
DESIGN OF BIORTHOGONAL FILTER 
BANKS COMPOSED OF LINEAR PHASE IIR 

FILTERS 

Abstract 
Sinw ITR filhs 1~1w lowrr c.oltll)llt,~.tiorlnl ~WIII- 

ldrxity t.han FIR filters. SOIIIP tlvsign mvflds for 
IIR fi1t.w banks have IWVII lwwvntrd in t 1~~ rvwnt. 
lit~rmturw Smith rt, al. hare lmqmd a class of 
liwar phase IIR fi1t.w hnks. Howm~~r t,llis m~tlml 
restricts tlw ortlrr of t,hr num*rator to hv odtl ant1 
.morvovcr .has sonw drawhacks. 111 this palm WV 
lmsrnt two tlc4gn nwt~hotls for lirwar phaw IIR. 
tiltvr hanks. One is IWXY~ ON L;~.grallgc~-~Ilil~il)li(~r 
mrt~hod . in which optimal IIR filtw hanks in I(ti~st 
sclimrrs wIIsc are ol)ta.inctl. 111 thr 0thW iL~)~)~O~lCll 

. IIR filtw l)ij.llks wit,11 tllc nli\.xillllllll ~~nndwr of 
wros a.w tlvrivctl il.Ilill~t.iC~idl~. 

1. INTRODUCTION 

Filter banks are widrly usctl for npl)lic~nt.ion to im- 
agr , s1wwli a.nd ~oIrillillnic.iltic,II . A niindwr of 
design inctliotls for t.wo cl~n~ir~rl lmfcct rwonstriw 
tion (PR) filter banks have lwcn lmwntcd[l]-[8]. 

As is vwll known AIR filters IMW coI11l)l~t~;ttioll,l 
vflicir~nc~y rorrq~arrtl to FIR filters which nwct. tlw 
saIIl(~ Spc~~ific~iIt.iOIls. %-cm1 tlrsign mot hods for 

nonlinrar lhaw (or quasi 1iwa.r phnw) IIR fi1t.w 
hanks haw lwrn propowd [Z]-[G]. Homwrr nodh- 
ear l)llasr IIR fi1t.w banks arc not. suitalh for inl- 
agv cotlilig. lwcalisr a symiithc rxtwision ni~~tliotl 
~II not, lw c~~nl~loy~d. For imap1 apldimt.ion. t,llc 
cwnvolution hasrtl on tliv syiiiiirtric~ rxtcnsion is 
lmfwaldr to a liwar com7dntiori iii ortlcr to rcduw 
distortion mmnd hol~lltli~riW . ilIlt thus iL linwr 
pliasr diaract.wist.ic is iriilmrtiint~. 

Since liner phase IIR filter I)iLllks zm gctllordly 
nmist.al~le or ~io~i~~ai~sal. it is not appr0priat.c for iii- 
fiiiitc lrngt~h signals sncll as ill slwtdi alqdication. 
Howwrr . for finite length sigllids swll as iln+p 
. a IlOIl~~~lISi~l filt.wiIig is possilh~. Using tllc sylll- 

nidric rxtwsion. t,lw iriil)l(~rriclitation is 110 longc~r 

vassal. X11tl t.hns . bile linrar phasr IIR filter l)illlks 
can l)r all altcrnat~ivr cmlidat~~ for slll~lKmt1 imagc 
cwtlilig systems. 

Smith vt. al.[T] 1 law lmqwsd PR liwar l)ll;Lsr 
IIR fi1t.m hlks iin< hl;lt.s~~~~~l~r;~. rt A. [8] l\it\-(* prr- 
sentctl a tlrsign mrt.lmd of 1iwa.r plmw IIR fi1t.c.r 
hnks wit 11 quasi lwwr complrnwutary chractcr- 
istics. 

In I’il atltl 181 .howrwr. OII~\- tll(l IIR filtvr lmnks 
L 1 L > 

wit,11 odd-ortlrr IlllIIlCriltorS wrv wrlsitlm~~l illIt 
tllrsr 11-Q filt.t\r I)iillks lkiL\.c SOIIIP clr~.w!mc.ks. 

hi this palwr . w prolmv two tlwign irirtliods 
for tllv linrar ~~~IZW IIR filter l)anks. 

