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ABSTRACT know when the signal is on or off, or because the noise is not sta-
tionary, or because one estimates the variance from the data. This

A detection problem is considered for a single broadband sourceassumption makes it difficult to use signal detectors which assume
of unknown waveform and emission time. The signal travels to the that the variance of the noise is known.

receiver along multipath with unknown delays and temporal sepa-
ration exceeding the inverse bandwidth of the signal. The received
noise has uncertain variance. The travel times of the multipath
are impractical to predict because of uncertainties in the environ-
ment. The presence or absence of the signal is estimated from th
auto-correlation function. Instead of stochastically modeling the

These kinds of signals might be detected with receivers which
base their decision on the received power [14]. This paper dis-
cusses additional techniques for detecting these signals based on
éhe data from the auto-correlation function. This function pro-
vides the standard gain obtained with a matched filter [11], since

. . : . . ' the signals from each multipath are assumed to be attenuated and
multipath in terms of their received auto-correlation function, re- delaved replicas of one other. Perhans the most distinauishing fea-
ceivers are constructed which constrain the signal-related lags in Y P X P 9 9

) . : . ture of the receiver discussed here is that it inherently incorpo-
the auto-correlation function to have physically possible arrange- . . ) . -
- . . rates only physically possible lags at which the signals occur in
ments. For simple cases, this approach, called a matched-lag fil-

; iy b . the auto-correlation function. In other words, the lags and am-
ter, yields probabilities of detection that are 1.35 times greater . . e
- . ) plitudes of signal-related peaks are treated deterministically rather
(for a false-alarm probability of 0.001) than conventional filters than stochastically. There are examples of the detection of multi-
which base their decision on the signal-to-noise ratio in the auto- hwhich 3:1 led hasti "p h that th lati
correlation function path which are modeled stochastically, such that the auto-correlation
’ function of the multipath signals is assumed to be known ahead of
time [15, 4, 17, 10]. This assumption allows multipath signals to
1. INTRODUCTION occur at any lags in the auto-correlation function, but indeed there
are many lag arrangements that are unphysical. Take, for example,
A detection problem is considered where either noise or signal plustree paths arriving at a receiver. There are at st 1)/2 =3
noise is present at a receiver. It is assumed that the emitted signapignal-related peaks at positive lag in the auto-correlation function
travels along two or more paths because of reflections or refractionl7]- The lags,r, of these peaks must satisfy the lag equations,
within the environment. Assume the transmitted waveform, ampli-
tude, and emission time are unknown, as are the travel times of the
multipath. The lack of information about a library of transmitted
waveform shapes appears to preclude the use of detection methods
based on th_e matched filter [11]_ or those dlscus_se_d _for W|re_less[7] where the travel time for path is ¢
communication systems [12]. It is assumed that it is impractical
to accurately model the travel times of the multipath because of

Tlm,n] =t[m] —t[n]; n<m, Q)

[m]. The reader may ver-

ify that it is impossible to have signals at lags 2, 4, and 5 where

. NI . . X samples are taken at times having integer values. So detecting the
insufficient information about the environment. Thus it would not jgna15 described in the first paragraph can involve more than look-
be possible to used matched field processing [3] or other methodqng at signal-to-noise ratios. It is shown here how to incorporate

to model ;he multipath. ISUCh conditions may occulr for thﬁ propk; the physically possible lag locations into the design of a receiver
agatlpn of acoustic ore ectromagnetic waves on land w e_re_t €in a deterministic way, and thus increase the probability of detec-
locations of boundaries such as the ground, trees, rocks, buildingsjon compared with receivers which base their decision solely on

etc. are often unknown [12, 7], or in shallow water with compli-  jyna1 to_noise ratios and a stochastic model for the travel times of
cated bathymetry, or with electromagnetic propagation through thethe multipath. The receiver developed here which bases its deci-

ionosphere [15]. Such conditions may also occur in the Earth Whension for a signal’'s presence on both the signal-to-noise ratio and

acoustic signals from earthquakes or nuclear blasts propagate toynysjcally possible lags in the auto-correlation function is called a
receivers along many paths. Further assume that the signal has atched-lag filter.”

wide bandwidth, so that some multipath arrive at intervals exceed- o ) ) )
ing the inverse bandwidth of the signal. Assume that the variance N mMost situations, the auto-correlation function of the emit-
of the noise is imperfectly known, either because one does nott€d Signal has an unknown shape. This problem is too difficult to
deal with in an introductory paper dealing with the concept of a
John Zittle suggested to the author that the lag equations in [7] might Matched-lag filter. Instead, the matched-lag filter will be evaluated
lead to a detection problem. This work was supported by ONR grant in an ideal situation where it is assumed that the emitted signal has
N00014-97-1-0613 an auto-correlation function that is like a delta function.




