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ABSTRACT

We propose algorithms to design channel-optimized vector
quantizers in the presence of channel mismatch. We con-
sider two cases: (i) no information about the statistics of
the channel bit error rate is available and (ii) the probability
density function of the channel bit error rate is known. We
also consider the use of an estimate of the channel signal-
to-noise ratio to improve performance. Simulation results
demonstrate the advantages of new design algorithms.

1. INTRODUCTION

Source coding applications which involve transmission over
noisy channels have been the main motivation for studying
the sensitivity of a vector quantizer (VQ) to channel noise.
These studies have led to the development of techniques for
making a VQ robust with respect to channel noise, either
by an appropriate binary codeword assignment [1, 2] or by
a complete redesign of the VQ partition and codebook, re-
sulting in the so-called channel-optimized vector quantizer
(COVQ) [3, 4].

Previous studies on the subject have concentrated on the
design of a COVQ for memoryless binary symmetric chan-
nels (BSCs) [3, 4] and finite-state channels (FSCs) [5, 6, 7].
In both cases, the exact knowledge of the characteristics of
the channel is needed to design the quantizer. In many prac-
tical situations, e.g. wireless communication applications,
the characteristics of the channel are not known. In fact, the
behavior of a fading channel is time-varying. To apply the
idea of a COVQ to slow fading channels, one may model
the channel by an FSC [8, 9, 10] and design a COVQ for the
resulting FSC [7]. The basic idea is to compute the average
bit error rate (BER) for a given statistics of the channel (or a
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state of the channel) and apply the COVQ design procedure
to a hypothetical BSC with the calculated BER. The rational
behind this approach is that given a modulation scheme, e.g.
uncoded binary phase-shift keying (BPSK), and received
channel signal-to-noise ratio (CSNR), the channel behaves
like a BSC. So, the BSC model is valid at each time and it
is reasonable to assume that the BSC model works for the
overall channel as long as the variations are small (the chan-
nel is in the same “state”).

In this paper, we derive the optimal solution of the prob-
lem and show that the aforementioned approach is not opti-
mal. Then, we demonstrate, through simulation, how much
gain can be achieved by adopting our new scheme. The or-
ganization of the paper is as follows. Section 2 defines the
notation and formulates the problem. Section 3 proposes the
minimization of a worst-case scenario when the probability
density function (p.d.f.) of BERs is not known. Section 4
assumes a p.d.f. for BERs and provides an optimal solution
to minimize the average distortion. In Section 5, the esti-
mation of the received CSNR is used to improve the overall
performance of the system. A low complexity, table-lookup
implementation is proposed in Section 6. Simulation results
are presented in Section 7.

2. PROBLEM FORMULATION

Let us assume that the behavior of the channel for each
channel use is like that of a BSC. For an uncoded BPSK
signaling system, the BER is given by

BER =
1

2
erfc(

p

b); (1)

where
b is the received CSNR per bit and erfc is the er-
ror function. The actual BER,�a, depends on the received
CSNR which is time-varying for a fading channel. For non-
binary modulation schemes, the channel behaves like a dis-
crete memoryless channel (DMC) at each time instance. All
algorithms presented in this paper can be generalized to the



case of DMC (instead of BSC); however, we do not dis-
cuss DMCs for the sake of brevity. Let us assume that the
set of all possible BERs isI (�a 2 I). I is usually a sub-
set in [0,0.5]. If the transmitter (encoder) and receiver (de-
coder) both know the exact value of�a for each channel
use, a COVQ can be designed for every possible value of
�a 2 I and the transmitter and receiver can adapt them-
selves by switching to the optimal COVQ encoder and de-
coder. Such a scheme is implementable for FSCs [7] due to
the fact thatjIj (cardinality ofI) is finite. If I is a continu-
ous set (jIj= 1), the required memory of such a system is
infinite and therefore it is impractical. So, usually there is
a mismatch between the characteristics of the channel and
the assumptions for which the quantizer has been designed.
A simple example of such a channel mismatch corresponds
to a quantizer designed for a noiseless channel and applied
to a BSC or an FSC. Simulation shows that the performance
degradation due to mismatch is significant for very noisy
channels. A more general example is a quantizer designed
for a BSC with BER equal to�d and applied to a BSC with
BER equal to�a (previous example is a special case when
�d = 0). As we discussed earlier such a mismatch is un-
avoidable in many practical scenarios. In the following sec-
tions, we present optimal design strategies for COVQs in
the presence of channel mismatch.

