ANALYSIS OF THE EUCLIDEAN DIRECTION SET ADAPTIVE ALGORITHM

Guo-Fang Xu and Tamal Bose

Department of Electrical Engineering
University of Colorado
Denver, CO 80217-3364

ABSTRACT

A mathematical analysis is performed on a recently re-
ported gradient-based adaptive algorithm named the
Euclidean Direction Set (EDS) method. It has been
shown that the EDS algorithm has a computational
complexity of O(N) for each system update, and a rate
of convergence (based on computer simulations) com-
parable to the RLS algorithm. In this paper, the stabil-
ity of the EDS method is studied and it is shown that
the algorithm converges to the true solution. It is also
proved that the convergence rate of the EDS method
is superior to that of the steepest descent method.

1. INTRODUCTION

Adaptive filtering algorithms have been very successful
in a wide variety of applications. The LMS algorithm is still
very popular due to its computational simplicity. The slow
convergence rate of the LMS algorithm is well known. On
the other hand, the RLS algorithm has a fast convergence
rate but its computational complexity of O(N 2) makes its
use prohibitive in many applications. A variety of other
adaptive filtering algorithms have been recently reported in-
cluding the Conjugate Gradient (CG) based methods and
the Fast Transversal Filters (FTF) which have their own
sets of pros and cons. Very recently, a direction set (DS)
based algorithm was introduced in {1] for adaptive filtering
applications. The algorithm keeps the minimum search ei-
ther on a set of near conjugate directions with respective
to the Hessian matrix or simply on a set of Euclidean co-
ordinate directions. The proposed algorithm was shown to
have a computational complexity of O(N) for each coeffi-
cient update and a rate of convergence, based on computer
simulations, comparable to the RLS algorithm [1], [2]. The
application of this algorithm was also investigated and it
performed very well in system identification and spectral
estimation.

In this paper, we perform a mathematical analysis of
the Euclidean direction set (EDS) method and prove that
it converges to the true parameters and that its convergence
rate is superior to the steepest descent method. The paper
is organized as follows: In Section 2, we show that the EDS
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method is a new gradient-based adaptive process and it can
be implemented by a Euclidean direction search procedure.
A mathematical analysis of stability and convergence rate
are presented in Section 3. Concluding remarks are given
in Section 4.

2. EUCLIDEAN DIRECTION SET METHOD

Consider the following quadratic optimization prob-
lem,
. T T
JW) = wrreu}rlxN {W RW - 2W" P +d}, (1)
where R is an N X N real symmetric positive definite matrix
(Hessian); P and variable W are vectors of order N, and d
is a scaler. The notation (.)7 means the transpose of (.).
The minimum of J(W) can be obtained by setting the
gradient V = 0, where V 2 230%) — 2RW —2P. This yields
the normal equation : RW = P. Since R is nonsingular,
the optimal solution W. equals R~!P. Rewriting this in
terms of the initial value W(0) and the gradient V(0), where
v©)2 Vv |w=w(o), gives the so called one-step Newton’s
method W, = W(0) — 3R~ V(0).
By introducing a constant u to regulate the convergence
rate, Newton’s method can be expressed as:

W(k+1) = W(k) — %R‘IV(k), (2)

where W (k) denotes the variable vector at step k, V(k) £
v |W=W(k)= 2RW(k) —2P,and 0 < p < 2.

Since matrix R is unknown in most practical applica-
tions, R™! in Newton’s method must be estimated based
on a statistical sample, which in general, is computation-
ally expensive.

The steepest descent method avoids dealing with matrix
R™! and updates the variable vector W on the negative
gradient direction as follows:

Wk +1) = W(k) - £V(k) , 3)

where 0 < g < 12— and Amax is the largest eigenvalue of R.
This simplification makes the steepest descent method very
popular in practical applications. However, the fact that
the convergence rate is bounded by the condition number
of matrix R is well known [3].

The Euclidean direction set (EDS) method introduced
in {1] in adaptive filtering is a gradient-based method, which



can be written as:

W(k+1) = W(k) — gA-IV(k) , (4)
where 0 < 4 <1, and A is an N X N matrix with elements
{ai,j}. Matrix A is related to matrix R as below.

