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Zh lqwurgxfh d v|vwhp iru pdfklqh uhfrjqlwlrq ri pxvlf
sdwwhuqv1 Wkh sureohp lv sxw lqwr d sdwwhuq uhfrjqlwlrq
iudphzrun lq wkh vhqvh wkdw dq huuru ehwzhhq d wdujhw sdw0
whuq dqg vfdqqhg sdwwhuq lv plqlpl}hg1 Wkh huuru wdnhv
lqwr dffrxqw slwfk dqg uk|wkp lqirupdwlrq1 Wkh slwfk hu0
uru phdvxuh frqvlvwv ri dq devroxwh +remhfwlyh, huuru dqg d
shufhswxdo huuru1 Wkh odwwhu ghshqgv rq dq dojrulwkp iru hv0
wdeolvklqj wkh wrqdo frqwh{w zklfk lv edvhg rq Nuxpkdqvo*v
nh|0�qglqj dojrulwkp1 Wkh vhtxhqfh ri pd{lpxp fruuhod0
wlrqv wkdw lw rxwsxwv lv vprrwkhg zlwk d fxelf vsolqh dqg
lv xvhg wr ghwhuplqh zhljkwv iru shufhswxdo dqg devroxwh
slwfk huuruv1 Pd{lpxp fruuhodwlrqv duh xvhg wr fuhdwh wkh
dvvljqhg nh| vhtxhqfh/ zklfk lv wkhq �owhuhg e| d uhfxuvlyh
phgldq �owhu wr lpsuryh wkh vwuxfwxuh ri wkh rxwsxw ri wkh
nh| �qglqj dojrulwkp1 D surfhgxuh iru fkrrvlqj zhljkwv
jlyhq wr slwfk dqg uk|wkp huuruv lv glvfxvvhg1

41 SLWFK DQG UK\WKP UHSUHVHQWDWLRQ

Phorglhv duh shufhswxdoo| lqyduldqw xqghu d pxowlsolfdwlyh
wudqvirupdwlrq ri iuhtxhqflhv> khqfh/ slwfk uhodwlrqv udwkhu
wkdq devroxwh slwfk ihdwxuhv xqghuolh wkh shufhswxdo lghqwlw|
ri d phorg| ^4`1 Vlqfh lw lv wklv uhodwlyh lqirupdwlrq wkdw lv
hqfrghg/ lw lv suhflvho| wkdw vdph lqirupdwlrq wkdw qhhgv wr
eh uhsuhvhqwhg rq d frpsxwhu1 Wdnlqj wklv lqwr dffrxqw/ zh
rqo| qhhg wr uhsuhvhqw wkh gl�huhqfhv ri qrwhv/ udwkhu wkdq
wkh qrwhv wkhpvhoyhv1 Vr/ iru d vhtxhqfh d^�c ^2c u u u c ^?o ri ?
qrwhv/ zh gh�qh d gl�huhqfh ri slwfk yhfwru

T ' dR�c R2c u u u c R?3�o c zkhuh R� ' ^�n� 3 ^�

dv dq hqfrglqj ri wkh vhtxhqfh ri qrwhv1 Qrwh wkdw wkh ^� duh
devroxwh slwfk ydoxhv/ gh�qhg dffruglqj wr/ vd|/ wkh PLGL
vwdqgdug dqg wkxv R� duh wkh qxpehu ri vhplwrqhv +srvlwlyh
ru qhjdwlyh, iurp ^� wr ^�n�1

Uhsuhvhqwdwlrq ri uk|wkp lqirupdwlrq dovr uholhv rq d
shufhswxdo lqyduldqfh xqghu d fkdqjh ri whpsr1 Wklv w|sh
ri lqyduldqfh lv olqnhg wr wkh idfw wkdw fkdqjhv lq whpsr
pdlqwdlq frqvwdqw gxudwlrqdo udwlrv dprqj vwuxfwxudo ho0
hphqwv ^4`1 Vlplodu wr slwfk uhsuhvhqwdwlrq/ zh uhsuhvhqw
udwlrv ri gxudwlrqv udwkhu wkdq wkh gxudwlrqv wkhpvhoyhv1
Zkhq hqfrglqj ru phprul}lqj uk|wkplf sdwwhuqv/ zh uhj0
lvwhu wlphv ri rffxuuhqfh ri wkh qrwhv zlwklq wkh phwulfdo
vwuxfwxuh/ udwkhu wkdq wkh gxudwlrqv ri wkh qrwhv1 Ehfdxvh
ri wklv idfw/ zh zloo suhihu wr xvh d qhz qrwlrq uhihuuhg wr
dv wkh whup ri d qrwh/ zklfk zh zloo gh�qh wr eh wkh wlph

