WARPED LINEAR TIME INVARIANT SYSTEMS
AND THEIR APPLICATION IN AUDIO SIGNAL PROCESSING

John Garas and Piet C.\W. Sommen

Eindhoven University of Technology
Dept. Electrical Engineering, Building Eh 6.34
P.O0.Box 513, 5600 MB Eindhoven, The Netherlands
e-mail:j.garas@ele.tue.nl
URL.: http://www.ses.ele.tue.nl/"garas/

ABSTRACT produce similar nonuniform analysis. But first, the theory
behind coordinate warping is presented. In Section 2, the

The main goal behind coordinate transformation (warping) required basics of unitary operators are introduced. In Sec-

of a Linear Time Invariant (LTI) system is to represent its tion 3, the unitary equivalence principle is used to derive

signals in terms of new basis functions that better suit the . . L
S . S the relations between variables and operators in time and
application in hand. Unitary operators simplify the analy- frequency domains and their warped counterparts. An ef-

SIS considerably, t'herefo.re, they'a.re used to derive the r.ela'ficient implementation of the coordinate warping transfor-
tions betwegn variables in the original and warped domams'mation using a nonuniform sampling theorem is derived in
These relations show that an LTI system can be warped bySection 4. Finally, Section 6 sums up the important mes-
processing its input signals with a unitary warping transfor- : '

mation. An efficient implementation of this warping trans- sages conveyed by the paper.
. . . . Throughout the paper, lower case letters are used to rep-
formation, that is based on a nonuniform sampling theo-

L e . . 2 resent signals in time domain while upper case letters repre-
rem, is given; which allows applying the warping principle . ; . :
: ; o I . sent signals in frequency domain. The symbdk used to
in real-time applications. As an example of exploiting this

. L : o denote the Fourier operator. All signals are considered to be
technique, it is shown that sampling an audio signal at ex-

. . elements of the Hilbert space of square-integrable functions
ponentially spaced moments changes the underlying coor-

) T : : L?(IR), which has inner produds, h) = [, s(r)h*(7)dr
dinates of |Fs signal processing system to suit those of thefor s.h € L2(R) and norm|h|?= (h, h}, where(.)* de-
human auditory system.

notes the complex conjugate. Operators on the Hilbert space
are expressed using boldface capital letters. The notation
1. INTRODUCTION (U s)(z) is used to denote processing the signdly the

operatorU and evaluating the result at
The concept of coordinate transformation, better known as

warping, has been used extensively in many applications
such as transform coding, adaptive filters and dynamic time-
warping of speech signals. Recently, Baraniuk and Jonesa ynjtary operatofU is a linear transformation that maps
[1] have extended its application domain to joint signal rep- the Hilbert space into itself. Unitary operators preserve en-
resentations of arbitrary variables including time-frequency ergy and inner products{Us ||>=| s||> and (Us, Uh) =

and time-scale distributions. The main goal behind coor- (s,h). As a consequence, a unitary operator maps a set of
dinate transformation is to represent signals and systems)rthonormal bases iA? (IR) into another set of orthonormal

in terms of new basis functions that better suit the appli- pases in.2(IR). The class of unitary operators that is of in-
cation in hand. A good example may be found in audio erest to us in this paper is the class of unitary coordinate

signal processing. It is known that the human auditory sys- yransformations (axis warping). A subclass of such unitary
tem performs nonuniform spectral analysis on sound waves;gqrdinate transformations dit(IR) is given by [1]
collected by the pinnae. Therefore, audio applications that

interact with the auditory system should have similar inter- (Us)(z) = V]3(2)| s(v(z)) 1)

nal representations of signals. It is shown in Section 5 that

warping the coordinates of the signal processing system towhere~(z) is a smooth, monotonic and one-to-one func-
match those of the human auditory system is sufficient to tion, andy(z) = dv(z)/dz. The weighting tern\/| ¥(z) |)

