\ YHFWRU IRU WKH VPRRWKLQJ

ILOWHU� IRU D VSHFLILF YDOXH RI P�N� DQG HDFK FROXPQ UHSUHVHQWV DOO

WKH SRVVLEOH FXW�RII YDOXHV RI WKH ILOWHU DW HDFK GLVFUHWH IUHTXHQF\

N� )URP HT����� WKH JHQHUDO IRUP RI WKH GHVLUHG QRQ�XQLIRUP

VPRRWKLQJ ZLOO EH QRZ JLYHQ DV�
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PDWUL[ +
� � ZKHUH HDFK URZ LV GHULYHG E\ WKH FLUFXODU VKLIWLQJ RI

WKH +�N� HOHPHQWV �PRGXOR 1�� 6R� WKH PDWUL[ IRUP RI QRQ�

XQLIRUP VSHFWUDO FRPSOH[ VPRRWKLQJ ZLOO EH�
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Figure 2. 'HULYDWLRQ RI VPRRWKHG VSHFWUDO YHFWRU E\

WUDFLQJ WKURXJK WKH sm
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0RUH IRUPDOO\ VXFK DQ RSHUDWLRQ ZLOO EH GHVFULEHG DV IROORZV� /HW

N8  EH D 1[1 PDWUL[ ZLWK HOHPHQWV LMX VXFK WKDW �XLM= � IRU

NML == DQG �XLM= IRU DOO RWKHU YDOXHV RI L DQG M� 1RZ� OHW PY  EH

D �[� YHFWRU� KDYLQJ LWV P�WK HOHPHQW HTXDO WR � DQG DOO RWKHU

HTXDO WR �� 	KHQ� NVP
�

P 8+Y ⋅⋅ ZLOO JHQHUDWH D �[� YHFWRU ZLWK

DOO HOHPHQWV HTXDO WR �� H[FHSW RI WKH N�WK ZKLFK ZLOO EH HTXDO WR

N��P�N��+VP � *LYHQ WKDW N KDV YDOXHV LQ WKH UDQJH >�� ���@� WKHQ

LW PD\ SRVVLEOH WR JHQHUDWH � GLIIHUHQW YHFWRUV LQ WKH SUHYLRXVO\

GHVFULEHG ZD\� ZKLFK ZKHQ VXPPHG ZLOO SURGXFH WKH UHTXLUHG ��

' VPRRWKHG VHTXHQFH� 6LQFH P PD\ EH GHULYHG IURP D JHQHUDO



IUHTXHQF\�UHVROXWLRQ IXQFWLRQ P�N� �VHH HT������ WKHQ WKH UHTXLUHG

YHFWRU RI WKH VPRRWKHG VHTXHQFH� L�H� sm
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,W LV DOVR SRVVLEOH WR DSSURDFK WKH QRQ�XQLIRUP VSHFWUDO