ehwzhhq frqvhfxwlyh qrwh rqvhwv1 Wr wklv hqg/ iru d vh0
txhqfh _ ' d_�c _2c u u u c _?o ri whupv/ zh gh�qh d gl�huhqfh
ri uk|wkp yhfwru

h ' do�c o2c u u u c o?3�o c zkhuh o� '
_�n�

_�

dv dq hqfrglqj ri wkh vhtxhqfh ri whupv1

51 PXVLF SDWWHUQ UHFRJQLWLRQ

Vxssrvh wkdw d kxpdq xvhu kdv phprul}hg d pxvlfdo sdw0
whuq +phorg|, dqg zlvkhv wr orfdwh lw lq d odujh vhw ri pxvlfdo
frpsrvlwlrqv1 Zh zloo uhihu wr wkh phprul}hg sdwwhuq dv wkh
wdujhw sdwwhuq1 Wkh sdwwhuq wr zklfk wkh wdujhw sdwwhuq zloo
eh frpsduhg iru sxusrvhv ri fodvvl�fdwlrq zloo eh uhihuuhg
wr dv wkh vfdqqhg sdwwhuq1 Rxu jrdo lv wr plqlpl}h wkh huuru
ehwzhhq wkh wdujhw sdwwhuq dqg wkh vfdqqhg sdwwhuq ehlqj
frqvlghuhg1 Wkh ryhudoo huuru/ xqghu wkh fkrvhq qrup/ lv
frpsulvhg ri wkh slwfk huuru dqg wkh uk|wkp huuru1 Shufhs0
wxdo lqirupdwlrq zloo sod| d uroh lq wkh frpsxwdwlrq ri wkh
slwfk huuru1 Zh zloo frqvlghu wkhvh wzr huuruv vhsdudwho|1

5141 Slwfk Huuru

Dv d �uvw vwhs wrzdug frpsxwlqj wkh huuru ehwzhhq wkh
wdujhw dqg vfdqqhg sdwwhuq/ zh zlvk wr eh deoh wr uh hfw
gl�huhqfhv ri frqwrxu 0 wkh gluhfwlrq ri slwfk fkdqjh iurp
rqh qrwh wr wkh qh{w 0 lq rxu huuru1 Rxu remhfwlyh slwfk
huuru lv gh�qhg dv eJ ' 8T3 Tf8�1 Wkh u�0qrup lv fkrvhq
+dv rssrvhg wr uRc R �' �, iru odfn ri dq| dssduhqw uhdvrq wr
eldv wkh huuru lq idyru ru djdlqvw vpdoo ru odujh lqfuhphqwv
lq slwfk1 Wklv qrup/ dw wklv vwdjh ri wkh slwfk huuru/ uh hfwv
wkh gl�huhqfhv ri frqwrxu ehwzhhq wkh wdujhw dqg vfdqqhg
sdwwhuqv zlwkrxw eldv1 Wkh eldv zloo frph lqwr sod| zkhq
zh lqfrusrudwh txdqwl�hg shufhswxdo lqirupdwlrq1

Shuiruplqj fodvvl�fdwlrq edvhg vroho| rq wkh remhfwlyh
slwfk huuru zrxog qrw wdnh lqwr dffrxqw wkh iroorzlqj idfw1
Doo lqwhuydov ri htxdo vl}h duh qrw shufhlyhg dv ehlqj htxdo
zkhq wkh wrqhv duh khdug lq wrqdo frqwh{wv ^7`1 Iru h{dpsoh/
wkh qrwhv E F sod|hg lq vxffhvvlrq khdug lq wkh frqwh{w ri F
Pdmru +iru lqvwdqfh/ diwhu khdulqj d vwurqj nh|0gh�qlqj vh0
txhqfh ri qrwhv, zrxog eh shufhlyhg dv ehlqj pruh qdwxudo
dqg vwdeoh wkdq wkh vdph wzr qrwhv khdug lq wkh frqwh{w ri
G Pdmru1 Vxfk skhqrphqd fdqqrw eh hperglhg e| wkh re0
mhfwlyh slwfk huuru dorqh1 Shufhswxdo lqirupdwlrq kdv ehhq
vxffhvvixoo| lqfrusrudwhg lqwr wkh ghvljq ri huuru fulwhuld
iru ydulrxv dssolfdwlrqv1 Iru h{dpsoh/ ylvxdo huuru fulwhuld
edvhg rq wkh kxpdq ylvxdo v|vwhp zdv xvhg lq ^5`1