OIW is Imtd OII Lagran~c-~Iultil~lirr tfdmiqiif~ 

. in wldl optimal IIR filtrr lmnks in lcvwt sc~mrvs 
s~ws~~ art’ ol)t.ainwl. In thr other alqm~acll . IIR 
filter hanks with maximum nnnhrrs of zeros a.re 
tlrrivcd atialyt~ically. 

2. CONVENTIONAL LINEAR PHASE 
IIR FILTER BANKS 

Tllv strwturc of il. two channvl filt w lmrlk is shown 
in Fig.1. 

hNhl.YSlS HANK 

Fig-l. Tlw st.rnc~turv of a filter hnk 

Sinw thr tlwon~i~lators of th filtcm in Fig.1 
mist be fiuict.ims of 3’. in t.liis palm w tlral with 
tliv following transfer fiuich3ns 

Ho(:) = 
E,,,&‘) + :-‘Eo, (z’) 

D(,(.G) 
rl! 

H, (:) = ~to(~“) + :-‘E, I (z2! 
D,(G) 

(“) 

.~~llrrc~E~“(s’)+,--‘E(~~(,-‘)nntlE,(~(~’)+--’E,,(:“) 
i1.R‘ synim~tric or iintisynllllrtric~ 
D,,(,-i) mtlD,(2) 

l~olyion~ials ant1 
arc syiiinirtric lmlynoriiials wlto<f~ 

ortlrrs arc i\ mdt.iplr of four. TTmhrw Ho(z) ant1 
HI (.:) arc slwdicvl. t.hr syiil hrsis systrni G,l( : ) a.ntl 
C:, (z) .wliidl SiltiSfy tllcr lwrfvct rt~c.oilstriif.tioiI . 
arr gircm 1)~ [7] 

2H, (-z) 
Go(z) = Ho(i)Hl(-t) - H”(-z)H,(:)’ (3) 



G,(z) = 
2&1(-~) 

Ho(z)H,(-z)- Ho(--)H&)' (4) 

First H”(z) and HI(Z) arc slwifictl ! and t,lwn 
Go(z) and GI (.:) which satisfy tlw lwrfwt rccon- 
strwtion wntlition ilIT tl~~t.cwnincd from (3).(d) . 

111 this (‘X3(‘. t hc tOti c~orll~~utiltion~l ~W~Il~~l~~S- 
it.? in thr syntliwis systrin is about. twice as mud1 
as that. in t.lir analysis syst.mi. 

Type II. 

(6) 

(7) 

Thtl drawback Of t.his C~:ISS Of fi1t.w l)il.IlkS is t.llilt 
tlic ortlrr Of t,lir* nunmdor is wstric.t,cd to lw odd. 

For sornc applicnt ious . it is rcyuiwtl that Ijo (z ) 
and ti, (2) linw thr tliffwent numlwr Of mm at 
;= -1 ant1 2 = 1. rcywctiwly ant1 highpass filt,rrs 
~h0111tl 1)~ COm])iU’t ~11~1 lOWlX\SS filt(TS Sll~llltl 1)~ 

s11100t 11. 
Front thrsr r~~aso~~s. it. is tlrSiral)lt~ that Ho(:) 

has a tliffrrrnt c.ll~r;l.c.t.t~risti(’ from HI (z). 
Iblorwwr. it is not rwwssarily guiwiwtwd that. 

t 1lC syitlwsis filt.rr’S Gfl( S) ilAt1 GI (Z) lli\\.(‘ gOOtl 

frcqurncy rwl~onsrs in the both msrs[8]. 
In this paper. in ortlrr to owrwnw thtt alww 

prol~lmis wc iniposr t.he following cwndit~ion on thr 
amlysis filters. 