2. LIKLIHOOD RATIO

Under hypothesid, the data,r(k), at the receiver consist of
k=1,2,3,--- , K mutually uncorrelated Gaussian random vari-
ables,e(k), with mean zero and variang€. Under hypothesis
H,, the data contaifv delayed and attenuated replicas of an emit-
ted signal,s(k), plus additive noise,

r(k) = a(n)s(k — t(n)) +e(k) , (2)

where the travel time of theth path ist(n). Travel time is mea-
sured in units of the sample number at the receiver.
correlation function for non-negative lags is,

Rp)=% S rhri—p) s p20. @)
k=1+p

2.1. Probability Density Function Under HypothesisHy

Under Hy, itis straightforward to show that auto-correlation func-
tion lags have mean zero, except for lag zero which will not be

The auto-

The number of signal-related positive lag®), in the auto-
correlation function is bounded by,

N-1<P <P, (8)
where the maximum number of resolved signals at positive lag is,
P=N(N-1)/2, )

[7]. One obtains less thaR resolved signal lags when a signal lag
has two or more pairs of travel time differences which are equal to
each other.

The P positive lags in the auto-correlation function satisfy the
lag equations where < n < m < N in Eq. (1). The structure of
signal related lags can be obtained by generating all the possible
arrangements av — 1 relative travel times,

tm]—t[1] , m=2,3,4,---N (10)
among( positive lags. There are,
_ Q

used. The lags are also uncorrelated. When there are many terms

in the summation indices of the auto-correlation function, the cor-

relates are also Gaussian because of the central limit theorem [8

When the lagp, is small compared with the greatest ldg,— 1,
computed for the correlation function, the variance of the corre-
lates is approximately stationary with value [16],

2 _ (P2)2 )

(4)

The joint probability density function (pdf) of the positive lags
in the auto-correlation function is,

. N 1
o) = (o) e~ S R@]

0 g1

where there ar€) positive lags used for the receiver a@d <<
K — 1. The travel time difference between the last significant and
first multipath is assumed to be less than or equé) to

2.2. Lag Structure With Multipath

Under H,, it is assumed for simplicity tha¥ paths arrive at the
receiver, each with amplitudein Eq. ( 2). Their arrival intervals

are assumed to be greater than or equal to the sample interval.
Arrival times are assumed to coincide with a sample time. The
emitted signal is assumed to have an auto-correlation function that

is white and its energy is,

k=1

€ (6)

ands(k)s(k — p) is zero forp not equal to zero where the overline
denotes an expected value. A resolved signal has a valdeirof
the auto-correlation function where [16],

we

A=
K

(@)

such arrangements. Th# arrangement oN — 1 relative travel

]_times determines thE, positive lags,

¢b(P) ; p:172737PZ; )

where signals occur. Because there can be contributions from two
or more signals at the same lag, we define the number of signals at
lag v (p) asmy (p), wheren, (p) is called the redundancy function.
It is always greater than or equal to one. TFiie lag-redundancy
arrangement is defined to consist of thB, elements in the set
{¢b(n)7 Wb(n)} y = 17 27 37 e 7Pl;

Some of theB, lag-redundancy arrangements may be the same.
For example, the two travel time sets,e {0,1,3} andt €
{0,2,3} both yield the same positive auto-correlation function
lags, ¥(n) = 1,2, and3, and redundancy functiong(n) =
1,2,and1 for n = 1,2, and3 respectively. In other words, lags
1 and 3 are resolved, and lag 2 has contributions from two signals.
The total number of unique lag-redundancy sets is [16],

(12)

_Bl—Bs

Bl 5 + Bs , (13)
where,
. Q
Bs= 2(Q—-N+2) < N2 > ; for N and@ even
2
(14)

The liklihood ratio for the auto-correlation function lags will re-
quire using the set of unique lag-redundancy arrangementsththe
of which is denoted v (n), 7 (n)} , n=1,2,3, -+, P,.