Vlqfh wkh xowlpdwh jrdo lv wr uhfrjql}h d wdujhw sdwwhuq
phprul}hg +srvvleo| lqfruuhfwo|, e| d kxpdq ehlqj/ lw lv
lpsruwdqw wr frqvlghu fhuwdlq sulqflsohv ri phorg| phpr0
ul}dwlrq dqg uhfdoo1 Iru h{dpsoh/ �qglqjv vkrzhg wkdw �ohvv
vwdeoh hohphqwv whqghg wr eh srruo| uhphpehuhg dqg iuh0
txhqwo| frqixvhg zlwk pruh vwdeoh hohphqwv1� Dovr/ zkhq
dq xqvwdeoh hohphqw zdv lqwurgxfhg lqwr d wrqdo vhtxhqfh/
�111 wkh xqvwdeoh hohphqw zdv lwvhoi srruo| uhphpehuhg� ^6/
s1 5;6`1 Vr/ wkh rffxuuhqfh ri dq xqvwdeoh lqwhuydo zlwklq
d jlyhq wrqdo frqwh{w +h1j1/ d phorg| hqglqj lq wkh wrqhv
F Fy lq wkh F pdmru frqwh{w, vkrxog eh shqdol}hg pruh
wkdq d vwdeoh lqwhuydo +h1j1/ E F lq wkh F pdmru frqwh{w,
vlqfh wkh xqvwdeoh lqwhuydo lv ohvv olnho| wr kdyh ehhq php0
rul}hg e| wkh kxpdq xvhu1 Wkhvh shufhswxdo skhqrphqd
pxvw eh txdqwl�hg iru wkhp wr eh xvhixo lq wkh fodvvl�fd0
wlrq ri pxvlfdo sdwwhuqv1 Vxfk d txdqwl�fdwlrq lv surylghg
e| wkh uhodwhgqhvv udwlqjv irxqg e| Nuxpkdqvo ^6/ s1 458`1
Hvvhqwldoo|/ d uhodwhgqhvv udwlqj ehwzhhq wrqh ^� dqg wrqh
^2 +^� �' ^2, lv d phdvxuh ri krz zhoo ^2 iroorzv ^� lq d
jlyhq wrqdo frqwh{w1 Wkh uhodwhgqhvv udwlqj lv d uhdo qxp0
ehu ehwzhhq 4 dqg : dqg lv ghwhuplqhg e| h{shulphqwv zlwk
kxpdq olvwhqhuv1 Uhvxowv duh surylghg iru erwk pdmru dqg
plqru frqwh{wv1 Vr/ d uhodwhgqhvv udwlqj ehwzhhq wzr gl�hu0
hqw wrqhv lq dq| ri 57 srvvleoh wrqdo frqwh{wv fdq eh irxqg
gxh wr lqyduldqfh xqghu wudqvsrvlwlrq1

Wr wklv hqg/ vxssrvh zh duh vfdqqlqj d vhtxhqfh ri
? qrwhv wr zklfk zh frpsduh d wdujhw sdwwhuq frqvlvwlqj
ri ? qrwhv1 Iru wkh prphqw/ dvvxplqj nqrzohgjh ri wkh
wrqdo frqwh{w ri wkh vfdqqhg sdwwhuq/ zh gh�qh lwv yhf0
wru ri uhodwhgqhvv udwlqjv k ' dk�c k2c u u u c k?3�o dv zhoo dv

q '
�
q�c q2c u u u c q?3�

�
/ wkh yhfwru ri uhodwhgqhvv udwlqjv iru

wkh wdujhw sdwwhuq lq wkh vdph wrqdo frqwh{w1 Hdfk k� dqg
q� lv wkh uhodwhgqhvv udwlqj ehwzhhq slwfkhv ^� dqg ^�n� lq
wkh jlyhq wrqdo frqwh{w iru wkh vfdqqhg dqg wdujhw sdwwhuqv
uhvshfwlyho|1 Kdylqj gh�qhg wkh yhfwruv ri uhodwhgqhvv udw0
lqjv iru wkh vfdqqhg dqg wdujhw sdwwhuqv/ zh fdq gh�qh wkh
shufhswxdo slwfk huuru wr eh eR ' 8k3 q8