H"(z)H,(-z)- Ho(- = z+'+" (8) 

Using H,,(z) and HI(z) which sdisfy (8). G’“(z) 
illld C:l (z) ll;lw t,hct si~mr (.ll;lrn(.t ar.ist.ic HIS HI (-3) 
ant1 Ho (- 2). rwlwtivdy. 

3. DESIGN ALGORITHM 

3.1. Lagrange-Multiplier method 

In Hiis stdion wc tlcscrilw a tlwign algoritllm l)il.SCtl 

on LRgr;lng~l-hiult,il)lirr Iiic~tlio(l. 
In t,his lmpc’r. w’c consitlrr Ho(z). HI (z) which 

liiw~ wcn-order synirnrtric numw3torS. ht a. sirri- 
ilar discussion (Xi lw a,ppliwl to t,llc otllw t,ypc’S of 
lincnr ph’~w IIR filters. 

In this mc~t.hod. \v’c Slll)l)osc~ that. a 1liglll)ilSS fil- 
trr HI (2) has ;Llrwtly lwrn tlrsigncd. Then H(j( 2) 
is drsignctl t.o satisfy t.lw couclition (8). 

Now w(’ c~xprws the nllmerators and t.lw tlcno~w 
inat.ors Of H(,( z) as 

n(o)+rl(l)--‘+...+r1( I).~-“.“-“to(o)--‘ 2 .\I 

HO(z) = ,7(o)+rl(l)~-*f...+rl(I)~-“~~-~‘+r/(o)~-’~~ . 

(9) 

&(o) = n(M) +2x;=, f/(.\f - ?,)(‘OS(Il,‘) 

A/j(2) = 2 c;=, ,I( -A- - 7) ) cns( 2?L,) 

R’itlioot il loss of grllcY3lity. tl(2N) mn lw normal- 
iwcl 1)~ 1. 

N(lXt . WI’ tldill0 ill1 cyuation (‘I’IYW illltl i\ (Y)St 
fwwtion to lw miliiniizctl as 

v(Ld) = (1 + AD(L))(H,+(J) - &I 

= H,,(L) + H,,(~)zl,,(;) - -4, (2,) 
(11) 

/.-I 

.whcw tii aw tliscritiwd fwclwn~~y points and H,r( ;.I 
is n rwl valiictl clrsirwl miplitiidc~ rcsporiw. 

E = [f,(W,,) c(q) . . . c(GI,-~ )] mn lw writton 
in a matrix form as 

u 
E = D + [d’a”‘] -v 

[ I 

= D+y,7‘x (1.3) 

D = [W(d,,)H,,(d(,) Tl-(i,)H,,(L*,) 

... li-(~;r.-, )H,/b/.-I I] 

d = [2rl(.Y - 2) 243- - 3) . . . 242) 2t1(0)]’ 

a = [II(M) 2n(M - 1) 2tr(M - 2). . . 2/l(l) .‘dO)]~’ 

p&+1 ./+1 = Il~(;,)H,,(~,),.os(2k;/) 
k = l,l:.. . s 1 = 0. 1.. . . . L - I 

[vlA.y = II- lY~S(ky’/) 

= 0. l:.. ..I1 l=O.l:...L-1 

([VI,,, ill(li(.atw k-t,11 HOW l-t11 c~01011111 c‘lcwlc*IltL; ! 
Fiirtliw w set 

Q=XX7’ . p=XD7 

Ant1 tliw Eq.( 12) is wwritt.rn as follows. 

@(cr. ~1) = y17‘Qy, + 2P”y, + DD”‘ (14) 

Nrxt.. the PR condition is c~xnnlinrd. The, VOTI- 
(lit ion (8) GM 1~ rmrit tcu ilS 

Eo,(z)E,,,(z)- E",,(z)E,,(s) = ;:-"D,,(r)D,(:) 
(15) 

\Vlirn t.lw high pass filtu is spcdird. ( 1.5) can 1~ 
t~xprwsrtl as t.htl linear cond)iniItion Of t.llc> param- 
rttm Of (E~(,(-).E(~I(,-).~(,(I)) as 

cy, = m. (16) 



From Eqs.( 14). (16). bhr optinlizat~ion proldcm 
is St.atVtl ilS f0110WS. 