3. BEST STRATEGY WITH NO KNOWLEDGE
ABOUT THE STATISTICS OF THE BER

In this section, we assume that the channel is a BSC and
we do not have any information about the statistics of the
channel BER (not even its p.d.f.). Let us defineD(�d; �a)
as the average end-to-end distortion when we transmit the
codewords of a COVQ designed for a BSC with BER equal
to �d over a BSC with BER equal to�a. Then for a given�d,
the worst performance is calculated by

sup
�a2I

D(�d; �a): (2)

One design objective in this case is to find��d which provides

D� = inf
�d

sup
�a2I

D(�d; �a): (3)

It can be easily shown that

D� = inf
�d

sup
�a2I

D(�d; �a) = inf
�d
D(�d; sup

�a2I

�a): (4)

And, by the definition of COVQ:

��d = sup
�a2I

�a: (5)

4. BEST STRATEGY WITH KNOWN P.D.F. OF THE
BER

In this section, we assume that the p.d.f. of the BER, de-
noted byf�(:), is known apriori. In other words,

p(A < �a � B) =

Z B

A

f�(x)dx: (6)

The objective is to minimize the average distortion

D =

Z
I

D(�a)f�(�a)d�a; (7)

whereD(�a) is the end-to-end distortion when BER=�a.
The optimization is done for a given source, a fixed dimen-
sionm and a fixed codebook sizeM . Let us denote the
ith encoding cell and codevector bySi andci, respectively.
DistortionD(�a) in Equation (7) can be calculated by

D(�a) =
M�1X
i=0

M�1X
j=0

P�a(jji)
Z
Si

px(x) k x� cj k2 dx;

(8)
whereP�a(jji) denotes the probability thatj is received
given thati is transmitted over a BSC with BER=�a, px(x)
is them-fold p.d.f. of the source andP�a(jji) = �

h(i;j)
a (1�

�a)
log2M�h(i;j), whereh(i; j) is the Hamming distance be-

tweeni andj, i; j 2 f0; 1; � � �;M � 1g. Then, substituting
Equation (8) in Equation (7) results in

D =

Z
I

X
i;j

P�a(jji)
Z
Si

px(x) k x� cj k2 dxf�(�a)d�a;

(9)

D =
X
i;j

Z
I

P�a(jji)f�(�a)d�a
Z
Si

px(x) k x� cj k2 dx;

(10)

D =
M�1X
i=0

M�1X
j=0

P (jji)
Z
Si

px(x) k x � cj k2 dx; (11)

where

P (jji) =

Z
I

P�a(jji)f�(�a)d�a: (12)

For the squared error distortion measure, the design algo-
rithm is a modified generalized Lloyd algorithm [11], with
the following expressions for the optimal partition,P =
fS0; S1; : : : ; SM�1g, and the optimal codebook,
C = fc0; c1; : : : ; cM�1g:

Si = fx :
M�1X
j=0

P (jji) k x � cj k2�

M�1X
j=0

P (jjl) k x� cj k2; 8lg; (13)



and

cj =

PM�1
i=0 P (jji) R

Si
xpx(x)dxPM�1

i=0 P (jji) R
Si
px(x)dx

: (14)

The design algorithm is based on an iterative application of
Equations (13) and (14).

Equation (11) shows that designing a COVQ for�d =
�a =

R
I
�af�(�a)d�a is not optimal. The performance im-

provement depends on the encoding rate, the level of noise
in the channel and the statistics of the source. We will have
more to say on this in following sections.

5. BEST STRATEGY WHEN WE HAVE AN
ESTIMATE OF BER AT THE DECODER

Usually in practice, the decoder can estimate the value of�a
(using the received CSNR). This information can be used to
improve the performance of the quantizer. We use a single
encoder andK sets of codevectors at the decoder. At the
decoder, at each time instance, we usecj;k to reconstruct
the vector when the received index isj and�a 2 Ik; k =
1; : : : ;K. The average distortion can be calculated by

D =
KX
k=1

Z
Ik

M�1X
i=0

M�1X
j=0

P�a(jji)
Z
Si

px(x)

k x� cj;k k2 dxf�(�a)d�a; (15)

D =
KX
k=1

M�1X
i=0

M�1X
j=0

Pk(jji)
Z
Si

px(x) k x� cj;k k2 dx;

(16)
where

Pk(jji) =

Z
Ik

P�a(jji)f�(�a)d�a: (17)

Now, the design components are: (i) the encoder, (ii) the de-
coder and (iii) the intervalsIk. (DefiningIk = (Tk�1; Tk]
(T0 � T1 � : : : � TK�1 � TK), we haveK � 1 pa-
rameters to find.) The design algorithm iterates between the
following steps:

� Given the intervals, use a generalized Lloyd algorithm
to design the encoder and the decoder. This is accom-
plished by iterating between
– Generalized centroid:
When the encoding regions are fixed, we choose the
best codevector,cj;k, for each received index,j, by

cj;k =

PM�1
i=0 Pk(jji)

R
Si
xpX(x)dxPM�1

i=0 Pk(jji)
R
Si
pX(x)dx

: (18)

– Generalized nearest neighbor:

For each input vector,x, we select the optimal en-
coding region corresponding to codewordi that min-
imizes the distortion for a fixed set of codevectors by

Si = fx :
KX
k=1

M�1X
j=0

Pk(jji) k x� cj;k k2�

KX
k=1

M�1X
j=0

P k(jjl) k x� cj;k k2; 8lg: (19)

� Given the encoder and the decoder, change the thresh-
olds in a direction which reduces the distortion.