�
1 Lw lv zruwk

qrwlqj wkdw li eJ ' f/ wkhq eR ' f/ zkloh wkh frqyhuvh lv qrw
wuxh1 Zh fdq frpelqh wkh remhfwlyh dqg shufhswxdo huuruv
lqwr d slwfk huuru

e^ ' b u eR n E�3 b� u eJ

5151 Hvwdeolvklqj wkh Wrqdo Frqwh{w

Wkh deryh glvfxvvlrq dvvxphg wkdw lq wkh frpsxwdwlrq ri
wkh shufhswxdo slwfk huuru/ zh kdg nqrzohgjh ri wkh wrqdo
frqwh{w ri wkh vfdqqhg sdwwhuq1 Ehiruh surfhhglqj/ zh vkrxog
srvh wkh txhvwlrq= �Zkdw h{dfwo| lv wkh phdqlqj ri wkh
wrqdo frqwh{w ri d sdwwhuqB� Vxuho|/ li wkh sdwwhuq lv ri
vkruw ohqjwk +4 qrwh/ iru h{dpsoh,/ wkhq vshdnlqj derxw lwv
wrqdo frqwh{w lv phdqlqjohvv1 Vlploduo|/ li wkh sdwwhuq lv
yhu| orqj/ lw pd| frqvlvw ri vhyhudo wrqdo frqwh{wv dqg wkh
wudqvlwlrqv ehwzhhq wkhp duh fdoohg prgxodwlrqv1 Ilqdoo|/
txlwh riwhq/ d wrqdo frqwh{w lv d pdwwhu ri ghjuhh lq wkdw
iru d jlyhq sdwwhuq/ wkhuh duh vhyhudo srvvleoh fdqglgdwhv
iru wrqdo frqwh{w1 Vr/ mxvw ehfdxvh wkh nh|0vljqdwxuh ri d
jlyhq frpsrvlwlrq kdsshqv wr eh I pdmru/ iru h{dpsoh/ lw
grhv qrw lpso| wkdw wkh uhodwhgqhvv udwlqj yhfwruv k dqg
q pxvw eh fkrvhq iru wkdw sduwlfxodu wrqdo frqwh{w/ vlqfh
prgxodwlrqv dqg vkliwlqj wrqdo fhqwhuv duh olnho| wr rffxu1
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Iljxuh 4= Dvvljqhg Nh| Vhtxhqfh

Zh wkxv vhh wkh qhhg iru d nh|0�qglqj dojrulwkp zklfk
zloo suhvhqw xv zlwk d prvw olnho| wrqdo frqwh{w iru d jlyhq
pxvlfdo sdwwhuq dqg wklv wrqdo frqwh{w zloo eh vxevhtxhqwo|
xvhg iru wkh uhodwhgqhvv udwlqj yhfwruv1 Vxfk dq dojrulwkp
zdv ghyhorshg e| Nuxpkdqvo ^6/ s1 ::` dqg lv hvvhqwldoo|
edvhg rq wkh idfw wkdw �prvw vwdeoh slwfk fodvvhv vkrxog
rffxu prvw riwhq� ^:`1 Wkdw lv/ wrqhv wkdw duh vrxqghg prvw
iuhtxhqwo| duh wkh rqhv zlwk kljk sureh wrqh udwlqjv/ lq d
jlyhq wrqdo frqwh{w +h1j1/ lq d F pdmru frqwh{w/ F/ J/ dqg
H rffxu prvw riwhq,1 Zh qrz pdnh fhuwdlq prgl�fdwlrqv
wr wklv dojrulwkp dqg suhvhqw d phwkrg iru ghwhuplqlqj wkh
sdudphwhu b1 Zh uhihu |rx wr wkh dojrulwkp ghvfulehg lq ^6/
s1 ::`1

Wkh dojrulwkp surgxfhv d 570hohphqw yhfwru ri fruuhod0
wlrqv/ h ' do�c u u u c o2eo/ wkh �uvw wzhoyh iru pdmru frqwh{wv
dqg wkh rwkhuv iru plqru frqwh{wv1 Wkh kljkhvw fruuhodwlrq/
o4@ / lv wkh rqh wkdw fruuhvsrqgv wr wkh prvw olnho| wrqdo
frqwh{w ri wkh pxvlfdo sdwwhuq ehlqj vfdqqhg1

