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ABSTRACT The CWT is often evaluated at dyadic scale= 2/ and

Direct computation of CWT using FFT requir@$Nlog, N) mteg_er translationr = n. If s(t).IS a bandllmltgd sig-
operations per scale, wheheis the data length. The Shensa nal, it can be egpressed as a.we|ghted sum .Of its samples
algorithm is a fast algorithm to compute CWT that uses only ° s(n). Hence direct computation of CWT using FFT re-
O(N) operations per scale. The application of the algorithm quiresO(N log2N) operations per scale, wher€ is the
requires the design of a bandpass and a lowpass filter for éjata length. This is expensive in practice.

given mother wavelet function. Previous design method in- The Shensa algorithm is a fast algorithm that computes
volves multi-dimensional numerical search and is computa- dyadic scale CWT at a cost of only(IV) operations per
tionally intensive. This paper proposes an iterative method scale. The algorithm is defined by a bandpass flitand a

to design the optimum filters. It computes in each iteration lowpass filterg. The mother wavelet function is fixed once
least-squares solutions only and does not need numericeﬁhe filters are chosen.

search. The proposed filter design method is corroborated Many practical applications such as EEG signal anal-
by simulations. ysis require the computation of CWT using some mother

wavelet function that possesses certain properties of inter-
est. In such a case, the Shensa algorithm needs to design
andg for a given mother wavelet functiafi(t). Hoet al. [5]

have shown that the optimum bandpass fitiean be found

by least-squares (LS) minimization. The design of the opti-

1. INTRODUCTION

Wavelet transform is a powerful technique to analyse non-

stationary signals. It has found application in many areas .\ lowpass filteg, however, requires multi-dimensional

|nqlud|ng image compression, computer vision, signal anal'numerical search and is computationally expensive. This
ysis, sonar and radar, and many others [1, 2, 3, 4]. The con-

i ) . . paper proposes an iterative method to design the two filters.
gr;u[z]us wavelet transform (CWT) of a signdt) is defined The method involves LS solutions only and does not require

numerical search.
The paper is organized as follows. Section 2 is a brief

\/W ( o > dt (1)  review of the Shensa algorithm [6] and the previous filter

design method [5]. Section 3 presents the new filter design
wherey(t) is a mother wavelet function; andr are the ~ Method. Section 4 contains the simulation results to corrob-
scale and translation parameters, and the superscdept orate the proposed technique, and Section 5 is the conclu-
notes complex conjugate. The signdt) can be recon- ~ SIONS.
structed from the transform coefficients via [4]

CWT(a,1)=

2. THE SHENSA ALGORITHM AND FILTER

0 = & / / CWT(a,7) DESIGN
1 t—7\ 1 Figure 1 is the block diagram representation of the Shensa
\/m¢ ( o > ﬁda dr (2) algorithm [6]. The filtersq, h andg are the initialization

filter, bandpass filter and lowpass filter respectively. The in-
provided that the mother wavelet satisfies the adimissibility put signal in discrete form first passes through the initializa-

condition tion filter q, and then stages of bandpass and lowpass filters.
- The bandpass filter output at stagis the approximation of
Cy = / v(f) g < . 3) decimated CWT sampleSWT' (27,27~ 1n). The lowpass

| f] filter output passes onto the next stage for computing CWT
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Figure 1: The block diagram of Shansa algorithm to com- Figure 2: The block diagram of Shensa algorithm to com-
pute decimated CWT samples. pute undecimated CWT samples.

at the next dyadic scale. The algorithm can be extended tovvherer(*) is the autocorrelation function af(t). In fre-
compute undecimated CWT samples. The implementationquency domain

block diagram in this case is shown in figure 2 [6]. It can
be shown that the complexity to compute undecimated 291
CWT samples using the Shensa algorithn®igV) opera- ;= /

tions per scale.

The bandpass filter in the algorithm is related to the whereP, (%) is the power spectral density of the signal, and

P, (£/27) |Wo(f)I? df 9)

—2j—1

wavelet function)(t) by W,(f) is the Fourier transform af, (t) in (7):
Ly,
Y(t)=2 Y h'(k) $(2t + k) (4) Wo(f) = Walf) = H*(f/2)(f/2).  (10)
k=—Lp
1 —jm —gJm — j T T
where (1) is the scaling function defined by the lowpass Defineen = [e=/m/En =7 ftEn =) o /"t ] and
filter: h = [h(Ln), h(Lp — 1), ..., h(=Ly)]|" sothatd (f/2) =
L, el'h. Letj be the stage such that the mean-square error
H =9 (k) b2t + k 5 (MSE) I'; is largest. Then the mini-max solution hfthat

) k; g (k) o ) ®) minimizes (9) is [5]
and2L, + 1 and2L, + 1 are the lengths ch andg re- 21 . -1
spectively. Equations (4) and (5) are called the two-scale h = (/ Ps(f/2f)|<ﬁ(f/2)|2e,§efdf>
equations for the wavelet and the scaling functions. The —2i-1
impulse responses of the lowpass filter are the samples of 2971 ]
lowpassed scaling function [7] /2__1 Py (f/27)¥5(f)2(f/2)erdf | . (11)

a(k) = / ¢"(t — k)sinc(t) dt ©)  putting (11) into (9) yields the minimum MSE:
wheresinc(t) = sin(wt)/(wt). Once the bandpass and gi1
lowpass filters are chosen(t) will be fixed. Here, we are Tjmin = / P, (f/2)04(f)
interested in finding the filter pair when a mother wavelet —2i-1
function«y(t) is given. {Wi(f) — @*(f/2)efh}df . (12)

Letw,(t) be the equation error from (4):
Ly Note that bothh and® are dependent og (c.f. (11)
wol(t) = Pa(t) — 2 Z h* (k) (2t + k) . @) and (5)). The optimum lowpass filtgris found by multi-

k=L, dimensional numerical search to further minimizg,, .

