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ABSTRACT

The probability of false alarm (Py,) in active sonar sys-
tems is an important system performance measure. This
measure is typically estimated by the proportion of alarms
to opportunities over some finite window, essentially form-
ing the sample exceedance distribution function (EDF). Itis
common for sonar systems to be ‘over-sampled’; that is, to
have a sampling rate higher than the minimum required for
representing the bandwidth of the received signal, resulting
in reverberation datathat are correlated from sampleto sam-
ple. The performance of the sample EDF in P, estimation
under such conditions is of interest. It is easily shown that
the estimator remains unbiased with correlated data. How-
ever, itisshownin this paper that the variance of the estima-
tor may be reduced from that for independent data by over-
sampling. Further, the variance is seen to fall between the
Cramer-Rao lower bound based on independent threshol ded
(binary) data and that based on the complex matched filter
output data.

1. INTRODUCTION

The probability of false alarm (Py,) in active sonar systems
is typically measured by counting the number of threshold
exceedances (after normalization of the matched filter enve-
lope or intensity data) within afinite window in time. Intu-
itively one would expect that thisis best done with indepen-
dent data samples. It will be shown in this paper that this
is not necessarily so. Let the sequence ..., X;, X;q,...
be the normalized complex matched filter output of an ac-
tive sonar system. If these data are reverberation-only
samples and assuming ideal normalization, they would
be zero-mean, unit-variance, complex Gaussian distributed

This work was performed while the author was with the SACLANT
Undersea Research Centre, La Spezia, Italy

(Rayleigh distributed envelope). Under these ideal assump-
tions and for some of the more straightforward normaliza-
tion and detection agorithms, the Py, of a detector is eas-
ily calculated and need not be estimated. However, there
exist situations where it is necessary to estimate Py, from
real data, including complicated normalization and detec-
tion algorithms and sonar systems operating in ocean envi-
ronments where the propagation and scattering conditions
that result in reverberation do not produce a Rayleigh dis-
tributed envelope. The analysis in this paper assumes the
ideal conditionsunder the premisethat the results under non-
ideal conditions are similar.

Depending on the sample rate of the system and the
bandwidth of the transmit waveform, there may be substan-
tial correlation between samples or very little. If the sample
rateis near the bandwidth of the transmit waveform and the
source and receiver characteristics and the propagation and
scattering conditions result in complex Gaussian distributed
reverberation with anearly flat spectrum, the data should be
(roughly) independent. It is, however, common for sonar
systems to be oversampled and for these datato be used in
estimating Py, If Y; = | X,|* aretheintensity dataand 4 is
the detector threshold, then the sample exceedance distribu-
tion function (EDF) estimate of the Py, will have the form

p=— ZUY h) %Z (1)

where U (y) is the unit step function and, for convenience,
the n samples used in the estimate are numbered i =
1,...,n. Clearly Z; = U (Y; —h) is a Bernoulli ran-
dom variable, taking on the value 1 with probability p =
Pr{Y; > h} and value 0 with probability 1 — p. It iseas-
ily shown that p is unbiased (E [p] = p) without requiring
independence of the samples. The following sections con-
sider the variance of p for correlated data.



2. VARIANCE OF THE Pr4 ESTIMATE

Assuming wide sense stationarity of the normalized rever-
beration data, the variance of p can be described as
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wherer; = E[(Z; —p) (Zk+i —p)] fori =0,...,n — 1.
When the data areindependent, r; = 0fori =1,...,n—1
and the variance is, as expected, @

In order to evaluate the sum of eg. (2), r; must be ob-
tained as afunction of the spectrum of the complex matched
filter output data. Towards this end, r; can be related to the
probability of the exceedance of both Y, and Yy, ; over h,
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Evaluation of eg. (3) requiresintegration over thejoint prob-
ability distribution function (PDF) of Y}, and Yj.; when
the two samples are not independent. As shown in the
Appendix, if the correlation between two of the complex
matched filter output samplesisy = E [X,;X7], then the
joint PDF of their intensity valuesis
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where I (x) isthe zeroth order modified Bessel function.
After some manipulation it can be shown that r; becomes
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wherey; = E [X;, X}, ;] and
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is the EDF for a non-central chi-squared random variable
with two degrees of freedom and non-centrality parameter
6. Evauation of eq. (5) may be accomplished numericaly,
explaiting the three-moment approximation to E (h; 6) de-
scribed in [1].