2.3. Probability Density Function Under HypothesisH:

UnderH,, the variance of the noise in an auto-correlation function
is,

ot =og(1+eil?) | (15)



where the time-averaged signal-to-noise intensity ratio &veam-
ples at the receiver is,

; (16)

).
[16].

The joint pdf of the positive lags in the auto-correlation func-
tion is,

and,

N -1

=21
c1 (+ 10

a7

B

=" fo(Blw) £, (W)

b=1

f1(R) (18)

where the conditional probability is,

(271’0%)_Q/2

fo(Rlohy)

(19)

! p=DP/+1

where\i/b(p) are the lags where no signals occur at positive lag.
The probability of obtaining a particular arrangement of signal
lags, f3(1)), will be taken to be the one of most ignorance, so
it will be uniformly distributed as,

1
B (20)

2.4. Average Liklihood Ratio

It may be difficult to accurately estimate the variance of the noise,

as for example is the case even if one has stationary noise consist-
ing of K uncorrelated samples of a zero mean Gaussian random

variable with true variancg® = 1. The 95% confidence limits for
the sample standard deviation frdkhsamples is,

23/2

L+ 27

which, for K = 1000 is 1 £ 0.5 [1]. For this reason, the per-
formance of a receiver will be investigated for the case where the
variance of the noise at the receiver is imperfectly known using an
average liklihood ratioA = f;/fo, where the expected value is
taken over the uncertainty in the noise [6]. Since the probability of
the data depends on the variance of the noise, hypotliésesd

H, are composite.

Using the Neyman-Pearson criterion, the decision on whether
the data consist only of noise or of signal plus noise is made by
choosing an acceptable probability of false-alaffg, and solving
for a threshold valuely, in,

oo

Qo= P(®)dA . (21)

Ao

The probability of detection is given by,

(oo}

Qu= | Pi(A)dA (22)

Ao
where the pdfs o\ under hypotheseB, and H; are Py(A) and
Pi(A) respectively. The results are summarized using a receiver
operating curve[13, 2].
It can be shown that an expression for the average liklihood
ratio for the positive auto-correlation function lags is [16],

L(Rly
fo(E|z)

where the overline denotes expectation over the uncertainty of the
noise ande andy parameterize the noise uncertainty according to,

=y

Ai(R) =

~
-

; (23)

-2
0o

-2
g1

x

Y

= (24)
and it is assumed that and y are uniformly distributed on the
intervals[, #] and[g, §] respectively. To complete Eq. ( 23) we
need the average pdf under hypothdgis

53 g >3 z (T —(Q
fo(Rlz) = / po(@) fo(Blz)de = (;)(QZQH @+
(V(§ +1p2) —9(F+Lpx)] , (25
where,
_1 2
p=5 ) R0, (26)
=1
and the incomplete gamma function [5] is,
b
fy(a,b)E/ et dt . (27)
0

We also need the average joint pdf of the data udder

K@D = [ pondndy
Y
p(y) 1 <5 —(@+1)
(2w)Q/2é_1§”b
V(€ +1,m9) —v($ +1,m39)] , (28)
where,
1@ 2 B B }
o =5 > R+ D i 0) =AY i) Ru(%e(p)) -
=1 p=1 p=1

2.5. Example

Consider a case where the standard deviation of the noise at the
receiver is known within 50% and consider,

K = 40
Q 7
2
101log,, % = 1dB, (30)

1
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Figure 1: Receiver operating curves for the values from Eqg. ( 30).
The thick curve is for the matched-lag filter based on the aver-
aged liklihood ratio in Eq. ( 23) which uses only the physically

Finally, it should be realized that the matched-lag filter is more
efficient to implement than the conventional type because the num-
ber of physically possible lag-redundancy arrangements is fewer
than the number of unphysical arrangements for most cases.
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