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ABSTRACT

In this paper a hybrid fractal and Discrete Cosine Trans-
form (DCT) coder is developed. Drawing on the ability of
DCT to remove inter-pixel redundancies and on the ability
of fractal transforms to capitalize on long-range correlations
in the image, the hybrid coder performs an optimal, in the
Rate-Distortion sense, bit allocation among coding param-
eters. An orthogonal basis framework is used within which
an image segmentation and a hybrid block-based transform
are selected jointly. A Lagrangian multiplier approach is
used to optimize the hybrid parameters and the segmen-
tation. Differential encoding of the DC coefficient is em-
ployed, with the scanning path based on a3rd-order Hilbert
curve. Simulation results show a significant improvement
in quality with respect to the JPEG standard.

1. INTRODUCTION

Fractal image coding takes advantage of image self simi-
larities on different scales. Most fractal algorithms, begin-
ning with Jacquin’s implementation [4], operate on an im-
age segmentation consisting of non-overlapping square re-
gions, called ranges. Each range blockri is encoded by
a non-expansive transformationTi operating on the whole
image and mapping a domain block,di, twice the size of
the range block, ontori. For each range block, the en-
coder seeks the transformation minimizing the collage error
kri � Tixk, wherex is the original image. The collage the-
orem guarantees an upper bound on the reconstruction error
as a function of the collage error and the contractivity ofTi.

The structure of each transformation is fixed and con-
sists of a decimation operator, an isometry, a multiplication
by a scalar, and addition of an intensity translation block. A
specification of these parameters together with the domain
block index constitutes a block code. Most of the fractal
coders classify blocks into classes to reduce computation
and to achieve some local adaptiveness by spending fewer
bits in relatively uniform areas. At the decoder, an approxi-

mation to the original image is generated by iterative appli-
cation of these blockwise transformations, starting with an
arbitrary image.

Blocks for which a good approximation, under a con-
tractive transformation, can be found elsewhere in the im-
age, can be efficiently coded using a fractal transform. The
self-similarity assumption which is central to fractals, how-
ever, may not be justified for all blocks. In these cases,
spending more bits on the fractal transform, by employing
more isometries or finer quantizers is not very efficient [2],
[8].

The Discrete Cosine transform (DCT) has been the trans-
form of choice for most codecs due to its decorrelation and
energy compaction properties. Complicated image features,
however, require a significant number of DCT coefficients
for good fidelity. The coarse quantization of the DCT coef-
ficients in this case results in blocking artifacts and unsharp
edges.

The proposed approach combines fractal based coding
with DCT coding and within the chosen algorithmic struc-
ture, arrives at an optimal code. DCT is used to encode low
frequency coefficients at predetermined positions in a block.
The rest of the coefficients are encoded through the fractal
transform. The encoder chooses from several sets of pre-
determined coefficient positions, with each set producing a
rate and distortion pair.

The image segmentation and the optimal hybrid code
are found jointly. The Lagrangian multiplier method is used
in Sec. 2.1 to convert the constrained problem of finding
the code and segmentation which minimizes the distortion
measure for a given bit budget, into an unconstrained mini-
mization problem. Sec. 2.3 describes how fractal and DCT
transforms are combined in the coder. The use of inter-
block predictive coding in the algorithm couples code selec-
tion and segmentation decisions among blocks. A dynamic
programming first-order backward dependency scheme, de-
scribed in Sec. 2.4, is used to arrive at the optimal scan-
ning path of leaves in a quad-tree (QT) decomposition. The
quantization of the parameters is addressed in Sec. 2.5. Fi-



nally, experimental results and conclusions are covered in
Sec. 3.