2. UNITARY OPERATORS



preserves the signal energy, and therefore ensures that the - 1
L . . . ()] U s(f) P y(T) U y(t)
transformation is unitary. In Section 4, we will show that AT
the transformation (1) can be implemented efficiently us-
ing nonuniform sampling of the signal To reach this
point, we need to define two other classes of unitary op-
erators. The first is the class of parametrized unitary oper-
ators representing physical quantities such as time and fre-

quency. In this representation, a variables associated gy esses time shift, which is equivalent to multiplyitig
with the operatorA, parametrized by:. The second is 5) by the phase factos’27%%. This principle of operator

the class of unitary signal transformations acting as denSityequivalence modulo a unitary transformation can be gener-
functions for physical quantities, such as the Fourier trans- 5i;aq to any unitary operator; which leads to tivtary
formation. The latter class can be obtained by projecting @ jivalencerinciple [1]. This principle states that two op-
S|'gnals onFo the elgenfunct|ons of the operatéAy,. The _eratorsA and A are unitary equivalent iA — U AU,
eigenfunctions and eigenvalues of 'Fhe para'meterlzed'unl-with U a unitary transformation. Solving the eigenequa-
tary operator , can be found by solving the eigenequation tion of A yields the new eigenfunctions® = U leA,

'\ A A o7 : :
(AX e ) (@) = Aok et (x)'_ This yleldsAthe eigenfunctions while the two operators have the same eigenvalues. And the
{ej; (2); k €IR} and the eigenvalue\;;;k €R}a. The A poyrier transform is given bf ;=IFs U. SinceU is
expansion of a signal onto these eigenfunctions (referred unitary, it preserves the inner product 8A(IR) such that

to as theA-Fourier transformF, in [1]) is given by (fA,]NB) — (A, B) for any two operators andB.

A A* Application of the unitary equivalence principle to the
S(k) = (Fa 5)(k) = (s, e}’) = /IR s(z) e dr (2) time and frequency operato® andF results in two new
operatorsT andF that correspond to two new variablés
and the inverse transformation is given by andf, respectively:

Figure 1:Warped linear time invariant system.

s(@) = (Fx" S)(x) = (S, eA") = /IR S(k) e dk (3) T,=U'T,U F,=U'FU (4

The time-shift operator corresponding to the time vari- When the unitary transformation is of the warping type given

able and the frequency-shift operator corresponding to the]?y (1), we wil refer' t01|5 a?:df ashwartp)) ed—tg}; anq warped-
frequency variable together with their corresponding eigen- requency, rgspectlve y._ romt_ea ove, heouriertrans-
functions are summarized in Table 1. The transformationform IFT |s'g|ven~byIFf_IFT U _IF~U ar'ld ca.n Pe shown
Fr= (s,eF) can be identified as the usual Fourier trans- to be invariant tal and covariant td (while IE is invariant
form IF which is invariant to time shifts up to a phase factor t0T and covarianttd). Similarly, theF-Fourier transform
|(F T,s)(k)| = |(F s)(k)|, covariant to frequency shifts IS given bylFg=IFIF U = MU; whereM is the mirror op-
(F F,s)(k) = (F s)(k + v) and measures the frequency erator(Ms)(t) = s(—t). Similarly, IFz can be shown to be

contentsin the signalz). The transformatioifg= (s, el ) invariant toF and covariant tar.

corresponds to the mirror transforfifrg s)(z) = s(—z) The underlying coordinates of an LTI systdPcan be

that is invariant to frequency shifts, covariant to time shifts changed by preprocessing its input signal with the unitary

and measures time contents in the sigrial). transformationU as shown in Fig. 1. This preprocessing
transforms the input signal— Us and maps the opera-

| Operator]| Definition in t-domain | Eigenfunctions | torsT — T andF — F; corresponding to the warped-

Time shift] (T, s)(z) = s(z — p) eg(x) — oi2rka time and Warped-freguency variables as discusged above.