Vxssrvh d pxvlfdo frpsrvlwlrq +ru vhw ri frpsrvlwlrqv,
wkdw zh zlvk wr vfdq iru wkh sxusrvh ri uhfrjql}lqj wkh
wdujhw sdwwhuq frqvlvwv ri 6 qrwhv dqg wkh wdujhw sdwwhuq
lwvhoi frqvlvwv ri ? qrwhv +w|slfdoo|/ 6 q ?,1 Lq rxu dojr0
ulwkp/ zh volgh d zlqgrz ri ohqjwk ? dfurvv wkh vhtxhqfh
ri 6 qrwhv dqg iru hdfk zlqgrz srvlwlrq/ wkh nh|0�qglqj
dojrulwkp rxwsxwv d nh| dvvljqphqw1 Wkxv/ zh kdyh d vh0
txhqfh | ' d|�c |2c u u u c |63?n�o ri nh| dvvljqphqwv vxfk wkdw
|� ' @h}4@ Eh��1 Vhh Iljxuh 4 iru dq dvvljqhg nh| vhtxhqfh1
Wkh frpsrvlwlrq xvhg lq wkdw h{dpsoh lv Lqyhqwlrq &; e|
M1V1 Edfk zlwk d wdujhw sdwwhuq T ' d.c3Hc Hc3Dc ec �o1

Lw wxuqv rxw wkdw wkhuh lv txlwh d elw ri yduldwlrq lq fhu0
wdlq uhjlrqv ri wkh vhtxhqfh ri nh| dvvljqphqwv1 Pruhryhu/
vrph lpsxovhv odvw rqo| rqh qrwh/ zklfk zrxog vhhp wr lq0
glfdwh wkdw wkh wrqdo frqwh{w fkdqjhv iru rqh qrwh dqg wkhq
fkdqjhv edfn 0 d yhu| xqolnho| flufxpvwdqfh1 Wklv h{srvhv
d �zhdnqhvv� ri wkh nh|0�qglqj dojrulwkp lq wkdw lw pd|
eh vhqvlwlyh wr zlqgrz ohqjwk dv zhoo dv wkh glvwulexwlrq
ri slwfkhv zlwklq wkh zlqgrz1 Qhyhuwkhohvv/ zkdwhyhu wkh
wrqdo frqwh{w lv/ lw pdnhv olwwoh vhqvh wr wklqn ri wzr prg0
xodwlrqv rffxuulqj rqh qrwh dsduw1 Ehvlghv wklv/ wkhuh duh
vpdoo duhdv ri rvfloodwlrqv/ hvshfldoo| wkrvh forvh wr hgjhv
ehwzhhq wzr  dw uhjlrqv1 Wkhvh hgjhv vljqli| prgxodwlrqv



dqg dv wkh zlqgrz volghv dfurvv wkhp/ wkh nh|0�qglqj dojr0
ulwkp lv xqdeoh wr ghwhuplqh d suhydohqw wrqdo frqwh{w gxh
wr wkh suhvhqfh ri slwfkhv wkdw kdyh kljk sureh wrqh udwlqjv
lq wzr gl�huhqw sur�ohv1 Dv d uhvxow/ wkh dvvljqhg nh| ydoxhv
rvfloodwh xqwlo d suhydohqw wrqdo frqwh{w lv hvwdeolvkhg1 Vxfk
vpdoo rvfloodwlrqv dqg lpsxovhv duh xqghvludeoh/ qrw rqo| eh0
fdxvh wkh| gr qrw uh hfw rxu qrwlrqv ri prgxodwlrqv/ exw
sulpdulo| ehfdxvh wkh| d�hfw wkh uhodwhgqhvv udwlqj yhfwruv/
zklfk lqkhuhqwo| ghshqg rq wkh wrqdo frqwh{w surgxfhg e|
wkh nh|0�qglqj dojrulwkp1 Vlqfh wkh ydoxhv ri wkh dvvljqhg
nh| vhtxhqfh riwhq dsshduv duelwudu| lq wkh uhjlrqv ri rv0
floodwlrq/ wkh shufhswxdo slwfk huuru lv glvwruwhg lq wkhvh
uhjlrqv1

Dv d vroxwlrq wr wkh deryh sureohp/ zh hpsor| wkh uh0
fxuvlyh phgldq �owhu ^8` zlwk d odujh hqrxjk zlqgrz wr uh0
pryh qrw rqo| wkh lpsxovhv exw dovr wkh vpdoo uhjlrqv ri
rvfloodwlrqv1 Wkh rxwsxw ri wkh uhfxuvlyh phgldq �owhu lv
gh�qhg dv