In the Direction Set method, the algorithm performs
line search along the Euclidean directions systematically in
a cyclic manner. When one direction is chosen at a time, the
method is called EDS1. In this case, A is a lower triangular
matrix with

ai; = { rij, fori=12--. 6

N;1<j<q
0, otherwise ’
When two directions are used for line searches at a time,
the algorithm is called EDS2. In this case, A becomes a
lower block triangular matrix with the row size in each block
being 2, i.e.

rij, fori=12---N; 1<j<1;
aij; = rij, fori=13,---M; j=i+1; (6)

\ 0, otherwise

where r; ; is the element of R and M = N —1 for N is even,
otherwise, M = N — 2.

Define a(k) = W(k+1)—W (k). Substituting a(k), V(k)
into Eq. (4) and multiplying both sides by A, gives:

[ Aa(k) = —p(RW(k) — P); |
\ W(k+1)=W(k)+c(k). [
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a(k) can be solved explicitly.

Assume R = {ri;}, P = [p1,p2,---,pn]T, 1 = 1, and
at time k, W(k) = [wi,wo,---,wn]". W(k + 1) can be
updated by the following EDS1 or EDS2 search cycle with
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EDS1: (one Euclidean direction search at each loop.)
{ fori=1:N

N
(1): & =), migwi = pis
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=
(1) €2i-1 =), T2i—1,jW; — P2i-1,
i=1
N
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(2): r =roi_1,2i_172i,2i — T2i—1,2iT2i,2i—1;
(3): a2'—1 = _‘2!—1'2!—1.2!:1—'21'2|—1,2|’
Qg = _‘21"‘21‘.21"52-‘"2-‘,2:‘—1 ;

{4): wai—1 = wai—1 + a2i—1,
wei = w2 + 2.

if N is odd N
(1): en =3 TN w; — PN;
i=1
(2): an = —r—;‘?";;
3): wny =wn +an. }

The above search procedures are named Euclidean di-
rection set (EDS) algorithm because it is equivalent to per-
forming an orderly minimum search on a set of Euclidean
directions, which was originally developed in (1], [2]. Such
a one-by-one search scheme ensures that the sample-based
EDS algorithm has O(N) computational complexity in each
system update.

Intuitively, we expect the EDS algorithm to converge
faster than the steepest descent method and to be compu-
tationally less complex than Newton’s method, because the
EDS method utilizes matrix R partially and does not have
to compute the inverse of matrix A.

3. ANALYSIS OF THE EDS METHOD

3.1. Stability of The EDS Algorithm

We begin the stability analysis by defining an error
vector as C(k) £ W(k) — W., where W, = R™'P is the

optimal solution of (1\ q"hfranhna- W, from both sides of

(4), and using V(k) = 2(RW(k) RW.) the error recursive
equation becomes

C(k+1) = (I - pA"'R)C(k),

srhara ) P e 4ol R 27N RO
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initial value o
C(0), for the error vector, the solution of (?7?) is
C(k) = (I - pA™*R)*C(0). ™

It is well known that C(k) — 0 as k — oo, if and only
if o(I — uA7*R) < 1, where p(.) denotes the maximum
absolute eigenvalue of (.).

Based on the fact that matrix A is a lower triangular
submatrix of R, the following theorem provides a sufficient
condition for the convergence of the EDS algorithm. It is
worth noting that this sufficient condition is independent of
the largest eigenvalue of matrix R.

Theorem 1 Let R be an N x N symmetric positive def-
inite matrix, and matrix A be as defined as (5) or (6), with
the step-size parameter 0 < p < 1. The Euclidean direction

set (EDS) algontnm converges to the optimal solution.
Proof: Let B £ A+ AT — R. It is easy to verify that

matrix B is a block diagonal submatrix of R, with each
block size being 1 x 1 or 2 x 2. As proven in the next
subsection, matrix B is symmetric and positive definite.
Now, assume that A and x are the eigenvalue and associated

eigenvector of matrix A~ R where
(I-A"'R)z =(1- \z.