Freq. shiff (F, s)(z) = 1277 s(z) |eF (z) = 0(z + k) The system outpuy(t) = (PUs)(¢t) can be considered

as the response of the warped-LTI (WLTI) system given by
Table 1:Time and frequency operators and their eigenfunctions. PU. Since an LTI is characterized by its covariance to time
shifts, the original systei® is covarianttdr': (PT,s)(t) =
(Ps)(t — w). The WLTI systemPU however, is covariant

3. UNITARY EQUIVALENCE AS A COORDINATE by translation nottd buttoT: (PUT),s)(f) = (PUs)({—
TRANSFORMATION u). Therefore, by carefully choosing the unitary preprocess-
ing operatofU, it is possible to “rotate” the system coordi-
It is a well known property of the Fourier transform that a nates to better suit prespecified requirements on the result-
time signals(t) can be modulated (frequency shifted) by ing WLTI system. In many cases, the output of the LTI
either multiplying it bye?2™** or by translating its Fourier ~ system has to be presented with respect to the original coor-
transform:F, =IF~! T, IF. Similarly Tgs =F! Fs IF dinates, and the inverse warpily ! in Fig. 1 is needed.



Time Frequency
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Figure 2:Relations between time domain, frequency domain and
their warped counterparts.

The relations between time domain, frequency domain

whereT is the sampling period that is considered to com-
ply with the classical sampling theorem. Equation (5) can
be interpreted as sampling the sigrél) at new sampling
moments given by, = ~(nT), thus producing nonuni-
formly sampled signal. The following theorem shows that
this nonuniformly sampled signal is guaranteed to be free
from aliasing.

Clark’s nonuniform sampling theorem [2]:

Let a functionf(t) be sampled at the sampling moments
t = t,, Wheret,, is not necessarily a sequence of uniformly
spaced numbers. If a one-to-one continuous mapgitg
exists such thabT = £(t,,), and ifg(7) = f(€71(7)) is
band limited tav, = 7 /T, then the functiorf(¢) can be re-
constructed exactly from its samples using the interpolation
formula

=Y f (6)

n=—oo

In the case of the unitary warping transformation (5),
since we started off with a warping functigrihat is smooth,
monotonic and one-to-one, the mappitg (1) = ~(:) is
guaranteed to exist. Moreover, sinteis a unitary trans-

and their warped counterparts are summarized in Fig. 2. Information, its inverse exists and the inverse warping func-

this figure, an arrow with an operatd on top indicates
the required transformation to move from one domain to
the other in the arrow direction. The transformation in the
opposite direction is performed & ~'. Note that the uni-
tary transformatiofU is defined to be the same for time and
frequency signals, therefolle U = U F.

4. NONUNIFORM SAMPLING AS COORDINATE
TRANSFORMATION

In real-time digital signal processing (DSP) systems, pro-

cessing speed is of high importance. Therefore, an efficient

implementation of the unitary warping transformation (1) is
required to put the warping principle into application. In
general, calculating the weighting functigp|¥(¢)| forms

no difficulties sincey must be chosen to be a smooth, mono-
tonic and one-to-one function.
done off-line and the result stored in a lookup table to be

tion y~1(-) = &(-) exists, which proves that the system is
free from aliasing. Therefore, samplirgat the moments
t, = v(nT) and multiplying the result by the weighting
factor \/|¥[nT]| is a valid implementation of the unitary
warping transformation (1). The total complexity required
for warping a signal of time interval' T' seconds is reduced
to N real multiplications that are required for the weighting
factor /|¥(t)| in (5). In cases when input signals are al-
ready in digital form, the nonuniform sampling can still be
used by using a hardware resampler as described in [3].

5. WARPED AUDIO SIGNAL PROCESSING
SYSTEMS

In this section, the auditory filter bank problem, mentioned
in the introduction, is used as an example to present the de-

In most cases, this can besign procedure of WLTI systems. This example also ex-

presses the potential improvement of conventional audio sys-

accessed during real-time processing. Therefore, in the restems when combined with a preprocessing warping stage.

of this section, we will consider only the second factor of
the right hand side of (1).