2. HYBRID FRACTAL/DCT TRANSFORMATION

2.1. Problem Formulation

The problem at hand is to simultaneously segment an image
into blocks of variable sizes and, for each, to find a code
such that any other choice of segmentation and coding pa-
rameters would result in a greater distortion for the same
rate. Mathematically, for a given imagex, we want to solve
the following optimization problem:

min
s2S;c2Cs

D(xs;c; x) subject to R(xs;c) � R�; (1)

wherexs;c is the encoded image,D the distortion metric,s
a member of the set of all possible image segmentationsS, c
a member ofCs, the set of all possible codes given segmen-
tation s, R the bit rate associated with segmentations and
codec, andR� the target bit budget. The distortion metric
chosen here is thel2-norm. The constrained optimization
problem stated in Eq. (1) is converted into an unconstrained
problem using the Lagrangian multiplier method, that is the
following problem is solved

min
s2S;c2Cs

G(xs;c) = fD(xs;c; x) + � � R(xs;c)g: (2)

The multiplier� = ��, with corresponding optimal seg-
mentations� and codec�, for whichR(xs�;c�) � R�, can
be efficiently found using the monotonicity of the opera-
tional rate-distortion (ORD) curve, as in [9]. Using this
formulation, we overcome a disadvantage of conventional
fractal coders which is their inability to provide good rate
control when high fidelity is required, that is, the allocation
of more bits per transformation, by allowing a greater do-
main pool or more isometries, after a certain point, does not
lead to corresponding increases in reconstruction quality.

2.2. Segmentation

The set of all possible segmentationsS is restricted to be on
the quad-tree lattice as a compromise between local adap-
tivity and simplicity of description. For a256 � 256 input
image it is a 3-level quad-tree with maximum block size of
16�16 pixels and minimum size4�4 pixels. At each level
of the quad-tree only one bit is required to signal a splitting
decision, with no such bit required at the lowest level.

2.3. Code Structure

Making components of the fractal transform orthogonal to
each other carries many benefits [6]. Among these are fast
convergence at the decoder, non-iterative determination of

scaling and intensity translation parameters, and removal of
the magnitude restriction on the scaling coefficient for con-
vergence. Here we explore another such benefit, the local
continuity of the DC value of the intensity translation term.
Frequency domain interpretation lends itself naturally to the
concepts of orthogonality and energy compactness, which is
why we perform the collage error minimization in the DCT
domain. In agreement with the terminology used in [7], let
vectorri, of sizeM2� 1, represent the DCT coefficients of
range blocki, of sizeM �M , scanned in the zigzag order.
Similarly, vectordi comes from the chosen domain block,
after decimation, DCT, and the application of isometry op-
erators. Let the intensity translation term be represented by
a linear combination ofN � 1 fixed vectorsfik, of size
M2� 1. Then range vectori is approximated byN orthog-
onal vectors as follows:

ri � �i � dio +

N�2X

k=0

cik � fik; (3)

wheredio is the projection ofdi onto the orthogonal com-
plement of the subspace spanned by vectorsfik for k =
0; : : : ; N � 2. A non-iterative procedure for finding�i and
cik yielding a least-squares approximation ofri was given
in [7]. A similar approach was tried in [3] in which multiple
orthogonalized domain vectors were allowed. DCT domain
modeling of range vectors was used in [1], but that approach
suffered from the lack of orthogonality ofdi to all fixed vec-
torsfik, a uniform segmentation, a restriction placed on the
scaling coefficient, the need to specify significant DCT co-
efficient positions, and an independent encoding of trans-
form coefficients.