+� ' 6e_ E+�3D c � � � c +�3�c %�c � � � c %�nD�

zkhuh wkh vdpsohv +�3D c � � � c +�3� kdyh douhdg| ehhq frp0
sxwhg gxulqj suhylrxv srvlwlrqv ri wkh volglqj zlqgrz1 Lw
kdv ehhq vkrzq wkdw wkh uhfxuvlyh phgldq �owhu kdv d kljkhu
lppxqlw| wr lpsxovlyh qrlvh wkdq wkh vwdqgdug phgldq �o0
whu1 Wklv pdnhv lw d ehwwhu fkrlfh iru rxu sxusrvh wkdq
wkh vwdqgdug phgldq �owhu1 Pruhryhu/ wkh rxwsxw ri wkh
uhfxuvlyh phgldq lv pruh fruuhodwhg wkdq wkh rxwsxw ri wkh
vwdqgdug phgldq1 Wklv lv gxh wr wkh idfw wkdw lv ghshqghqw
rq suhylrxv rxwsxw ydoxhv1 Wklv fruuhodwlrq lq wkh rxwsxw
lv dgydqwdjhrxv vlqfh wkh wrqdo frqwh{w dw d sduwlfxodu sr0
vlwlrq lv pruh vwurqjo| ghshqghqw rq suhylrxv ydoxhv ri wkh
dvvljqhg nh| vhtxhqfh wkdq rq ixwxuh ydoxhv1 Ilqdoo|/ lw lv
zhoo nqrzq wkdw wkh uhfxuvlyh phgldq �owhu lv lghpsrwhqw1
Wklv surshuw| lpsolhv wkdw dq| vljqdo lv uhgxfhg wr d urrw
vljqdo diwhu rqh sdvv> l1h1/ lw lv lqyduldqw wr ixuwkhu sdvvhv
ri wkh vdph �owhu1 Wklv dvvxuhv xv wkdw wkh dvvljqhg nh|
vhtxhqfh fdqqrw eh lpsuryhg e| pruh �owhu sdvvhv1 Wkh
zlqgrz zlgwk ri wkh uhfxuvlyh phgldq �owhu lv d sdudph0
whu wkdw qhhgv wr eh fkrvhq1 Li zh duh wr hpsor| wkh uh0
fxuvlyh phgldq �owhu lq rughu wr uhpryh rvfloodwlrqv lq wkh
uhjlrqv ri prgxodwlrq/ zh pxvw hvwdeolvk d kljk phdvxuh ri
wrqdo vwuxfwxuh sulru wr dqg diwhu wkh uhjlrq ri prgxodwlrq1
Wkh qxpehu ri qrwhv qhfhvvdu| wr hvwdeolvk wklv/ ri frxuvh/
ghshqgv rq nh| phpehuvkls ri wkh qrwhv dv zhoo dv wkhlu
uhodwlrqvkls wr wkh wrqdo fhqwhu +l1h1/ vwdelolw|,1 Krzhyhu/
lw kdv ehhq vkrzq wkdw wkh pd{lpxp fruuhodwlrq/ o4@ / lv
vwurqjo| fruuhodwhg zlwk wkh ghjuhh ri wrqdo vwuxfwxuh ^:`1
Wkhuhiruh/ li o4@ lv vpdoo/ lqglfdwlqj d orz ghjuhh ri wrqdo
vwuxfwxuh/ zh vkrxog h{shfw wr xvh pruh qrwhv wr hvwdeolvk
wkh odwwhu1 Wklv lpsolhv wkdw wkh zlqgrz zlgwk ri wkh uhfxu0
vlyh phgldq �owhu vkrxog eh lqyhuvho| uhodwhg wr o4@ 1 Uhfdoo
wkdw iru hyhu| zlqgrz srvlwlrq ri wkh nh|0�qglqj dojrulwkp/
zh kdyh d pd{lpxp fruuhodwlrq/ wkxv jlylqj ulvh wr wkh vh0
txhqfh o4@ E�� ri pd{lpxp fruuhodwlrqv1 Zh zrxog olnh
wkh zlqgrz zlgwk/ ` / wr eh d ixqfwlrq ri wkh orzhvw ri wkh
pd{lpxp fruuhodwlrqv1 Wkdw lv/ ` ' s E4�? do4@ E��o� dqg
rqh srvvleoh ixqfwlrq lv

s Eo� '
o

&

o�*D

p

zkhuh )uB lv wkh qh{w rgg lqwhjhu1 H{shulphqwv vkrz wkdw

Iljxuh 5= Uhfxuvlyh Phgldq Ilowhuhg Dvvljqhg Nh| Vh0
txhqfh

ydoxhv ri & ' �. dqg D ' H jlyh jrrg uhvxowv1 Wkh sd0
udphwhu D vlpso| frqwurov wkh udwh ri jurzwk ri wkh zlq0
grz zlgwk zlwk uhvshfw wr wkh orzhvw pd{lpxp fruuhodwlrq1
Iljxuh 5 vkrzv d phgldq �owhuhg dvvljqhg nh| vhtxhqfh xv0
lqj zlqgrz zlgwk �b iru wkh uhfxuvlyh phgldq �owhu/ zkhuh
4�? do4@ E��o ' f�eS1 Dv fdq eh vhhq/ wkh lpsxovhv dqg
rvfloodwlrqv duh frpsohwho| uhpryhg dqg |hw wkh nh| dvvljq0
phqwv +dqg prgxodwlrqv, uh hfw zkdw zrxog eh h{shfwhg
xsrq d ylvxdo lqvshfwlrq ri wkh frpsrvlwlrq1