For most real-time DSP systems, input and output sig-

nals are continuous-time signals. Analog-to-digital convert-

ers (ADC) are used to sample the input signals, while digital-
to-analog converters (DAC) are used to transform the out-

put signals back to their continuous-time form. Considering

that the sampling process is performed after warping, thein Fig. 3-a) is given by(t)

warped signa{Us)[nT] (see Fig. 1) can be expressed as

(Us)[nT] = VI¥[nT]| sly(nT)] (5)

Consider an LTI systen® that functions as an audio
spectral analyzer. The input signal is first sampled uni-
formly with sampling periodI’ seconds according to the
classical sampling theorem. Blocks &f samples are col-
lected, anV-point FFT is calculated and the result is pre-
sented. The output of this system is shown in Fig. 3-b for
N = 64, T = 1/300 seconds and the input signal (shown
=31 cos(2r2ing)

Since the FFT algorithm calculates equally spaced sam-
ples of the signal’s Fourier transform, this simple analyzer
can be considered as a constant-bandwidth filter bank. On



the contrary, the human auditory system performs constant- a) Time domain o D) Frequency Domain
Q “percentage-bandwidth” analysis in most of the audio fre-
guency range. Therefore, the systéhtdoes not present a
true estimate of the signal components as seen by the hu
man auditory system, and can not accurately resolve known
phenomena such as frequency masking. In order to take 20 1
these perception issues into account, we need to convert th
constant-bandwidth filter bank, performed by the above sys- ~ * 93, =5 oe 2t s Flr‘iqugcyzigd;f %
tem, to a constant-Q filter bank, preferably with as little ex- ¢) Warped-time domain d) Warped—frequency domain
tra computation as possible. Several methods exist that car
perform the task, a survey of which can be foundin [3]. Un-
fortunately, all of the existing techniques require a great deal
of computation complexity. The warping principle proves
to be very efficient in this case: warping the frequency co-
ordinatef of the above system to(f) = f, - o/ and per-
forming the same FFT on the warped signal is sufficient. ™1 105 11 115 12 125 5 10 15 20 25 %
In the above warping function, the variakles IR, a > 1 Time in seconds Frequency index
controls the bin spacing and bandwidth on the warped fre-
quency coordinatef, € IRy is a reference frequency taken
to be the smallest frequency of interest. This maps the fre-
guency sampling points of the FFT frofpy = kF' to f;, =

f, (a*F); wherek is the frequency index anfl = 1/NT mechanism. Note from Fig. 3 that the same number of sam-
is the bin spacing of the ordinary FFT. From Fig. 2, this is plesN = 64 are collected in longer time in case (c) than in
equivalent to considerinB = I and performing a transfor-  case (a) which leads to less number of blocks per unit time.
mationIF U from time to warped frequency. This allows us

to use the nonuniform sampling method to implement the

warping efficiently, which is not possible if we consider a 6. CONCLUSIONS

transformation from frequency to warped frequency. Using

a similar time-warping function and substituting in (5) gives |t is shown that a Linear Time Invariant (LT1) system can be

=]

. g[nT]

Figure 3:Spectral analysis in time and warped-time domains.

the required unitary warping transformation readily warped by sampling its input signals nonuniformly.
Nonuniform sampling not only implements the warping uni-

— T T
(Us)[nT] = 4/|a"" log(a)] st, a™"] (7 tary transformation efficiently, but also leads to a more ef-

wheret, €IR, is an arbitrary time reference granda cR  ficient sampling mechanism for many warping functions.
, a>1. This transformation maps functions @A (IR) onto Having such an efﬁuept |mplementatlop allpws ut|I|'zmg the
functions onZ2(IR,.). From Fig. 2, it is readily evaluated ~Powerful toql of coordinate tr'ansformatlon in real-tlme sig-
that ('i‘as)(t) = a—*/25(a="t) which is a dilation oper- nal'proces.smg systems. T.hls.technlgue offers audio appli-
= cations a simple way of adjusting their performance to take

ator, (F,s)(t) = e/?2m18,(1)g(¢) corresponding to loga- . e
(Fas)(?) © s(t) P g 9 the human auditory system behaviour into account.

rithmic modulation. The Fourier transform in this case is
(Fg S)(f) = ¢ [;7 2R el oa dr; wheree = /log(a)
which is the Mellin transform known for its constant-Q anal- 7. REFERENCES
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