6. TABLE-L OOKUP IMPLEMENTATION OF THE
ENCODER

The encoder of the quantizers proposed in Sections 4 and 5
can be implemented using table-lookups. The encoder of a
channel-matched hierarchical table-lookup vector quantizer
(CM-HTVQ) with a compression ratio (CR) of2N : 1 con-
sists ofN stages. To design the first (N � 1) stages, first
(N � 1) VQs with dimensions2n, n = 1; : : : ; N � 1 are
designed. The2n-dimensional VQ is designed with a CR
2n : 1. The first table is constructed by considering each
pair of input samples and storing the codeword of the near-
est codevector of the 2-dimensional VQ as the output of the
table. The lookup table of thenth stage is designed by con-
sidering all possible input pairs (outputs of the(n � 1)th

stage) and storing the corresponding codeword of the2n-
dimensional VQ encoder in the table. The last stage, which
describes the actual encoder partition, must be adapted to
the characteristics of the channel and is designed based on
the same principles using a COVQ (e.g. COVQs designed
in Sections 4 and 5). For a detailed description of the de-
sign algorithm, the interested reader is referred to [7]. In
[7] we show that CM-HTVQ simultaneously provides low
encoding complexity (only lookup tables) and robustness
against transmission noise for BSCs and FSCs. In next sec-
tion, we examine the CM-HTVQ structure against channel
mismatch.

7. SIMULATION RESULTS AND CONCLUSIONS

Simulation results for transmitting the512�512 Lenna over
a log-normal fading channel with an average channel signal
to noise ratio of 10 dB is shown in Table 1. The quan-
tizers are designed using a training sequence which con-
sists of five images from the USC database (Couple, Crowd,
Man, Woman1 and Woman2) and the peak signal-to-noise
ratio (PSNR)1 results are obtained by averaging the mean
squared error over 10 runs of channel simulation. Simulated

1PSNR=10 log
10

[2552= 1

N

P
N

i=1
(xi � x̂i)2]



Table 1: PSNR Results for a log-normal fading channel (average
CSNR=10 dB);512� 512 Lenna.

COVQ
Rate Dim. VQ Average Optimal DA
(bpp) BER NA K = 2

2 4 24.49 26.33 27.00 27.27
1 8 23.96 25.80 26.25 26.46

0.5 16 23.54 25.14 25.59 25.84

annealing is used to assign binary code words [1] to the code
vectors of VQ, thus making the comparison between differ-
ent schemes meaningful. Note thatf� andI are derived for
the log-normal fading channel by assuming a BPSK modu-
lation scheme and the corresponding BER given by Equa-
tion (1). This is straightforward due to the fact that BER as a
function of received CSNR (
b) is a one-to-one decreasing
map fromI 0 = [0;1) to I = (0; 0:5]. In Table 1, opti-
mal NA (non-adaptive) refers to the algorithm of Section 4
and DA (decoder-adaptive) refers to the algorithm of Sec-
tion 5. As expected, the performance of the optimal non-
adaptive system is better than that of the COVQ designed
for an average BER. The decoder-adaptive system with only
two intervals outperforms the optimal non-adaptive system.
Of course using more intervals results in improving the per-
formance at the cost of increasing the required memory at
the decoder. In all cases, channel-matched quantizers out-
perform quantizers designed for a noiseless channel by a
large margin. Similar trends are observed for CM-HTVQs
in Table 2. As can be seen in Table 2, CM-HTVQ results
are very close to COVQ results while maintaining a low en-
coding complexity.

One important question is the sensitivity of the decoder-
adaptive quantizer to the CSNR estimate. To study the ef-
fects of imperfect CSNR estimation, we repeat the simula-
tions of the last column of Table 1 with 20% overestimate
or underestimate in the amount of CSNR and report the re-
sults in Table 3. Simulation results show that the decoder-
adaptive system is not sensitive to the CSNR estimation.
This is due to the fact that 20% error in CSNR estimation,
for the above example, only affects 2.5% of the probability
mass. In other words, the boarder region contains a small
probability, thus a minor effect on the overall performance.

In this paper, we have proposed a single solution for
two different problems. One problem is the case of a BSC
which its BER is unknown and a fixed channel mismatch ex-
ists. The second problem is a time-varying BSC. Although
mathematically the two problems are similar – therefore the
proposed unified solutions – we feel that different design
criteria are appropriate for these problems. In particular, we
believe that even if the p.d.f. of the BER is available for
a BSC with unknown (but fixed) BER, a worst-case design
criterion is more appropriate than an average distortion cri-
terion. This is an interesting issue for future investigation.

Table 2: PSNR Results for a log-normal fading channel (average
CSNR=10 dB);512� 512 Lenna.

CM-HTVQ
Rate Dim. HTVQ Average Optimal DA
(bpp) BER NA K = 2

2 4 24.46 26.28 26.94 27.20
1 8 23.88 25.69 26.11 26.31

0.5 16 23.45 24.96 25.38 25.60

Table 3: Effects of imperfect CSNR estimation on the performance
of the DA-COVQ in Table 1.

Rate Dim. 20% overestimate 20% underestimate
2 4 27.26 27.27
1 8 26.44 26.45

0.5 16 25.82 25.84
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