In our implementation, we allow a bank of fixed sub-
spaces to be used to model a range vector of a given size.
To illustrate how a fixed subspace is formed, let us, for sim-
plicity, consider a2 � 2 block of DCT coefficients. Let us
also assume that the lower 3 of these coefficients are used
to form a subspace of dimension 3, when the full space is
of dimension 4. Eachfik corresponds to one coefficient
in the two-dimensional DCT of sizeM �M , as shown in
Fig. 1 forM = 2. Each vectorfik has zeros in all posi-
tions, except the one corresponding to the order in which
the DCT coefficient it represents was scanned, where it has
1. Generally, in larger blocks more DCT coefficients tend
to be significant. Hence, the fixed space used for the coding
of a 16 � 16 range block will be allowed to be of a higher
dimension than that of a4� 4 block. Limiting the number
of available subspaces has the advantage that only its index
needs to be sent to the decoder, whereas in [1] individual
coefficient positions had to be sent as well. Shown in Fig. 2
are the subspaces used for block sizes4� 4. The subspaces
for block sizes8 � 8 are generated similarly from the first
1, 3, and 4 diagonals, and for block sizes16 � 16 from
the first 1, 4, and 5 diagonals, respectively. Thus we allow
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Figure 1: Mapping of selected DCT coefficients into basis
vectors

Figure 2: The 4 subspaces for block size of 4

energy carrying low-frequency DCT coefficients to provide
the fixed subspace vectorsfik. For each domain vector, only
the component orthogonal to the subspace spanned byfik is
used to approximate a given range block. Clearly, the sub-
space dimension uniquely identifies the basis vectors used.

2.4. Dynamic Programming Solution

The ci0 coefficients in Eq. (3) are encoded differentially,
due to their correlation. Hilbert curve is known to satisfy
certain adjacency requirements [9] and is efficient for pre-
dictive coding. We use the3rd-order Hilbert curve for the
256� 256 input image.

The overall problem of finding the optimal segmentation
and the hybrid fractal/DCT code is posed as that of finding
the shortest path through the leaves of the quad-tree decom-
position, with each leave having 1 to 3 possible codes, cor-
responding to 1 to 3 predecessors of a block in our Hilbert
curve. Ifgi;j = di+� � ri;j denotes the transition cost asso-
ciated with encoding blocki with blockj as its predecessor,
the optimal scanning path has the optimal substructure prop-
erty, i.e., it consists of optimal segments. This motivates the
use of dynamic programming (DP) to find it. Details on how
(DP) can be used to find this optimal path can be found in
[9].

2.5. Quantization of Parameters

The relative position of a domain block with respect to the
range block was encoded using a variable length code (pro-
gressively more bits are used for farther distances). A32�
32 search window centered around the range block, with

step size of 2 pixels was used to generate codebooks. Isome-
tries were limited to identity, horizontal and vertical sym-
metries, and rotation by180o. The scaling parameter�i
was non-uniformly quantized using a Max-Lloyd quantizer
with 5 bits. The DCT coefficientscik were encoded using
JPEG’s variable length codes, except that no zero-runs were
used. The overhead information consists of: 1 or 2 bits to in-
dicate what fixed subspace is used (depending on the block
size), and 1 bit to indicate whether a fractally transformed
domain vectordio is used as theN th basis vector or not.

3. EXPERIMENTAL RESULTS AND
CONCLUSIONS

Figure 3 shows the performance of the hybrid fractal/DCT
algorithm and JPEG under different bit budgets on a256�
256 Lena image. The hybrid algorithm is shown to outper-
form JPEG by 1.5-3.0 dB across the range of bit rates.
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Figure 3: Hybrid Fractal/DCT algorithm vs JPEG

The images compressed by JPEG and the proposed al-
gorithm at roughly the same bit rate (0.20bpp) are shown in
Figs. 4 and 5, respectively. The hybrid algorithm reduces
the blocking artifacts by modeling high frequency informa-
tion through the fractal transform. Fig. 6 shows how the
optimal segmentation adapts to the image by using larger
size range blocks in relatively uniform areas. Overall, about
30% of the bits were spent on the fractal component of the
transformation.

These results show how fractal and DCT transforms can
be combined to yield an optimal segmentation and code.
They also show that the fractal transform is efficient for rep-
resenting high frequency information, and the DCT for rep-
resenting low frequency information.



Figure 4: Hybrid algorithm (R=0.20bpp, PSNR=26.71 dB)

Figure 5: JPEG (R=0.20bpp, PSNR=23.19 dB)
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