In order to evaluate eg. (2), the values of the autocorre-
lation function of the complex matched filter output for lags
m = 1,...,n — 1 areused in eg. (5) to form the values
ri,...,rn—1. Assuming aflat reverberation spectrum when

the sampling rate is equivalent to the transmit signal band-
width, the oversampled spectrum would have theform of an
ideal |ow-passfilter, resulting in the autocorrel ation function
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where D is the oversampling factor (i.e, D = 1 results
in independent data). If the reverberation data are well-
represented by an AR process with spectrum
C
T (w) = - 0 5 (8
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when the sampling rate equals the bandwidth of the trans-
mitted waveform, then the autocorrelation function of over-
sampled datais
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where
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and (¢;, p;) arerespectively the residues and poles of
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3. CRAMER-RAO LOWER BOUNDS

It is straightforward to show that the Cramer-Rao lower
bound (CRLB) for p based onthedata{Z1, ..., Z,} is

crLB, = 21 —P)
n

(12)
Note that the estimator of eq. (1) is efficient (i.e., its vari-
ance meets the CRLB) if only the binary data are available.
As thereis information lost in forming the binary data, the
CRLB for theoriginal complex data({ X7, ..., X, }) isaso
considered. Here it is assumed that the data have variance

A = =2, which resultsin the CRLB
gp

CRLBx =
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It should be noted that the CRLB for the intensity data is
identical to eq. (13). It iseasily shown and intuitive that
CRLBx < CRLBg (14)

with equality only for p = 1.



4. ANALYSIS

To validate the theoretical analysis of the previous sections,
the variance of the Py, estimator is estimated from simu-
lated and real data and compared with the theoretical val-
uesin Fig. 1, where good agreement is seen. In this exam-
ple, n = 500 data samples were used (even after oversam-
pling the data) to estimate the Py,, with the threshold cho-
sen so that p = 0.01. The real data were from a 125 Hz
bandwidth LFM waveform and were tested to insure Gaus-
sianity and an approximately flat spectrum. The analytical
results assumed the autocorrelation function of eq. (7). As
onewould expect, thevariance of the Py, estimateincreases
with the oversampling factor because the effective number
of independent samples decreases. However, the variance
of p using the oversampled dataislessthan that of p just us-
ing the equivalent number of independent samples (= 3).
Thisis, perhaps, anon-intuitiveresult that requiressomedis-
cussion. Sampling theory tells usthat if asignal is sampled
above the Nyquist rate, it (ideally) may be perfectly recon-
structed. Oversampling is a step toward reconstruction, fill-
ing in what's missing between the independent samples and
providing amore accurate picture of what’shappening around
thethreshold. Thisapparently leadsto areductioninthevari-
ance of the Py, estimator.

Next, consider the CRLBs of the previous section. Fig-
ure 2 shows n times the CRLBs and » times the variance of
p asafunction of p (effectively the CRLB and variance per
sample). As opposed to the analysis associated with Fig. 1,
no = 500 independent data samples were always used here,
so the oversampled cases used n = nyD (correlated) sam-
ples. The CRLB for the binary data and the variance of the
independent data(D = 1) areidentical. However, oversam-
pling reduces the variance and shifts the curve down toward
the CRLB for the complex data. Oversampling by morethan
D = 5 did not provide significant improvement.

InFig. 3, theratio of thevariance of p with oversampling
to that for independent data,
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isshownfor various Py, values, Whereag (D, n) isthevari-
ance of p using D times oversampling and n samples (7
independent samples). The reduction in variance increases
with the oversampling factor, although the mgjority is ob-
tained by thetime D = 4. The results for this figure were
obtained by using ng = 500. However, the results for ng =
500 and ny = 1000 were visudly indistinguishable. It is
not believed that A (D, ng) isindependent of ng, but that it
rapidly approaches an asymptotic value with ny. Thiscom-
ment holdsfor the results shown in Fig. 2 and also under the
AR process autocorrelation values of eqg. (9).

5. CONCLUSIONS

Thevariance of the standard Py, estimator was derived ana-
lytically for correlated data. The analysis leads to the inter-
esting conclusion that oversampling the reverberation time
series results in areduction in the variance of the Py, esti-
mate. It was seen that the majority of the improvement is
obtained by the time the data are oversampled by a factor
of four, aresult that seems to be independent of the size of
the window used to estimate the Py, assuming some mini-
mum size. The variance was compared with the CRLBs ob-
tained from independent complex matched filter output data
or independent binary thresholded data. Though not an ef-
ficient estimator compared with the complex matched filter
output CRLB, oversampling was seen to provide improve-
ment over that obtainable with binary independent data. The
implications of this result on the false alarm and detection
performance over afull ping of data, where the correlation
introduced by oversampling makes analysisdifficult, areun-
known and worthy of further research.
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A. JOINT PDF OF CORRELATED INTENSITY
DATA

If the pair (V, U) are unit-variance, zero-mean complex ran-
dom variables with a correlation v = E[VU*], then their
joint PDF hasthe form
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where R (v) is the real part of v. Transformation to an
intensity-angle parameterization resultsin
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wherev = /ye%, u = /z&/?, and y = || €. Integration
over both # and ¢ from 0 to 27 then resultsin eg. (4).
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Figure 1. Variance asafunction of oversampling, keeping n fixed
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Figure 3: Reduction factor of variance as a function of oversam-