Qrz wkdw zh fdq vxffhvvixoo| jhqhudwh wkh dvvljqhg nh|
vhtxhqfh |/ doo wkdw uhpdlqv lv wkh ghwhuplqdwlrq ri sdud0
phwhu b1 Hvvhqwldoo|/ b lv gluhfwo| uhodwhg wr wkh pd{lpxp
fruuhodwlrq o4@ 1 Krzhyhu/ sulru wr wkdw/ lw lv qhfhvvdu| wr
vprrwk wkh vhtxhqfh o4@ E�� zkloh pdlqwdlqlqj shdnv dqg
uhprylqj vpdoo rvfloodwlrqv1 Wklv lv dffrpsolvkhg zlwk d
fxelf vprrwklqj vsolqh dqg lv ghvfulehg lq ^9`1 Li 	o4@ E��
lv wkh vsolqh0vprrwkhg pd{lpxp fruuhodwlrq vhtxhqfh/ wkh
gh�qlwlrq ri b ehfrphv

b E�� ' 6 u E	o4@ E��34@ E	o4@ E���� n K

zkhuh

6 '
K3 @

4@ E	o4@ E���34�? E	o4@ E���

pdnlqj b E�� mxvw d vfdohg yhuvlrq ri 	o4@ E��1

5161 Uk|wkp Huuru

Dw wklv srlqw/ zh duh uhdg| wr frpsxwh wkh uk|wkp huuru
ehwzhhq wkh wdujhw sdwwhuq dqg wkh vfdqqhg sdwwhuq1 Uh0
fdoo wkdw h ' do�c o2c u u u c o?3�o uhsuhvhqwv wkh gl�huhqfh ri
uk|wkp yhfwru ri wkh vfdqqhg uk|wkp sdwwhuq +ri ohqjwk
?,1 Ohw hf ' dr�c r2c u u u c r?3�o uhsuhvhqw wkh gl�huhqfh ri
uk|wkp yhfwru ri wkh wdujhw sdwwhuq1 Vlqfh rxu gl�huhqfh
ri uk|wkp yhfwruv duh orjdulwkplf +h1j1/ d txduwhu qrwh iro0
orzhg e| d kdoi qrwh surgxfhv 2 lq wkh yhfwru,/ lw zrxog qrw
eh dssursuldwh wr xvh wkh 40qrup dv zh kdyh grqh iru wkh
slwfk huuru1 Frqvlghu wkh iroorzlqj h{dpsoh +V@vl{whhqwk
qrwh/ H@hljkwk qrwh/ T@txduwhu qrwh,=

Vfdqqhg Sdwwhuq Wdujhw Sdwwhuq

H +4, H +5, T V +5, H +5, T
H +4, H +5, T T +318, H +5, T
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Iljxuh 6= Uk|wkp Huuru Vhtxhqfh

Wkh qxpehuv ehwzhhq wkh qrwh ydoxhv uhsuhvhqw wkh frp0
srqhqwv ri wkh gl�huhqfh ri uk|wkp yhfwruv1 Li zh zhuh wr
xvh 8h3 hf8� wr frpsxwh wkh uk|wkp huuru/ wkhq lq wkh �uvw
fdvh/ wkh huuru zrxog eh htxdo wr � zkloh lq wkh vhfrqg fdvh/
lw zrxog eh htxdo wr f�D1 Krzhyhu/ wkhuh lv qr uhdvrq iru
shqdol}lqj V iroorzhg e| H dq| pruh wkdq T iroorzhg e|
H/ zkhq wkh vfdqqhg sdwwhuq lv H iroorzhg e| H1 Wkh wzr
huuruv vkrxog eh htxdo1 Wr dffrpsolvk wklv/ zh gh�qh wkh
uk|wkp huuru wr eh

eo '