VPRRWKLQJ SURFHVVLQJ YLD WLPH GRPDLQ� E\ FRQVLGHULQJ YDULDEOH

ZLQGRZLQJ RI �Q�K � /HW XV DW ILUVW FRQVLGHU WKH ZLQGRZ

IXQFWLRQ �Q�ZVP � ZKLFK LW PD\ KDYH WKH W\SLFDO IRUP GHILQHG E\

HT� ���� 7KHQ LQ RUGHU WR DFFRPPRGDWH WKH GLIIHUHQW FXW�RII

P�N�∈>��1��� RI WKH FRUUHVSRQGLQJ VSHFWUDO VPRRWKLQJ IXQFWLRQ�

WKLV ZLQGRZ PD\ EH UHSUHVHQWHG E\ WKH IXQFWLRQ )n),k(m(wsm

ZKLFK LW FDQ EH SUHVHQWHG LQ D PDWUL[ IRUP DV sm
2w � ZKHUH HDFK

URZ UHSUHVHQWV D WLPH YHFWRU IRU WKH ZLQGRZ IRU D VSHFLILF YDOXH

RI P DQG HDFK FROXPQ UHSUHVHQWV DOO WKH SRVVLEOH YDULDWLRQV RI WKH

ZLQGRZ DW HDFK GLVFUHWH YDOXH RI WKH WLPH LQGH[ Q �)LJ� ��� ,W FDQ

DOVR EH HDVLO\ GHGXFHG WKDW WKH URZV RI PDWULFHV sm
2w

DQG sm
2W  FRQVWLWXWH )RXULHU 7UDQVIRUP SDLUV�

Figure 3. :LQGRZ IXQFWLRQV FRUUHVSRQGLQJ WR GLIIHUHQW

VPRRWKLQJ IDFWRU

$V ZDV WKH FDVH ZLWK VSHFWUDO VPRRWKLQJ� LW LV DOVR SRVVLEOH WR

GHILQH n)(m(k),hsm DV D VHTXHQFH ZKLFK GHVFULEHV WKH ��

GLPHQVLRQDO ZLQGRZLQJ RI WKH VLJQDO VHTXHQFH K�Q�� 7KDW LV�

n)m(k),(wn(hNn)m(k),(h smsm )⋅⋅= ���

1RWH WKDW� E\ GHILQLWLRQ� k)(m(k),H &  n)(m(k),h smsm DUH )RXULHU

SDLUV� RQO\ IRU HDFK VSHFLILF YDOXH RI WKH IXQFWLRQ P�N�� ,W LV QRZ

QHFHVVDU\ WR PDS WKH VSHFWUDO VPRRWKLQJ RSHUDWLRQ LQWR WKH WLPH

GRPDLQ� ,Q WKH SUHYLRXV VHFWLRQ HTXDWLRQ ��� GHVFULEHG WKH QRQ�

XQLIRUP VSHFWUDO FRPSOH[ VPRRWKLQJ RI þ�N� DV WKH VXPPDWLRQ RI

YHFWRU HOHPHQWV LQ WKH 0[1 PDWUL[ sm
2H � *LYHQ DOVR WKDW

P�N� P���N�� WKHQ HTXDWLRQ ��� FDQ EH DOVR H[SUHVVHG DV�

( ) ( )
( ) ( )[ ]∑

−

=
−⋅⋅+⋅⋅+

+⋅⋅+⋅⋅=
1  (N/2)

1k

0

  k�sm
2

m(k)ksm
2

(k)m

 N/2sm
2

(N/2)m0sm
2

)(msm
1

UHvUHv

UHvUHvH
����

7KH VXPPDWLRQ GHVFULEHG LQ HT� ��� FRQWDLQV ������� YHFWRU

WHUPV� HDFK RI � HOHPHQWV� /HW kS � N ��«�1�� � EH HDFK RQH RI

WKHVH YHFWRUV� L�H�










=
=

≠≠+
=

−

N/2k                            
0k

N/2k 0,k 
                                                 

 UHv
UHv

UHv  UHv
S

N/2sm
2

(N/2)m

0sm
2

m(0)

kNsm
2

m(k)ksm
2

m(k)

k ����

)RU FRQYHQLHQFH� LW LV SRVVLEOH WR GHILQH WKH IDFWRU NE  DV WKH

FRPSOH[ QXPEHU N / j2�
N eE = �7KXV WKH ,')7 1[1 PDWUL[ E IRU

DQ 1�SRLQW ,')7 LV EXLOW IURP WKH SRZHUV RI (N � 7KHQ WKH ,')7

RI YHFWRU sm
1H ZLOO \LHOG WKH UHTXLUHG WLPH�GRPDLQ VHTXHQFH RI

WKH VPRRWKHG VSHFWUXP� L�H�� sm
1h � WKDW LV�

∑∑
==













⋅=⋅⋅=⋅=
N/2

0k

N/2

0k

)(
�

1
 

�

1
  

�

1
  ESESEHh kksm

1
sm

1
����

7KH YHFWRU WHUP )()1/N( ESk ⋅⋅ LQVLGH WKH VXP LV WKH ,')7 RI WKH

YHFWRU kS \LHOGV D WLPH YHFWRU ks � ,W LV HDV\ WR VKRZ WKDW WKH Q�WK

HOHPHQW RI WKH YHFWRU ks , )n(sk ZLOO EH JLYHQ E\�

[ )n),m(k(h
N
2

smk )n(s ⋅= N ( )]�NQ�12cos ����

7KHQ� IURP HTV� ���� DQG ���� WKH Q�WK HOHPHQW RI WKH YHFWRU

sm
1h � )n(hsm ZLOO EH�

(∑
−

=
⋅=

1N

0k
smsm )n),m(k(h

N
2

)n(h N ))�NQ��2cos( ����

)LQDOO\� IURP HT���� DQG HT������ WKH QRQ�XQLIRUP VSHFWUDO

VPRRWKLQJ SURFHVVLQJ YLD WLPH GRPDLQ LV GHILQHG DV�

(∑
=

⋅⋅=
N/2

0k
smsm )n(h)n),m(k(w2)n(h N ))�NQ��2cos( ����

RU HTXLYDOHQWOO\�

( )∑ ∑
=

−

= 















⋅⋅⋅=

N/2

0k

1N

0
smsm )-(n

N

�N2
cos)(h)),m(k(w2)n(h

"