Multiplying by z* A, taking the absolute value of both
sides, and rearranging gives

\| = 2" Az — =" Ral

e |z* Az} ’

where (.)* denotes the conjugate transpose of (.).
Recall that for z € CV;2 # 0, z*Rz > 0, =" Bz > 0,

and Re{z*Ax} =z (AJ'A—) z*(248)z. If z*Rx = 2a,

z*Bx = 2¢, then, z*Az = a+¢ +]b where b is real. So,
substituting a, b, c into (8), we have

_ B (a-—c)2+b2 1/2
I1-Al= (—(a+c)2+b2 <1,

1 _
B

~
J
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which implies that p(I —

Since for 0 < 2 < 1
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we have C(k)
follows. ]

< I8
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— 0 as k — oo in (7), and theconcl

1.
A"IRY <« o(T — A~1R) (8]
} 1
( n

3.2. Convergence Rate of The EDS Method

In the previous section, we have shown that |1 — A| <
1, which implies that A # 0. Therefore, using similarity
transformation, we may express (7) as

C(k) = QU — pA)*Q™'C(0),

where matrix A is a diagonal matrix containing the eigen-
values of matrix (AR and A”IR = QAQ™ 1 Bar conve-

VoiUeh Ul TiaullA (/1 i1y, @il /A2 = . £OT LOnvVe-

nience, define a new vector V(k) = Q™! C‘(k), so that
V(k) = (I — pA)*V(0).

Clearly, the convergence rate of each element v;(k) in
vector V (k) is dependent on the associated elgenvalue /\ of
matrix (A7!R).

The quantity ; = 1 — pA; is known as the “geometric
ratio”. Note that when the absolute value of r; is less than
1, the rate of convergence increases as r; decreases.

As mentioned in [4] the overall convergence rate r can-
not be expressed in a simple closed form. But fortunately,
the absolute value of geometric ratio r is lower bounded.
So, we indicate that the convergence performance of the
EDS method is superior to the steepest descent method by
showing that the lower bound |r|,,,, .., in the EDS method
is lower than that of the steepest descent method.

Throughout the rest of the paper, Ai(.), Amax(.) and
Amin(.) will denote the ith, the largest and the smallest
eigenvalues of matrix (.), respectively.

The ith geometric ratio, for the steepest descent method,
isri =1— pXi(R), where 0 < p < ﬁ(ﬁ. The overall
convergence rate is lower bounded as

[r] > max{|1 — pAmax(R)|,|1 — pAmin(R)|}. 9)

}U\mnx\n) - 1 =1- ,,u\mm\u.), which gi'v'es
—m Substituting it into (9), yields
mnx(R) mm(R)
; 10
M2 3 e (B) T Amin(R) (10)
So, in the steepest descent method,
|1_| _ /‘\max(R) _ )\min(R)
bound ™ Amu.x(}z) + Amiﬂ(-’z)
9
= 1- — 70 (11)
AIIIHX‘RI
Amin(R) + 1

where M@Q equals the condition number of R.

lllll (R
Note that |r| . decreases as the ratio 2max(R) qq

1boun Amin{Y)
creases. Hence, the convergence rate increases as the ratio
i“ﬂ‘—’-‘-(m decreases.

(R
“In order to compare the bounds between two methods,
let’s prove the following lemma first.

Lemma 1 Assume R is an N x N symmetric positive

definite matrix. and matrix R ic a block diaconal subma

elinite malry, anc maltrix 200X Qlagthnal susma-

trix of R, with each block being square, then, matrix B is
symmetric, positive definite, and

Amin(la) Z Amin(I'z); /\mnx(B) S /\max(R)-

Proof: For i = i,2,---, N, the ith principle submatrix
R; of R is the i X i submatrix consisting of the intersection
of the first ¢ rows and columns of R. Let B; denote the jth
block submatrix in B, i.e. B={B, & B2--- ® Br}. Since
any principle submatrix of a symmetric positive definite
matrix is symmeiric positive definite and Ax(R) < Ae{Ri) <
Ak+N—i(R) for each integer k such that 1 < k < 1 [5], it
therefore, follows that the first block in B is symmetric,
positive definite, and

Amin(B1) 2 Anmin(R); Am

s\l Z AC , ‘max

Recall that there exists the permutation matrices which

an bring the other blocks being the first block without

effect of the symmetric and positive definite properties [6],
and

[¢]