#
?3�[
�'�

4@ Eo�c r��

4�? Eo� c r��

$
3 E?3 ��

Iru wkh deryh h{dpsoh/ rxu huuru +lq erwk fdvhv, lv htxdo
wr eo ' �1 Zh vxewudfw wkh whup E?3 �� lq wkh deryh h{0
suhvvlrq vr wkdw d shuihfw pdwfk ri wkh gl�huhqfh ri uk|wkp
yhfwruv surgxfhv d }hur uk|wkp huuru1 Ilqdoo|/ wkh vfdqqlqj
zlqgrz jlyhv ulvh wr wkh uk|wkp huuru vhtxhqfh eo E��/ dq
h{dpsoh ri zklfk lv vkrzq lq Iljxuh 61

5171 Ryhudoo Huuru

Kdylqj gh�qhg slwfk dqg uk|wkp huuruv/ zh fdq frpelqh
wkhp lqwr rqh vlqjoh huuru xvlqj d zhljkwhg frpelqdwlrq
ri erwk1 Ohw e ' j u e^ n E�3 j� u eo eh wkh ryhudoo huuru
dqg e E�� eh wkh ryhudoo huuru vhtxhqfh1 Rqh zd| wr vhw
wkh sdudphwhu j zrxog eh wr dvn wkh xvhu wr lqsxw klv2khu
ohyho ri frq�ghqfh lq wkh slwfk2uk|wkp lqirupdwlrq1 Iru
lqvwdqfh/ li wkh xvhu uhphpehuhg d frpsoh{ uk|wkp sdwwhuq/
exw glg qrw txlwh uhphpehu wkh h{dfw slwfk sdwwhuq/ wkhq
kh2vkh pljkw fkrrvh wr jlyh d orz ydoxh wr j1 Dqrwkhu zd|
wr vhw wklv sdudphwhu/ dqg rqh zklfk zh hpsor| khuh/ lv wr
pdnh lw ghshqghqw rq wkh ohqjwk ri wkh wdujhw sdwwhuq1 Li wkh
ohqjwk/ ?/ ri wkh wdujhw sdwwhuq lv vkruw +vhyhudo qrwhv,/ wkhq
uk|wkp lqirupdwlrq frqwdlqhg lq wkh gl�huhqfh ri uk|wkp
yhfwruv lv ri olwwoh vljql�fdqfh dqg vkrxog rqo| eh xvhg wr
glvwlqjxlvk ehwzhhq lghqwlfdo gl�huhqfh ri slwfk yhfwruv1 Iru
lqvwdqfh/ wkh yhfwru h ' d�c �c u u u c �o rffxuv yhu| riwhq lq
pxvlf1 Vr/ rqh srvvleoh zd| ri vhwwlqj j lv

j '
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Iru h{dpsoh/ li zh gr qrw zdqw wkh uk|wkp huuru wr hyhu
rxwzhljk wkh slwfk huuru/ zh frxog vhw A ' Df1 Wkhq/ li wkh
wdujhw sdwwhuq kdsshqv wr eh orqjhu wkdq Df qrwhv orqj/ j
zrxog vwd| dw f�D1

5181 Ixwxuh Zrun

D uxoh iru vhohfwlqj wkh sdudphwhu j/ zklfk lv wkh zhljkw
jlyhq wr wkh slwfk huuru e^ / frxog eh edvhg rq wkh frp0
soh{lw| ri wkh uk|wkp lqirupdwlrq frqwdlqhg lq wkh wdujhw
sdwwhuq1 Wkh frpsoh{lw| ri wkh gl�huhqfh ri uk|wkp yhf0
wru frxog eh h{suhvvhg lq rqh ri pdq| gl�huhqw zd|v dqg
wklv qhhgv wr eh lqyhvwljdwhg ixuwkhu1 Ilqdoo|/ wkh uhfxu0
vlyh phgldq �owhu xvhg iru wkh dvvljqhg nh| vhtxhqfh frxog
eh uhsodfhg e| d yduldeoh zlqgrz ohqjwk �owhu/ wkh ohqjwk
ri zklfk zrxog ghshqg rq wkh pd{lpxp fruuhodwlrq ydoxhv
surylghg e| wkh nh|0�qglqj dojrulwkp> wkh h�hfwv ri dsso|0
lqj vxfk dq rshudwlrq wr wkh pd{lpxp fruuhodwlrq vhtxhqfh
qhhg wr eh vwxglhg1 Ilqdoo|/ prghov wkdw lqfrusrudwh kxpdq
ehdw shufhswlrq vkrxog eh xvhg wr lpsuryh wkh urexvwqhvv
ri wkh uk|wkp huuru/ lq dq dqdorjrxv zd| wr wkh phwkrg
xvhg wr frpsxwh wkh slwfk huuru1
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