""" ����

�� 5(68/76

7KH DERYH SURFHVV ZDV VXFFHVIXOO\ DSOOLHG WR PDQ\ SUDFWLFDO

DXGLR�DFRXVWLF UHVSRQVH PHDVXUHPHQWV� EXW WKH UHVXOWV FDQ EH

PRUH FOHDUO\ LOOXVWUDWHG IRU D FKDUDVWHULVWLF GLVSHUVLYH V\VWHP

UHVSRQVH� VXFK DV D FRPE�ILOWHU�7\SLFDO UHVXOWV RI WKH QRQ�

XQLIRUP VPRRWKLQJ LQ ERWK WLPH DQG IUHTXHQF\ GRPDLQV RI D

FRPE�ILOWHU DUH VKRZQ LQ )LJ� �� $V FDQ EH REVHUYHG� ODWH

UHIOHFWLRQ FRPSRQHQWV DUH SURJUHVVLYHO\ VXSSUHVVHG DQG

LQFUHDVLQJO\ ORZ�SDVVHG ZKLWKRXW DQ\ WLPH�VFDOH PRGLILFDWLRQ�

DQG VLPLODUO\� WKH FRUUHVSRQGLQJ VSHFWUXP LV SURJUHVVLYHO\

VPRRWKHG UHVXOWLQJ WR D UHGXFWLRQ RI WKH FKDUDFWHULVWLF FRPE�OLNH

SURILOH�
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Figure 4� 2ULJLQDO FRPE�ILOWHU VHTXHQFH DQG LWV QRQ�

XQLIRUP VSHFWUDOO\ VPRRWKHG YHUVLRQ� �D� WLPH GRPDLQ

VHTXHQFHV� �E� PDJQLWXGH VSHFWUD�

�� &21&/86,216

)LQLWH�OHQJWK DQG EDQG�OLPLWHG GDWD VHTXHQFHV VXFK DV

DXGLR�DFRXVWLF V\VWHP UHVSRQVHV FDQ EH SURFHVVHG E\ DUELWUDU\ RU

SV\FKRDFRXVWLFDOO\�GHULYHG IUHTXHQF\ VPRRWKLQJ SURILOHV VR WKDW

VPRRWKHG YHUVLRQV PD\ EH GHULYHG ERWK LQ IUHTXHQF\ DQG WLPH

GRPDLQV� DV ZDV H[SODLQHG� 7KH SURFHGXUH IRU VXFK RSHUDWLRQV

YLD HLWKHU IUHTXHQF\ RU WLPH GRPDLQ� LW LV VXPPHG LQ )LJ� ��

JHQHUDOO\ FRQIRUPLQJ WR WKH IUDPHZRUN GHVFULEHG LQ >�@� )URP

WKLV ILJXUH LW FDQ EH GHGXFHG WKDW ZLQGRZLQJ�VPRRWKLQJ LV

LPSOHPHQWHG DV PDWUL[ RSHUDWLRQV EHWZHHQ WKH PDSSHG GDWD

PDWUL[ DQG WKH UHTXLUHG ZLQGRZ�ILOWHU PDWUL[� IURP ZKLFK WKH

VPRRWKHG GDWD PDWUL[ LV GHULYHG� 7R REWDLQ WKH UHTXLUHG

VPRRWKHG VHTXHQFH� DQ DSSUHSULDWH WUDFLQJ DQG FRPELQDWLRQ

SURFHGXUH PXVW EH DSSOLHG RQ WKH ��' VPRRWKHG GDWD�7KLV

PHWKRG LQWURGXFHV D YHU\ IOH[LEOH� HIILFLHQW DQG JHQHUDOLVHG

SURFHVVLQJ SURFHGXUH� DSSURSULDWH IRU PDQ\ DXGLR�DFRXVWLF

DSSOLFDWLRQV� )LQDOO\� E\ REVHUYLQJ HT� ����� LW FDQ EH QRWHG WKDW

WKH IRUP RI WKH VPRRWKHG WLPH�GRPDLQ RSHUDWLRQ� EHDUV VRPH

UHODWLRQ WR WKDW RI 0'&7 >��@� EXW VLJQLILFDQWO\� WKHUH DUH DOVR

WKH IROORZLQJ GLIIHUHQFHV� �D� HDFK WLPH VDPSOH LV FDOFXODWHG

XVLQJ WKH VXPPDWLRQ RYHU N RI VXPV KDYLQJ WKH JHQHUDO IRUP RI

0'&7� DQG �E� WKH ZLQGRZ IXQFWLRQ ZKLWKLQ WKH �0'&7�OLNH�

VXP GHSHQGV RQ WKH IXQFWLRQ P�N��
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Figure 5. 7LPH�IUHTXHQF\ PDSSLQJ SURFHGXUH IRU WKH

VPRRWKHG VSHFWUDO UHSUHVHQWDWLRQ�
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7KLV ZRUN ZDV IXQGHG E\ WKH SURJUDP �<3(5����� RI WKH *UHHN

*HQHUDO 6HFUHWDULDW IRU 5HVHDUFK DQG 7HFKQRORJ\�

�� 5()(5(1&(6
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