It is shown in [5] that the mean-square CWT computation
error of the Shensa algorithm at scafeis 3. NEWFILTER DESIGN METHOD

T, =2 // (27 (u — v))w* (W)w,(v) dudv  (8) The previous filter design mgth.od is very computationally
udw intensive because of the multi-dimensional searclg foie



shall propose a more computationally efficient method for

the filter design.
The Fourier transform of (5) is
o(f) =G*(f/2)2(f/2) (13)
where
G(f) = g(k)e 7> (14)

is the discrete Fourier transform of the lowpass figeHence
iterating (13) gives

o(f) = [[a"(r/2. (15)
k=1
Substituting (13) into (10) forms
Wo(f) = Wa(f) — H*(f/2)2(f/4)G"(f/4)  (16)
so that (9) can be expressed as
201
L, = /_2]__1Ps (£/2%)
Wa(f) — H*(f/2)(f/9G"(f /D df. (17)
Let e, = [eimfLo/2 =inf(Ly=1)/2 cinfLy/2]"
and g = [g(L,), 9(Ly—1), ..., g(=Ly)]* . Then

G(f/4) = eg’g. The lowpass filter coefficients must ful-

fil certain constraints. In order to guarantee convergence of

(15), the sum of the elements gfmust be unity. In ad-
dition, imposing a zero og at f = 0.5 will improve the

1. computed(f) from (15)

2. desigrh using (11)

3. designg using (18)-(20)
until convergence.

The new design method is more computationally effi-
cient than the previous technique. It involves only LS so-
lutions and does not require multi-dimensional numerical
search. At present there is no proof regarding global conver-
gence of the method. However, in all the simulation trials
the algorithm converged to the global minimum.

4. SIMULATIONS

The mother wavelet functions used in the simulation study
were the Morlet wavelet:

Y(t) = e t/20%gmimfot

V(f) = V2roe o U=f) (21)
and the Second Derivative of a Gaussian wavelet:

Y(O) = (1-)e "/

U(f) = @n)Plpre (22)

wheref, = 0.6 ando = 0.2.

The length oth was 33 and that o was 5. The initial
g was set to[1 4 6 4 1]7/16, which corresponds to a B-
spline scaling function. The lowpass filter was constrained
to have a unity gain at zero frequency and a zero gain at fre-
quency=0.5. Furthermore, it was also constrained to be real
and symmetric. The number of stages for CWT computa-
tion was 8.

smoothness in CWT coefficients. Some other contraints on

g may be needed, depending on applications. Denote, in.
general, the set of linear constraints on the lowpass filter a

Ag = b, whereA is a matrix andb is a vector. Now sup-

poseH (f/2) is known, the constrained LS solution gf

that minimizes (17) is
g=g+FAT(AFAT) (b — Ag) (18)

where

2i-1

(/..

and

Py(f/2)) |H*(f/2)@(f/4)[ ejel df)
(19)

201

g=F ( /.. Ps(f/2j)H*(f/2)‘1>(f/4)e;‘1'2(f)df>
(20)

is the unconstrained solution.

The new filter design method is described as follows:
Initialization: select an initiag
Repeat

Figure 3 shows the decrease in MSE as the number of

iteration increases. The mother wavelet function was Mor-

SIet. The input signal was a unit impulse, and the maximum
MSE occurred in the last stage, ajavas set to 8 in com-
puting the LS solutions. The method converges in about 25
iterations and reaches a minimum MSE at -35dB. The dot-
ted line is the minimum MSE found by numerical search.
It is clear that the proposed method converges to the global
minimum.

Figure 4 is the case when the mother wavelet function
was Second Derivative of a Gaussian. The proposed method
reaches the global minimum MSE of -62dB in about 25 it-
erations.

Figure 5 is the result when the input was a correlated
AR(1) process given by(k) = 0.85s(k — 1) + p(k), where
p is a white random process whose power is such that the
power of s(k) is unity. The mother wavelet function was
Morlet. The largest MSE occurred in the last stage and
was set to 8 in computing the LS solutions. Again, the pro-
posed method converges at about 25 iterations and reaches
a minimum MSE of -24dB. The case for the Second Deriva-
tive of Gaussian wavelet function is given in figure 6. The
observations are similar with the Morlet wavelet case.
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Figure 3: Convergence curve of the proposed method, unitFigure 5: Convergence curve of the proposed method, cor-
sample input and Morlet wavelet. related input and Morlet wavelet.
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Figure 4: Convergence curve of the proposed method, unitFigure 6: Convergence curve of the proposed method, unit
sample input and Second Derivative of Gaussian wavelet. sample input and Second Derivative of Gaussian wavelet.
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