0 opt~inlization prol)lml 

7~itl @(ft.. d) = +J, “‘Qy, + p”‘y, + ;DD7 

l+exp[-j($+$++)] 

PC = 1 - rxp[-j(; + fi+Fj] 

. * inlplirs COlllplPX COIfjllgilt (’ iUlt1 c’ is i\ cYmSt;t.Ilt. 

Note tlliit 1)~. is lowly nr&+lary. 
Similarly .wlicn (A’(, + ,\‘, )/2 is cwn. 

[ 2 “o”] ( yx’ ) = ( ; ). 

(2.3) 

(17) Sincr tlir cl~~Il0IllilliLt0r of tllr Bi~ttc~rwortli filter 
wit.11 il cwt.-off frrcrurnw of N57r 1lilS oIl1~ cvcI1 I)on-- 

Iiidntling tlirsr. t.llc* dcsigrl algoritlinl is con- 
st,riic%cd ilS f0110WS. 

[dcsipi iI.lgOritllrll] 
1. HI (2). X. llf. ~)ilssl)i\lltl WISP. st()l)l)al~d t*dgtt 

ilIT given. 

f’I% of z-1. tlic o&r If tllr tlrnominrttor of ‘FC : ) 
in (22).(23) is a mdtiplc of fonr. Thns. OTIP WII 

Ilrwssilril~ clistrilmtf~ tlw polw among the dr110111- 

inator of H(,( 2) il.ll(l HI (2) n )I( I maw linwr pliaw 71 .I 1 
illltl iw tlltl pOl~llOIlliillS Of :Y’. 

2. Svt II’“(d) = 1 
3. Solw (17) 
4. Srt u-i+, (id) = l/( 1 + .-11,(d)) 
5. If pi+‘(rr.d) - ~‘(tr.rl)~/~i(n.tl) < F t11r11 

quit. Othcrwiw go to 3. 
(.wlirrr i idicatw tlict niiidwr of il ituat~ion.) 

3.2. maximally flat linear phase IIR filter 
banks 

It. is import~ant for wawlrt al)l)li~ation t lint. Ho(:) 
and H, (-2) haw so111(~ mros at : = -1. Sulq~ost~ 
that Ho(z) ant1 HI (-z) IIAW a maximm nndwr 
of mros at. .: = -1. Tl ICII 0110 cari dcrivr t.licw 
filt,ws malytimlly. 

Note tha,t. a Similar tliscmssion iIl)ollt orthonor- 
rd IIR filtw l)aIlks (‘an 1)~ folllld iI1 [n]. 

WV c.oilsidtlr t.hc following analysis syst.rnl 

_-I .vn 

II”(,) zz Cl+- ) 

D,,(G) 

Hl(-) = (1+ --‘Y’ 

D,(G) . 

(18) 

(19) 

is odd. 
Thrn tllc 1mduc.t filtw F( :) = Ho(z 

is Pxlm5sctl i\S 

F(=) = (1 + yl)n!,+Y 

D,,(,‘)D, (S) 
(20) 

&l.(8) lIl(‘alls that t,llt. lwotli~ct~ filtw F( :) is il. hnlf- 
l)antl filter. Using bhr> Bnttcrworth filtclr H,,(z) 
with tllca a cut-off frcqcncy of 0.5~. F(z) in (20) . 
which 1lilS tllr IlliIiiInilIll ortlcr Of cl~~Il0lIlilli~tor, (‘ilI1 

lw tlwivctl froni 
F(z) = H,+)Hn(-‘-‘) (21) 

whrrr t.hta ordrr of H,j( z) is L( = ( :Vtrg + A’, )/2). 
C’OnSW~lI~‘ILtl~. F( 2) CilIl 1W cqrwsvcl iii il (‘lO!Wtl 

form ilS 

F(,-) = ,[.--:s),2 
(‘(,+.z-l)““t~, 

n (~-‘-7’c)(l-‘-l’;‘I(:-‘-p;l(:-‘-7’;-’) 
i-=11 

(22) 

Although these polrs can hc frwly tlitril~i~tt~tl 
iLIIlOllR thr filters. w’ havt\-ca olwwwtl that lwttcr 
lWrf0rIlli~I~c~f~s arc ol~tainctl for aI1 iIIlil,gV coding ~~-lwrl 
Ho( 2) has largtlr lpk.1 and HI (z) I1a.s sIl\;~Ilt~r [ph.!. 