Amin(B) = min {Amin(Bj)};
j=1,---L
/\max(B) = 'H}&XL {Amﬂx(Bj)} .
J= I
We thus proved that matrix B is symmetric, positive
definite, and
‘mm( ) Z /\\min(R); /‘\mnx(B) _<_ /‘\max(R)- ﬁ (12)
In the EDS method, for p = 1, the overall convergence
rate
-1
r| > max 1-XM(AT'R
Irl Zi=1,2,,N {l i [}
and
L2
1.1 _ i r|1 _z R.‘Bh 719}
1" lbound — Sup 'l|1 * A |f \iv)
A-! Rz=Az;z#0 T AT

mum occurs when z* Az is real. Note that, if 2* Az is real,

b
then z* Az = z"%ﬂz and z*Az—z* Rz = m'#x There-
fore,
|r|be-_!ad
< sup {lac._R:c—_:c;_@ﬂ}
z*AzcRN;zz0 TRz +z*Bz
_ . . - > * .
I 1 p— {: BT if z* Rz > z* Buz;
— z€ RN ;x4
1 1- s {: . if z* Rz < =* Bz, I
zeRN z
1 2 o if xRz > =" Bx;
< '\ming:‘;} . .
= 1— 5—=f&Hy— if " Rz < z* Bx; (14)
\ )‘mlnzns T )
That is,
2 2
lrlbouﬂd S max !1 T Amex(m) ! 1- Amax(8Y . = 1 .
max(R max(8 1
Amin(B) Amin( R) J

(15)



Recall Lemma 1, and note that when the equality in

— Am R Amax(R,
(:2) occurs, |r|, .., = 0. Therefore, T:f;} > m‘;} and
y . .
‘\L:"(%)- > AL"‘((% are true in general, which asserts that

IPlpouna in the EDS is lower than that in steepest descent
method.

If 3\'\-"%1(‘7’3 is close to 1, with proper step size p, both

EDS and steepest descent method converge fast. However,
when :‘“4(‘% is large, the last “ <" in (14) is a very con-
servative step. Since matrix B is a block diagonal subma-
trix from R and matrix R is central majorized., sup
x€RN ;z#0

*Rx—z"Bz| . . . -
l:‘_Rz-l-:'_B:_:l is most likely close to the ratio imln g) _&mln(ﬁ)
. Amax(R)—Agin (B Amex(B)=Apin(R)
instead of Jmex R TAlE) OF R B ThAaR) » 1€ when

Amex(R) is large,

Amln(l!)

* *
Fhowy < sup {M}
z€CN;z#0 |z A:E'

Amin(B) — Amin(-Iz)
Amin(B) + Amin(R) )

(16)

This implies that the convergence rate of EDS is limited by
the condition number of matrix R somewhat too. In ad-
dition, (16) also exploits the fact that the double direction
search seems to converge more rapidly than the one direc-
tion search because Amin(B) is smaller and more close to
Amin(R) in EDS2.

3.3. Example

A simple example of a single-input adaptive linear com-
biner with two weights is shown in Fig. 1. The input and
desired signals are sampled sinusoids at the same frequency,
with M = 6 samples per cycle. This is the same example as
in [3]. The input correlation matrix R and the correlation
vector P are calculated as follows:

E z? TpTh—1 105 025 |
Tgp-1Tk xi-—l 0.25 0.5 !

E{[ duoe drzes [}T=[0 -]

R

P

Solving det(AI—R) = 0, gives that Amin(R) = 0.25, Amax(R) =
1

0.75. From (11), |rlypung = 3-

05 0 05 0
I“I'“DSI’A:{o.zs 0.5]’B=[0 0.5]'

Amin(A™'R) = 0.75, Amax(A™'R) = 1, and |r|,,,. = }
based on (13). From (15) and Amin(B) = Amax(B) = 0.5,
we conclude that |r| > 3 minimally.

Fig.2 plots the instantaneous squared error at each adap-
tive iteration starting with W(0) = 0. This shows that
for p = 1 the EDS adaptation needs about 25 iterations
to converge and 50 for the steepest descent method with
p = m. No doubt, the EDS2 method here

is equivalent to Newton’s method and can converge in one
step.

4. CONCLUDING REMARKS

The recently reported Euclidean Direction Set (EDS) al-
gorithm for adaptive filtering has been considered. It is
shown that this algorithm is really a gradient based adap-
tive process. This formulation makes it suitable for mathe-
matical analysis. It is then proven that the EDS algorithm
converges to the true parameters. The convergence rate of
this algorithm is also mathematically shown to be superior
than the LMS algorithm.
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Fig. 1 Example of an adaptive lincar combiner with two weights

Fig. 2 The instantaneous square error for cach iteration