4. SIMULATION RESULTS 

4.1. Lagrange-Multiplier Method 

Solving (17) witliont any constraints. thr G-th/l- 
th or&r highpass filter HI (z) was tlcsignd in ad- 
VibIl(‘(‘. Thaw we drsignd 12-th/8-th dorHO ( : ) 
ly tlw propowd nwthotl. Bot.11 H,,(z) and HI (z ) 
liaw tllr l)aiid r(lgW 0.47r illld O.&i. 

In Fig.2. t.hc Inag:llitndC wsponsrs of thr tb 
signrtl filtm arc illust~rattd. wlicrc, tlitl dottwl lincb 
slr~\vs t,lIc\ llliLgllitll<lC rcyonsc of thr FIR filter de- 
sigiwtl I)>- [2]. Tl IWP FIR lowpass ant1 highpass 
filter IliLT? tlw order of 14 ant1 24 . rcslwc~tirdy. 

If \W USC S~lI1I1l~tri(~iLll~ cxtc~n~l~d Sc~qIl~~IlWs of 
inlet signals. H,,(I) a~1 HI (z) rqnirrs 9.2 and 

5.1 niiilt.ildiw lwr Sill.lllI)lt’. rrspcdiwlg .wliilr tlw 
a.I)ow FIR syst.cxnls rrqniws 8 iLn(l 12 mnltiplics lwr 
si~nlph~. Xote that t.llc> abow 0.2 aid 0.1 mdtipliw 
lwr SillllI)lP arc rcqnirwl to mnipiltr initial YaliIf~s 
of output (for Mails . ser [:I). 

Ad t hns it. (‘ilI1 lw swn from the figim that 
t,lw prolmrtl IIR filtrr hanks (‘a11 achirw lwttcr 
frcywncy rcqmisr with loww c,oiripi~t,atioriill mm- 
plrxity t,llilll t.llr FIR. filter l>illlkS. 

4.2. Maximally flat IIR filter banks 

TIIP G-tll/+th ortlw lo\vl)itSS filtor H,,(Z) iLIl(l the* 
3-th/4-t,ll ortlrr highpass filtw HI ( :) ww tlwirrtl 
from (23). The* all wros of Ho(s) a.ntl HI ( - :) il.r(’ 
lO(‘iItPtl a,t Z = -1. Sinc.fb tlic first cw+fic~itwt of 
&0(z) is wro from (2.7). tlir ~i~i~nlwr of cm#ic~ifmt~ 

in thr nmwrat~or is G. Tllcl frcyrwv rwlm~sw of 
tlw obt.ainctl filt.tars are shown in Fi& Sinw thtl 
Iiiuiict.ator of tllwf~ filtrrs (‘ail 1-w t~xprcsswl iis il 

product of 1 + x,.-l. t.hc> filt,cring of the nunma- 
t.ors rccpiws no niultildirs. C’onsrqiiwt.ly. tlitl total 
lu~lulwr of uidtipliw lwr saml~lc is 4. 

Srxt w examinr irniqc coding pc~rforruxnrc. 
This IIR filter. lmnk and (9.7)-t.al) Da11lwdlics;’ w~wlct 
[9] ww tcdcd in t.lir sa.mf’ cmrironrrirnt~. that is. R- 
lm~~l t rcr st riic~timd tlt~coInl”‘sitioIIosit,ioii was usc~l for 



Ent~rop;v = - C I’ log,(P). (24) 

Iii thr figim, ‘*’ and ‘o’aw tlic results of the pro- 
lms’cd IIR filter hanks mcl tlw Dalllwdliw’ FIR 
filtw .rrvqmtiwl-y. 
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